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Preface 


This monograph developed out of the Abendseminar of 1958-1959 at 
the University of Ziirich. It was originally a joint enterprise of the first 
author and H. H. Keller, who planned a brief treatise on connections in 
smooth fibre bundles. Then, in 1960, the first author took a position in 
the United States, and geographic considerations forced the cancellation 
of this arrangement. 

The collaboration between the first and third authors began with the 
former’s move to Toronto in 1962; they were joined by the second author 
in 1965. During this time the purpose and scope of the book grew to its 
present form: a three-volume study, ab initio, of the de Rham cohomology 
of smooth bundles. In particular, the material in volume I has been used 
at the University of Toronto as the syllabus for an introductory graduate 
course on differentiable manifolds. 

During the long history of this book we have had numerous valuable 
suggestions from many mathematicians. We are especially grateful to the 
faculty and graduate students of the institutions below. 

The proof of Theorem VII in sec. 2.17 is due to J. C. Moore (unpub- 
lished), and we thank him for showing it to us. We also thank A. Borel for 
sending us his unpublished example of a homogeneous space not satisfying 
the Cartan condition, which we have used in sec. 11.15. The late G. 8S. 
Rinehart read an early version of the manuscript and made many valuable 
suggestions. A. E. Fekete, who prepared the subject index, has our special 
gratitude. 

We are indebted to the institutions whose facilities were used by one 
or more of us during the writing. These include the Departments of 
Mathematics of Cornell University, Flinders University, the University of 
Fribourg, and the University of Toronto, as well as the Institut fiir 
theoretische Kernphysik and the Hoffmannhaus, both at Bonn, and the 
Forschungsinstitut fiir Mathematik der Eidgenéssischen ‘Technischen 
Hochschule, Ziirich. 

The entire manuscript was typed with unstinting devotion by Frances 
Mitchell, to whom we express our deep gratitude. 

A first class job of typesetting was done by the compositors. A. So and 
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C. Watkiss assisted us with proofreading; however, any mistakes in the 
text are entirely our own responsibility. 

Finally, we would like to thank the production and editorial staff at 
Academic Press for their unfailing helpfulness and cooperation. Their 
universal patience, while we rewrote the manuscript (ad infinitum), 
oscillated amongst titles, and ruined production schedules, was in large 
measure responsible for the completion of this work. 


Werner Greub 
Stephen Halperin 
Ray Vanstone 


Toronto, Canada 


Introduction 


The purpose of this monograph is to develop the theory of de Rham 
cohomology for manifolds and fibre bundles. The present (and final) 
volume is an exposition of the work of H. Cartan, C. Chevalley, J.-L. 
Koszul, and A. Weil, which provides an effective means of calculating the 
de Rham cohomology of principal bundles and of homogeneous spaces. 

In fact, let (P, 7, B, G) be a smooth principal bundle with G a compact 
connected Lie group, and let E denote the Lie algebra of G. Then H(G) 
is an exterior algebra over the subspace P, of primitive elements. Let 
V E* and (\ E*),, respectively, denote the symmetric algebra over E* 
and the subalgebra of elements invariant under the adjoint representation. 

Now suppose given the following data: 

(i) A linear map 7: Pg >(V E*),. 

(ii) ‘The graded differential algebra (A(B), 5) of differential forms on 

B 


(iii) ‘The Chern—Weil homomorphism h: ( \/ E*),;—> A(B). 

Choose a linear map y: (\/ E*), > A(B) such that (®) is a closed form 
representing the class h(®). 

Then a differential algebra (A(B) ® A Pe, Vz) is given by 
Va(V & x Att A Xp) =8eP Wm Ave A xy 


Dp 


+ (1) Y (1) Way (tH) @ a A Bye ANdty. 


$21 
A fundamental theorem of C. Chevalley states that for suitable maps 7, 
called transgressions, there is a homomorphism of graded differential 
algebras (A(B) ® A Pc, Vs)—>(A(P), 8), which induces an isomorphism 
of cohomology. 

Next let K be a closed connected subgroup of G with Lie algebra F. 
An analogous theorem identifies the cohomology of G/K with the coho- 
mology of the graded differential algebra ((\V F*); © AP, V), where V 
is given by 

V(P Sx A -++ A Xp) 


=- S(t ¥ vx) Oa, ie Renae, 


xii 
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(Here j”: (V E*),; ~(\V F*), denotes the homomorphism induced by the 
inclusion map j: FE. 

These two theorems generalize to a single theorem on the cohomology 
of a fibre bundle whose fibre is a homogeneous space. 

The first part of this volume is chiefly devoted to Koszul complexes. 
(These are graded differential algebras of the form (A(B) ® APc, Vz) 
described above.) 

The second part is a careful and complete exposition of the purely 
algebraic theory (due to H. Cartan) of the operation of a Lie algebra in a 
graded differential algebra. In particular, the theorems described above 
are special cases of results about operations. These results reduce prob- 
lems on operations to problems on Koszul complexes, to which the ma- 
chinery of Part 1 can then be applied. 

The applications to manifolds (including the theorems above and a 
number of concrete examples) are given separately in the last articles of 
Chapters V to IX, all of Chapter XI, and the last article of Chapter XII. 
If these articles (which depend heavily on volumes I and II) are omitted, 
the rest of this volume is an entirely self-contained unit, accessible 
to any reader familiar with linear and multilinear algebra. Indeed, Part 2 
begins with an account of Lie algebras (Chapter IV) which contains all the 
necessary definitions and results (but omits some proofs). 

Moreover, aside from a single quotation in Chapter VI of a theorem 
proved early in Chapter II, the results of Chapters IT and III are not used 
until Chapter IX. Thus the interdependence of chapters is given by 


II —— Ill 
eee IK x —>xI x 
| ——-vI—~-vIlI ——>VIII 


IvV——v7 


A more detailed description of the contents appears below. Unlike volumes 
I and II, this volume contains no problems. 

Much of the material in this volume first appeared in the articles by 
Cartan, Koszul, and Leray in the proceedings of the Colloque de Topo- 
logie (espaces fibrés) held at Brussels in 1950 (cf. [53], [168], and [187]). 
The first account with complete proofs is [9]. In the notes at the back we 
shall give more historical details and acknowledge the discoverers of the 
main theorems. We apologize for errors and omissions. 


Part 1 


In this part all vector spaces and algebras are defined over a commutative 
field T. 
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Chapter I. Spectral Sequences. This chapter, which has been 
included only for the sake of completeness, is a self-contained description 
of the spectral sequence of a filtered differential space. The reader already 
familiar with this material may omit the whole chapter and simply refer 
back to it as necessary. Almost all the theorems and proofs in the chapter 
apply verbatim to filtered modules over a commutative ring. 


Chapter II. Koszul Complexes of P-Spaces and P-Algebras. 
Let P=, P* be a finite-dimensional positively graded vector space 
with P* = 0 for even k. Let P denote the evenly graded space given by 
P* — P*-1, A P-algebra (S; ) is a positively graded associative algebra S 
together with a linear map o : PS, homogeneous of degree 1, such that 
o(x) is in the centre of S, xe P. 

The Koszul complex of (S; a) is the graded differential algebra 
(S © AP, V,) given by 


V2 © x, A oes A Xp) 
= (—1)88 2 5 (—1)'-1g - ofx) Qa A Bie A dp. 
i=] 


The gradation S@® AP=%,S © A*P induces a gradation, H(S © (AP) 
=, H,(S © AP) in cohomology. These and other basic facts are 
established in article 1. 

The isomorphism theorems in article 2 show, for example, that 
AS © AP)=0 if and only if S=HA.(S@® AP)@® VP. Suppose 
now that S is connected (i.e., S° = I’). In this case (article 4) the projection 
S—>T induces a homomorphism H(S ® A P)— AP whose image is the 
exterior algebra over a graded subspace P < P. Moreover, if P is a com- 
plementary subspace, then H(S @ A\P)~H(S@ AP)@ AP. 

Finally, article 5 deals with symmetric P-algebras (\/Q; c). The main 
theorem asserts that if H(\’Q ® /\P) has finite dimension, then dim P 
=dimP+dimQ+k, where k is the greatest integer such that 
HV QO ® AP) 0. This is applied to determine the complete structure 
of H(\VQ @ AP) when dim P= dim P + dim Q. The results of article 3 
are used to obtain the Poincaré polynomial for H(\VQ ® (AP) in this case. 


Chapter III. Koszul Complexes of P-Differential Algebras. A 
P-differential algebra (or (P, 8)-algebra). is a positively graded associative 
alternating differential algebra (B, 5,) together with a linear map 
7: PB, homogeneous of degree 1, and satisfying 6 o 7 = 0. The Koszul 
complex of (B, 5,; 7) is the graded differential algebra (B® AP, Vz), 
where V,= 6, ®t + V,. 

In articles 3 and 4 the isomorphism and structure theorems for P- 
algebras are generalized to (P, 5)-algebras. Theorem VII in article 4 
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gives six conditions, each equivalent to the surjectivity of the homo- 
morphism H(B @® A P)— AP induced by the natural projection. 

The tensor difference (B © S, 6,3,, 7 ©Qa) of two (P, 8)-algebras 
(B, 83; 7) and (S, 8s; 0) is defined by 8,2, = 53 ®+— wg ® Ss and 
(7 Co)(x) = 7x © 1— 1 & ow. (wz is the degree involution of B.) Its basic 
properties are established in article 2, including the fact that if S= \V P, 
then H(B@® V P © AP) A(B). 

In article 5 the commutativity of the cohomology diagram, 


VP — H(B) 


| | 


H(S) ——+ H(B®S@ AP) ——> H(B)@ AP) 


| | 


H(S © AP) AP, 


is established. It is also shown that the map H(B®S@® AP)> 
H(S ® /P) is surjective if and only if the graded spaces H(B © S @® (AP) 
and H(B) ® H(S ® AP) are isomorphic. Article 6 gives necessary and 
sufficient conditions for this to be an algebra isomorphism if S is a 
symmetric algebra. 


Part 2 


In this part all vector spaces and algebras are defined over a commu- 
tative field I of characteristic zero. 


Chapter IV. Lie Algebras and Differential Spaces. Article 1 
starts with the definition of Lie algebras and their representations and 
then quotes without proof the basic theorems about reductive Lie algebras 
and semisimple representations. Some material on Cartan subalgebras 
and root space decompositions is also included. 

Article 2 deals with representations of Lie algebras in differential 
spaces. The results of this article are fundamental for the following chap- 
ters, and complete proofs are given. One such theorem asserts that 
H(X © Y)o-=0) = A(Xe-0) © H(Yo-0) under suitable hypotheses. (If a 
Lie algebra is represented in a space X, then X,. denotes the subspace of 
invariant vectors.) 


Chapter V. Cohomology of Lie Algebras and Lie Groups. Let 
E be a finite dimensional Lie algebra. The adjoint representation of E 
determines representations of EF in AE and A E*. Moreover, an anti- 
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derivation of square zero 5; in A E* is determined by <8;x%*, xAy> = 
— [x, y]. Its negative dual 0, is a differential operator in AE, homo- 
geneous of degree —1. The algebra H*(E) = H(A E*, 5,) and the space 
H,(E) = H( AE, 4s) are called, respectively, the cohomology and homo- 
logy of E. 

If E is reductive, then (AE*)-,. S:H*(E) and (AE)s-0H,(E) 
(article 3). Moreover, in this case there are canonical dual subspaces 
Py © (AE*)g-0 and P,(E) < (AE)g20 (the primitive subspaces), and 
the inclusions extend to scalar product preserving isomorphisms of 
graded algebras 


APs—>(AE*o-0 and A Py(E) > (AB )o~o 


(articles 4, 5, and 6). 

Recall from volume II (article 4, Chapter IV) that the cohomology of a 
compact connected Lie group is isomorphic with the cohomology of its Lie 
algebra. In article 8 this isomorphism is used to translate the results of 
the chapter into theorems on the cohomology of Lie groups. 


Chapter VI. The Weil Algebra. Let E be a finite dimensional Lie 
algebra. Let E* denote the graded space with E* as underlying vector 
space and deg x* = 2, x«* e€ E*. In article 1 an antiderivation dy of square 
zero is introduced in the algebra W(E)= VV E* © AE*; the resulting 
graded differential algebra is called the Weil algebra of E. The adjoint 
representation of E induces a representation of E in (W(E), dy). The main 
result of article 1 states that H*(W(E)) = 0 and H*+(W(E),-0) = 0. 

Using this result we construct in article 2 a canonical linear map 
ec: (V* E*)s-o>(A*E*)o-0, homogeneous of degree —1 (the Cartan 
map). Theorem II in article 4 asserts that if E is reductive, then 


Im og = P; and ker eg =(V * E*)p-0-°(V * E* aco. 


A transgression in W(E), = is a linear map 7: Pg >(V + E*)o. 9 homo- 
geneous of degree 1 such that e, o 7 =v. Theorem I of article 4 says that 
a transgression extends to an algebra isomorphism VV P; > (V E*)o=o- 
In particular, (\V E*),. is the symmetric algebra over an evenly graded 
space whose dimension is equal to that of P,. 

In article 6 these results are applied to determine the algebras ( A E*),- o 
and (\/ E*),_o, where E is a classical Lie algebra. Finally, in article 7 we 
determine H(G) for the classical compact Lie groups. Explicit invariant 
multilinear functions in E and closed differential forms on G are con- 
structed and shown to yield bases of these spaces. 


Chapter VII. Operation of a Lie Algebra in a Graded Differen- 
tial Algebra. An operation of a Lie algebra E in a graded differential 
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algebra (R, 8) consists of a representation 6 of E in (R, 5) together with 
antiderivations i(x), x € E, in R of degree —1 and such that for x, ye E 


i(x)?=0, — (x) © ty) — ty) © A(x) = a([x, y]) 
and 


a(x) 6 + 1(x) = 6(x). 


The horizontal and basic subalgebras of R are defined, respectively, by 
Rico =Are8 ker i(x) and Ryo, o-0=(Ri-o)o=0- Ri=0,e=0 is stable 
under 6. 

An action of a Lie group G on a manifold / determines an operation of 
its Lie algebra on the algebra of differential forms (A(M), 5) via the Lie 
derivatives and the substitution operators for the fundamental vector 
fields (article 6). The Weil algebra of E is a second example of an 
operation. 

In articles 3 and 4 the fibre projection ep: H(Re=0)—>(ALE*)o=0 is 
defined when E is reductive and H(R,-o) is connected. It reduces to the 
obvious homomorphism H(M)—> H(G) in the example above if G is 
compact and M and G are connected. It is shown that Im ep = AP and 
H(R,=0)A @® AP, where P is a subspace of P; and A is a subalgebra of 
A(R, = 0): 


Chapter VIII. Algebraic Connections and Principal Bundles. An 
algebraic connection for an operation of E in a graded differential algebra 
(R, 8) is an E-linear map yx: E*-—>R! such that i(x)y(x*) = <x*, x). In 
article 2 it is shown that an algebraic connection determines an isomor- 
phism R,-9 © AE* =e R: 

The curvature of an algebraic connection is the linear map 4%: E* 
—> R3_, determined by 6(1 © x*) =1 © d,x* + %x* © 1. It extends to a 
homomorphism %,: V E*—>R,.>, inducing the Weil homomorphism 
#* :(V E*)e20—-H(Ri=0, e=0)- Theorem V, article 4, shows that the 
Weil homomorphism is independent of the algebraic connection. 

In article 5 we consider the example R = A(P), where (P, 7, B, G) is a 
principal bundle. Then A(B) ~ R,-o, 920. There is a one-to-one cor- 
respondence between algebraic connections and principal connections. 
Moreover, the corresponding curvatures determine each other, and the 
Weil homomorphism corresponds to the Chern—Weil homomorphism of 
the principal bundle as defined in volume II. 


Chapter IX. Cohomology of Operations and Principal Bundles. 
Suppose an operation of a reductive Lie algebra E in a graded differential 
algebra (R, 5) admits an algebraic connection X. Let 7: Ps —>(V E*)o~0 
be a transgression (cf. Chapter VI) and set rg =X, 07: Pe—> Ria0, o=0- 
Then (Ri<0, 9=0, 53 7r) is a (Pg, 8)-algebra (cf. Chapter III), A funda- 
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mental theorem of Chevalley (article 2) gives a homomorphism from the 
corresponding Koszul complex to (A(P), 5), which induces an isomor- 
phism of cohomology. 

This isomorphism is then used to apply the theorems of Chapter III 
to operations (articles 3 and 4) and to the cohomology of principal bundles 
(article 6). As examples, the cohomology algebras of the tangent frame 
bundles of CP" and CP*x CP” are determined. 


Chapter X. Subalgebras. A Lie algebra pair (EZ, F) is a Lie algebra 
E together with a subalgebra F. The inclusion map is denoted by j : F—> E. 
The subalgebra F operates in the graded differential algebra ( /\ E*, 5,). 
This chapter deals with cohomology of the basic subalgebra; this is 
denoted by H(E/F). 

Let k* : H(E/F)— H(E) be the homomorphism induced by the in- 
clusion map. In article 1 it is shown that if E is reductive, then Im k* is 
the exterior algebra over a subspace P C P,, called the Samelson space 
for the pair (E, F). 

Suppose (EF, F) is a reductive pair; i.e., E is reductive and F acts semi- 
simply in EZ. Lett: P;—>(\V E*)9- be a transgression, and set o=j” © 7. 
Then ((\VV F*),.0; 0) is a symmetric P,-algebra. According to a funda- 
mental theorem of Cartan (article 2), there is a homomorphism from the 
Koszul complex ((V F*)g-0@® APz, —Va) to ((AE*)ip=o, op=0> Sz) 
inducing an isomorphism in cohomology. 

In article 3 this result is applied to translate the structure theorems of 
Chapter II into theorems on H(E/F). Article 4 shows that for a reductive 
pair dim P, >dim P,;+dim P. If equality holds, (E, F) is called a 
Cartan pair. For such pairs H(E/F)& A © AP, where A=(\V F*)o- o/I 
and J is the ideal generated by j¥(\V * E*)o-0. Moreover, the Poincaré 
polynomial of H(E/F) is given explicitly in this case. 

A subalgebra F ¢ E is called noncohomologous to zero in E if 
j* : H*(E) > H*(F) is surjective. These subalgebras are discussed in 
article 5. Article 6 deals with equal rank pairs (dim P,;—dim P;). In 
particular it is shown that if F is a Cartan subalgebra of E, then (E, F) is 
an equal rank pair. 

In article 7 the results are applied to symmetric pairs, and article 8 
gives a relative version of the Poincaré duality theorem. 


Chapter XI. Homogeneous Spaces. Suppose K © G are compact 
connected Lie groups with Lie algebras F © E. Then there is an iso- 
morphism H(E/F)~ H(G/K) which permits us to translate the theorems 
of Chapter X into theorems on H(G/K) (articles 1 and 2). In particular 
the Cartan condition is shown to depend only on the topology of G/K. 

Article 3 is devoted to Leray’s theorem, which asserts that if T is a 
maximal torus in G with Lie algebra H, then j” is an isomorphism from 
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(V E*),-0 onto the subalgebra of \ H* of elements invariant under the 
action of the Weyl group. 

Finally, in article 4 the cohomology of the standard homogeneous spaces 
is determined, while article 5 contains examples of non-Cartan pairs. 


Chapter XII. Operation of a Lie Algebra Pair. An operation of 
E in (R, 5) restricts to an operation of any subalgebra F. We shall say that 
this is an operation of the pair (E, F) if the inclusion map Rg, =o Re,=0 
induces an isomorphism in cohomology. 

Suppose that the hypotheses of the fundamental theorems of Chapters 
IX and X are satisfied and let (Ripso, op-0 © (V F*)s-0 © APz, V) 
be the Koszul complex of the tensor difference of (Rig=o, eg-0) 93 Tr) 
and ((V F *)s-0; a) (cf. Chapter III). The main theorem of this chapter 
(article 2) asserts that 


A(Riy = 0, op=0)  A(Riz =o, 6g=0 ®(V F*)5.6 & APs). 


In article 4 the theorems of Chapter III on tensor differences are 
applied to the operation of a pair, and in article 5 these results are used to 
determine the cohomology of fibre bundles whose fibre is a homogeneous 
space. 

In particular, let (P, 7, B, G) be a principal bundle, where G is semi- 
simple, compact, and connected, and let K be a torus in G. Consider the 
associated bundle (P/K, e, B, G/K). It is shown that if the graded algebras 
HA(P/K) and H(B) @ H(G/K) are isomorphic, then all the characteristic 
classes of the principal bundle are zero. 
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Chapter 0 


Algebraic Preliminaries 


0.0. Notation. Throughout this book sy denotes the identity map of 
a set X. When it is clear which set we mean, we write simply «. The 
empty set is denoted by @. The symbol x --- £;--- x) means x; is 
to be deleted. 

The symbols N, Z, Q, R, and C denote, respectively, the natural 
numbers, the integers, the rationals, the real and the complex numbers. 

Throughout the book I will denote a commutative field, and all 
vector spaces and algebras are defined over I unless we explicitly state 
otherwise. Moreover, from Chapter IV on it is assumed that I” has 
characteristic zero. 

The group of permutations on 7 letters is denoted by S*; if o € S*, 
then ¢, = 1 (—1) if o is even (odd). 

Finally, the proofs of the assertions made in this chapter will be found 
in [4] and [5]. 


0.1. Linear algebra. We shall assume the fundamentals of linear 
and multilinear algebra. A pair of vector spaces X*, X is called dual 
with respect to a bilinear function 


Cy PAT KA SL 


Kx*, X> = 0 and (X*, x> = 0 


imply, respectively, that x* = 0 and x= 0. ¢, > is called the scalar 
product. 

If X is finite dimensional, then a pair of dual bases for X* and X is 
a basis e*! for X* and a basis e; for X such that <e**, e;> = 64. 

If Y < X is a subspace, then the orthogonal complement Y1 < X* 
is defined by 


Yi = {x* © X*| <x*, YD = 0}. 
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The direct sum of vector spaces X? is denoted by 
y XP oor GX. 
P Dp 


The space of linear maps from X to Y (X and Y arbitrary vector 
spaces) is denoted by L(X; Y), and we often write L(X;X) = Ly. 
If pe Ly, then its determinant and trace are written det g and tr ¢. 

Let X*, X and Y*, Y be pairs of dual vector spaces. Then linear 
transformations g € L(X; Y) and o*e L(Y*; X*) are called dual if 


<p*y*,x> = <y*, gx), ye Y*, xe X. 


An inner product space (X, <, >) is a finite-dimensional vector space X 
together with a symmetric scalar product <, > between X and itself. 
<, > is called the inner product. If (X, <, >) is an inner product space, 
then the dual g* of a linear transformation y of X is again an element 
of Ly; ¢ is called skew symmetric if p* = —¢. 

A symplectic space (X,<, >) is a finite-dimensional vector space X 
together with a skew symmetric scalar product <, > between X and 
itself. < , > is called the symplectic metric. If p € Lx is skew with respect 
to <, > (ie., if p = —*), then ¢ is called skew symplectic. 

The tensor product of vector spaces X and Y is denoted by X @ Y. 
If X*, X and Y*, Y are pairs of finite-dimensional dual vector spaces, 
then X* @ Y* and X @ Y are dual with respect to the scalar product 
«,> defined by 


Cx OI", X OM) = A, OKI Ys 
x*eX*, y*e Y*, xeX, ye Y. 


It is called the tensor product of the original two scalar products. 

If X and Y are vector spaces and yeé Y, then X ® y denotes the sub- 
space of X ®) Y consisting of vectors of the form x ® y, x € X. 

If X has finite dimension, a canonical isomorphism a: X* ® Y 


=. L(X; Y) is defined by 
a(x* @y)(x) = <x*, xy, xe X*, xe X, ye Y. 
If Y = X and e**, e; is any pair of dual bases for X*, X, then 


ay e*i @e,) = ly. 
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0.2. Gradations. A graded space is a vector space X together with a 
direct decomposition X = }),.z X?. The subspace X? is called the space 
of homogeneous vectors of degree p. X is called positively graded if X? = 0 
for p <0. X is called evenly graded if X? = 0, p odd, and oddly graded 
if X? = 0, p even. A subspace Y c X is called a graded subspace if 


Y=Y Yn». 
p 


The degree involution wx of a graded space X is defined by 
x(x) = (—1)?x, xe XP, 


A graded space X is said to have finite type if each X? has finite 
dimension. In this case the formal series 


fx = ¥ (dim X?ye 


is called the Poincaré series for X. If Y is a second graded space of finite 
type, we write fy < fx if dim Y? < dim X?, all p. If dim X is finite, 
then fy is a polynomial, called the Poincaré polynomial. In this case the 
alternating sum 


= y (—1)? dim X? = fy(—1) 


is called the Euler-Poincaré characteristic of X. 

Assume that (X?)* and X? are dual spaces (p € Z). Then the scalar 
products extend to the scalar product between the graded spaces X* 
= Dy (X?)* and X = >}, X?, defined by 


<(X?)*, Xt» oad 0, P F q. 


X* and X are called dual graded spaces. 
A bigraded vector space X = Lyqez X"4 is defined analogously. If 
X = ¥ X?-7is a bigraded space, then the gradation X = Y, X"” given by 


XxX” — > XP. 


ptq=t 
is called the induced total gradation. 
A linear map y: X — Y between graded spaces is called homogeneous 


of degree r if it restricts to linear maps from X? to Y?+" (pe Z). Homo- 
geneous maps of bidegree (r,s) between bigraded spaces are defined 
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analogously, and linear maps homogeneous of degree zero (respectively, 
homogeneous of bidegree zero) are called homomorphisms of graded spaces 
(respectively, homomorphisms of bigraded spaces). 

Let X = Y, X? be a graded space. Then we write 


X+= \ X?. 
p>o 
If »: X + Y is a homomorphism of graded spaces, its restriction to 
X* is denoted by 
gt: X+ > Yt, 


0.3. Algebras. An algebra A over I is a vector space, together with 
a bilinear map AXA -—A (called the product). A system of generators 
for A is a subset S < A such that every element of A is a linear combina- 
tion of products of elements of SS. 

If X and Y are subsets of A, then X - Y denotes the subspace spanned 
by the products xy (x € X, y € Y). An ideal I in A is a subspace such that 


I-AclI and A-Icl. 


The ideal J - J is denoted by J?. 
A homomorphism of algebras p: A — B is a product preserving linear 
map, while a derivation 6 in A is a linear transformation of A satisfying 


(xy) = O(x)y + x6(y). 


Given a homomorphism gy: A — B, a g-derivation is a linear map 
6,: A + B such that 


Di(xy) = O1(x)e(y) + (~)A(y)- 


Homomorphisms, derivations, and g-derivations are completely de- 
termined by their restrictions to any set of generators. 

In this book we shall consider associative algebras with identity, and 
Lie algebras (cf. sec. 4.1). In the first case the identity is written 1 and I” 
is identified with the subspace J"- 1 (so that scalar multiplication co- 
incides with multiplication in A). Homomorphisms between two as- 
sociative algebras with identity are always assumed to preserve the 
identity. 

A graded algebra A is a graded vector space A = >, A?, together with 
a product, such that A? - A’ < A?t+*, A homomorphism g: A > B of 
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graded algebras is an algebra homomorphism, homogeneous of degree 
zero. 
A graded algebra A with identity element 1 € A? is called connected if 


A°=TI and A?—0, p<0O. 


An antiderivation in a graded algebra A is a linear map 0: A >A 
such that 


(xy) = O(e)y + (—1Px0(y), xe A, ye A. 


If g: A > B is an algebra homomorphism, then a y-antiderivation is a 
linear map 6,: A + B such that 


Ox(xy) = 91(x)p(y) + (—1)Po(x)ii(y), xe A, yed. 
An associative graded algebra A is called anticommutative if 
xy = (—1)P%yx, xe A?, ye AY, 


If in addition x? = 0 for x € A?, p odd, then A is called alternating. 
(These notions coincide if J” has characteristic not equal to two.) 

If A and B are graded algebras, their anticommutative (or skew) tensor 
product is the graded algebra, A ® B, defined by 


(A@BY= Y AP OB, 


p+q=r 


and 


(x ® y)(%1 ® yi) = (—1)xx, © ys 
xéEA, x4E€An, ye BY y,eE B. 


If A and B are anticommutative (alternating), then so is A ® B. 

In this book the tensor product of graded algebras will always mean the 
anticommutative tensor product, unless explicitly stated otherwise. There 
is, however, a second possible multiplication in A © B; it is called the 
canonical tensor product and is defined by 


(x © y)(% © V1) = xx, Oy» xy x, € A, y, 1 € Bz 


Assume A, B, and C are graded algebras, and that C is anticommu- 
tative. Let g,: AC and gg: B-—>C be homomorphisms of graded 
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algebras. Then a homomorphism 


g: A®B-C 
of graded algebras is defined by g(a © b) = y4(a) - yx(8). 


0.4. Exterior algebra. The exterior algebra over a vector space X 
is denoted by AX and the multiplication is denoted by a. By assigning 
A?X the degree p, we make AX into a graded alternating algebra. If 
€;,...,@, is a basis for X, we write 


AX = Key, ..- 5 en) 


Let A be any associative algebra, and assume that y: X — A isa linear 
map such that (px)? = 0, xe X. Then » extends to a unique algebra 


homomorphism 
e,: AX > A. 


We sometimes denote y, by Ag. (If A is graded and alternating, and 
9(X) < A’, then (yx)? = 0, x € X and ¢, is a homomorphism of graded 
algebras. ) 

A linear map yp: X — A?X(p odd) extends uniquely to a derivation in 
AX. A linear map yp: X > A?X (p even) extends uniquely to an anti- 
derivation in AX. 

Now let X*, X be a pair of dual finite-dimensional vector spaces. 
Then A?X* and A?X are dual with respect to the scalar product given by 


Cx A+++ XS, A+++ AXp> = det(<x*,x;>), xe X*, x, € X. 


Thus AX* and AX are dual graded spaces. Moreover, we identify 
A?X* with the space of p-linear skew symmetric functions in X by 
writing 


D(x, ..., Xp) = (D, XA -++ AX), DBeNX*, x,€ X. 


Suppose Y*, Y is a second pair of dual finite-dimensional spaces, 
and let ye L(X; Y) and »* € L(Y*; X*) be dual maps. Then the 
homomorphisms 


g,:A\X—>AY — and (p*),: AX* —AY* 


are dual. We will denote (y*), by 9’. 
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If x € X, then i(x) denotes the unique antiderivation in AX* extending 
the linear map X* — I given by x* +> <x*, x). It is called the substitution 
operator and is homogeneous of degree —1. The substitution operator 
is dual to the multiplication operator u(x) in AX defined by 


u(x)b = x ab, be AX. 


More generally, if ae AX, then (a) is the multiplication operator 
given by u(a)b = anb. The dual operator is denoted by 7(a). Clearly, 


U(X, A+++ AXp) = U(X) +++ O2(%,), x, EX. 
The following result is proved in [5; Prop. IJ, p. 138]. 


Proposition I: Let A < AX* bea subalgebra, stable under the opera- 
tors 1(x), x € X. Then 
A =K(X* 2 A). 


Next, suppose X = Y @ Z. Then an isomorphism 
AY @AZ—=+AX 


of graded algebras is defined by a@b—anb. If Y*, Y and Z2*,Z 
are pairs of dual finite-dimensional spaces, then the isomorphisms 


AY* @AZ*=+AX* and AY @AZ—+AX 
satisfy 
@@OP,a@©h= @, ad, b> = OnV,anb), 
®eAY*, PeAZ*, aEeEAY, bez. 
Finally, let X = Y}_, X” be an oddly positively graded space. Then 
AX = AX! ® +++ ®AX. 
Give AX the gradation defined by 
(AXP= MXN @ ++ OMX. 


Dy +3Dgt +++ +7P_=p 


It is called the induced gradation, and makes AX into an alternating 
graded algebra. 
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If AX = A(e,,...,e,) and degree e;=g;, then, clearly AX = 
A(e,:) ® «-- @ A(e,) and so the Poincaré polynomial for AX is given by 


Sax= I] (1 + ¢). 


0.5. Symmetric algebra. The symmetric algebra over a vector space 
X is denoted by VX and the multiplication is denoted by v. If A is an 
associative algebra, and g: X — A is a linear map, such that px - py 
= gy - px, x, y € X, then extends to a unique algebra homomorphism 


gy: VX > A, 


A linear map y: X ~ VX extends uniquely to a derivation in VX. 
Suppose X = Y @ Z. Then an isomorphism of vector spaces 


VY @VZ VX 


is defined by 
a@®breaveb. 


More generally, let X = ‘2. X” be an evenly positively graded space. 

Set 
(VX)? = YX) @ +++ @ (VX); 
2py tess +1Pe=D 

then VX becomes a graded anticommutative algebra with respect to this 
induced gradation. (Note that (VX)? = 0 if p is odd!) If X is the direct 
sum of graded subspaces Y and Z, then the isomorphism above is an 
isomorphism of graded algebras. 

Suppose that A is an evenly graded commutative algebra, and that 
Q c A is a graded subspace. Then the inclusion extends to a homo- 
morphism of graded algebras 


VO >A. 


If this homomorphism is an isomorphism, we will write VO = A. In 
particular, if a,, ..., a, is a homogeneous basis of Q, we write 


A=V(aq, ..., 4). 
Since then A = V(a,) ® --- © V(a,), the Poincaré series for A is 
given by 
Tr 
fa= T] GQ — 7, deg a; = gj. 


i=1 
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Now suppose X*, X is a pair of dual finite-dimensional vector spaces, 
and assume that I’ has characteristic zero. Then a scalar product between 
V?X* and V?X is defined by 


<x¥ Vv +++ V XE, eV +++ VXp> = perm(<xf, x;>) 


= + (xt, Xe? Ra ae <xe Xap) >> 
aeSP 


In particular we identify V?X* with the space of symmetric p-linear 
functions in X by writing 


P(x, 0.65 Xp) = CHV «+ V Xp), We VPX*, x, E X, 


If Y*, Y is a second dual pair and g: X — Y, y*: X*< Y™* are dual 
linear maps, then the homomorphisms 


giVX—~>VY and — (p*),: VX*< VY* 


are dual as well. We write (p*), = q’. 
The substitution operator is(x) determined by xe€ X is the unique 
derivation in VX* satisfying 


ig(x)x* = <x*, x>, x*e X*, 
Its dual is multiplication by x in VX and is denoted by us(x). 
Finally, assume X* = Y* @ Z* and X = Y@Z. Then 


@vP,avb>= GaP, b= @@V,a@d), 
®eEVY*, WeVZ*, acVY, beVZ. 


0.6. Poincaré duality algebras. A Poincaré duality algebra is a finite- 
dimensional positively graded associative algebra A = }5_, A” subject 
to the following conditions: 


(1) dim A” = 1. 
(2) Let e* be a basis vector of (A")*. Then the bilinear functions 
(, >: Arx are DP 
given by 
<a, b> = <e*, aby, ace A?, be A”, 


are nondegenerate. 
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If A is a Poincaré duality algebra, then isomorphisms D: 4? —> 
(A*-?)* are given by 
<Da, b> = <e*, abd. 


D is called the associated Poincaré isomorphism. 
Note that a Poincaré duality algebra A satisfies 


dim A? = dim A*-?, p=0,...,”. 


Examples: 1. Exterior algebra: Let E*, E be dual n-dimensional 
vector spaces. Then AE* is a Poincaré duality algebra, with Poincaré 


isomorphism D: AE* —+ AE given by 
DO = i(®)e, 
where e is a basis vector of A"E. 


2. Tensor products: Let A and B be finite-dimensional graded 
algebras. Then A @ B is a Poincaré duality algebra if and only if both 
A and B are. 

In fact, write A = )'§ A? and B = 7 B*, where A” ~ 0 and B” + 0. 
Then A © B= Yot" (A @ BY, and 


dim(A @ B)*+™ = dim A” . dim B™. 


Thus dim(A © B)*+™ = 1 if and only if dim A” = 1 = dim B”. 

Now assume this condition holds. If e* € (A”)* and f* € (B™)* are 
basis vectors, then e* @f* is a basis vector for [(A @© B)"+™]*. It 
follows that the bilinear function in A @ B is the tensor product of the 
corresponding bilinear functions for A and B (up to sign). In particular, 
it is nondegenerate if and only if both of them are nondegenerate. 


0.7. Differential spaces. A differential space (X, 4) is a vector space 
X together with a linear transformation 6 of X such that 6? = 0; 6 is 
called the differential operator. We write 

kerd = Z(X) Iméd=B(X), 2(X)/B(X) = A(X, 4) 
(or simply H(X)) 


and call these spaces, respectively, the cocycle, coboundary, and cohomology 
spaces of X. 
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A homomorphism —: (X, 6x) > (Y, dy) of differential spaces is a linear 
map gy: X > Y such that dy = dyg. It restricts to maps between the 
cocycle and coboundary spaces, and so induces a map, written 


p*: H(X) + H(Y), 


between the cohomology spaces. 

Assume (X*, 6) and (X, 0) are finite-dimensional differential spaces 
such that X*, X is a pair of dual spaces, and 6 = +0*. Then the scalar 
product induces a scalar product between H(X*) and H(X). 

A graded differential space (X, 6) is a differential space together with a 
gradation in X, such that 6 is homogeneous of some degree. In this case 
Z(X) and B(X) are graded subspaces 


UX) = ZX) and B(X) = Y BX), 


The space H(X) is then graded; we write 


A(X) = 2 HMA); H”(X) = Z2?(X)/B?(X). 


Suppose (X, dy) and (Y, dy) are graded differential spaces. A homo- 
morphism of graded differential spaces is a homomorphism of graded 
spaces y: X — Y such that dy = dyg. 

Assume (X, 6) is a finite-dimensional graded differential space. Then 
the Euler-Potncaré formula asserts that %y = Xq,x) (cf. sec. 0.2); ie. 


¥ (—1)? dim X? = }° (—1)? dim H?(X). 
P ? 
Let 
0 —- (W, dy) —+ (X, dx) —» (Y, dy) — 0 
be an exact sequence of differential spaces. Then a linear map 
0: H(Y) + H(W) 


is defined as follows: Leta €¢ H(Y) and choose x € X so that px represents 
a. Then there is a unique cocycle w € W such that pw = dyx. The class 
fB € H(W) represented by w is independent of the choice of x, and 0 
is given by 0a = B. @ is called the connecting homomorphism. 
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Elementary algebra shows that the triangle 


H(W) —"—. H(X) 
a: 
H(Y) 


is exact. If the differential spaces are graded differential spaces, and p 
and wy are homogeneous of degrees k and /, then 0 is homogeneous and 


deg 0 = deg dy —k—I. 
In this case we obtain a long exact sequence (m = deg 0) 
—. He(Y) 2. He+m( yy) 2. Ho+mee(xy &, Hotmetet yy —, 


Let (X, dy) and (Y, dy) be graded differential spaces where 6y and dy 
are homogeneous of the same odd degree k. Then their tensor product 
is the graded differential space (X © Y, dyey) given by 


dxer(* © y) = bxx Oy + (—1)Px @dyy, we xX, ye Y. 
We will often write 
(X @ Y, der) = (X, dx) @ (¥, dy). 
Consider the inclusion 
Z(X) © Z(Y) > Z(X @ Y). 
It induces the (algebraic) Kiinneth isomorphism 
H(X) @ H(Y) — H(X ® Y). 


0.8. Differential algebras. A graded differential algebra (R, 5p) is a 
positively graded associative algebra R with identity, together with an 
antiderivation dz, homogeneous of degree 1 and satisfying 6% = 0. 
If (R, dp) is a graded differential algebra, then Z(R) is a graded sub- 
algebra and B(R) is a graded ideal in Z(R). Thus H(R) becomes a graded 
algebra. 
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A homomorphism ¢: (R, 6p) > (S, ds) of graded differential algebras 
is a homomorphism of graded algebras which satisfies pdg = dsp. The 
induced map y* is then a homomorphism of graded algebras. 

A positively graded differential algebra (R, 6g) is called c-connected 
if (cf. sec. 0.3) the algebra H(R) is connected. 

Finally, assume (R, dg) and (S, 6s) are graded differential algebras. 
Then so is (R, dp) © (S, 6g). Moreover, inclusions 


Jr: (R, dp) > (R, 6x) © (S, 6s) and js: (S, 6s) > (R, dz) @ (S, 4s) 


are given by jr(x) = x & 1 and js(y) = 1 & y. In this case the Kiinneth 
isomorphism is the isomorphism of graded algebras given by 


a @ Br>jk(a) -j§(8), ae H(R), Be H(S). 


Remark: In the literature it is usual to regard cohomology as a 
contravariant functor and homology as a covariant functor; thus “the 
cohomology of a topological space is the homology of its cochain com- 
plex.’’ Whatever the aesthetic advantages of this convention, it would, 
in this book, lead to a great deal of artificial lowering and raising of 
indices. 

For example (cf. Chapter V), for a Lie algebra E we would have 


H?(E) = H,(AE*, 62), 
while for a manifold M we would have 
H?(M) = H,(A(M), du); 


and for a smooth map g:M-—-WN inducing g*: A(M)< A(N) we 
would have 


(—*)» = v*: H(M) — H(N). 


For this reason we have arbitrarily declared all differential spaces (with 
a single exception in sec. 5.5) to have cocycles, coboundaries, and co- 
homology, and used the notation y*: H?(R) — H?(S) for the map induced 
by a map 9: RS. 


0.9. n-regularity. A homomorphism gy: X — Y of positively graded 
spaces is called n-regular if the restrictions y?: X? — Y°? satisfy: g? is an 
isomorphism, 0 < p < n, and y+! is injective. 
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Proposition H: Let gy: (X, 6x) > (Y, dy) be an n-regular homo- 
morphism of positively graded differential spaces. Assume dy and dy 
are homogeneous of degree 1. Then ¢* is n-regular. 


Proof: It follows at once from the hypotheses that 


gy: Z(X)—+Z(Y), OS psn 
and 
p: B?(X) =» BY), O<p<n+1. 


Since yp: Z*+1(X) — Z"+1(Y) is injective, the proposition follows. 
Q.E.D. 


0.10. c-equivalent differential algebras. Let (R, dp) and (S, 5s) be 
graded alternating differential algebras. Then a cohomological relation 
(c-relation) from (R, dz) to (S, ds) is a homomorphism 


gp: (R, dz) > (S, 4s) 


of graded differential algebras, such that y* is an isomorphism. 
If such a c-relation exists, we say that (R, dp) is c-related to (S, ds), 
and write 


(R, 8x) —+ (S, 4s). 


Note that this relation is not an equivalence. However, it generates an 
equivalence relation in the following way: 


Definition: Two alternating graded differential algebras (R, dp) and 
(S, 6s) are called cohomologically equivalent (c-equivalent) if there is a 
sequence (X;, 6,;),7 = 1, ..., m of alternating graded differential algebras, 
satisfying the following properties: 

(1) (X,, 41) = (R, dp) and (X,, 6,) = (S, ds). 

(2) Either (X;, 6;) + (Xisis Ois1) OF (Xitis Sis.) => (Kis 6;) 
(@@=1,..., 7). 

In this case we write 


(R, bn)» (5, ds). 
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A specific choice of the (X;, 6;), together with a specific choice of c- 
relations y,; between them will be called a c-equivalence between (R, 6p) 
and (S, ds). The isomorphisms gj determine an isomorphism 


H(R) — H(S), 


which will be called the isomorphism induced by the given c-equivalence. 

An alternating graded differential algebra (R, 5p) is called spit if 
there exists a homomorphism of graded algebras y: H(R) — Z(R) which 
splits the exact sequence 


0 + B(R) > Z(R) > H(R) > 0. 


Thus, if (R, dz) is split, then (H(R), 0) —> (R, 6p). 
More generally, (R, dz) will be called cohomologically split (c-split), if 


(R, bz) > (A(R), 0). 
In this case the c-equivalence can always be chosen so that the induced 


isomorphism of H(R) is the identity. Such a c-equivalence will be called 
a c-splitting. 
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PART 1 


In this part I’ denotes a commutative field of arbitrary characteristic. 
All vector spaces and algebras are defined over I’. 
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Chapter I 


Spectral Sequences 


Most of the results (and proofs) in this chapter continue to hold if I, 
instead of being a field, is allowed to be an arbitrary commutative ring 
with identity. 


§1. Filtrations 


1.1, Filtered spaces. A decreasing filtration of a vector space M is a 
family of subspaces F?(M), indexed by the integers p € Z, and satisfying 
the conditions 


F?(M) > FP+\(M) and =M=\) F*(M). 
p 
(In this book we consider only decreasing filtrations.) The definition of 
F?(M) is extended to p = +00 by writing 
F-9(M)=M and F(M)=0. 


With a filtered vector space M is associated its associated graded space 
Ay = ®y Ak, defined by 


Ag, = F?(M)|F?*(M), = —co <p <0. 


The canonical projection F?(M) — Af, is denoted by 0% or simply 
by 0?. 

Suppose M and M are filtered vector spaces. A linear map y: M > M 
is called filtration preserving (or a homomorphism of filtered spaces) if it 
restricts to linear maps g: F?(M) —> F?(M). In this case p induces a 
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unique linear map v4: Ay — Ag of graded spaces such that the diagrams 


ge 


F?(M) F°(M) 
e” oP 
AX Ay, —co <p < ©, 


%4 
commute. 
If M =, M? is a graded vector space, then by setting F?(M) = 
Yy2p Mé we obtain a filtration of M. This filtration is said to be induced 
by the gradation. In this case g? restricts to an isomorphism M? —, Ak, 


and these isomorphisms define an isomorphism M —+ Ay of graded 
spaces. 


1.2. Filtered differential spaces. A filtered differential space is a 
differential space (M, 6), together with a filtration {F?(M)},.2 of M 
such that the subspaces F?(M) are stable under 6. If (M, 4) is a filtered 
differential space, then a filtration of H(M) is defined by 


Fo(H(M)) = 2(F?(M) 9 2(M)), 


where 2: Z(M)— H(M) denotes the canonical projection. Thus we 
can form the associated graded space Agi). 

Consider the associated graded space A,,. Since the F?(M) are stable 
under 6, an operator 6, in Ay is induced by 6. Clearly (Ay, 64) is a 
differential space, and 6, is homogeneous of degree zero. 


1.3. The differential spaces (E,, d,). Let (M, 6) be a filtered dif- 
ferential space. Define subspaces Z? < M by 


Z? = F?(M) 0 o(F*(M)),  —coo<p<o, 0<i<o, 


and 
Z?, = F?(M) 9 Z(M). 


It follows from the definition that 


ZP & Zh, < ZF. 
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Next, define subspaces D? by 
D? = F?(M) ~- 6(F? *(M)), —o<p<o, 0<i <0, 


and 
DZ, = F?(M) 1 6(M). 


It follows that DP? < Df, < DP. Since D®, < 2%, we have the in- 
clusion relations 


Do Dc cD cBe---cAicZM, —0o <p < 00, 
Now form the factor spaces 
ER = ZP(ZEY + Diy), = 1 <i <0, 
and extend the definition to ¢ = 0 by setting 
Ey = Zp/(F?'(M) + 6(F?"(M))) = Afr. 


The canonical projections of ZP onto E? will be denoted by 77: ZP — EP. 
It is easy to verify that 
6: ZP—>ZPtt and =~ b: ker 4? ker nP¥, = 0 <i <0. 


Hence, if 7 is finite, a linear map d?: E? — E?** is defined by the com- 
mutative diagram 


4 : 
p +6 
Zt A 
4 
ne |e 
rey eke —oo <p < 00, 
4 ap 4 , 


It is clear that d?* od? = 0. 

Now consider the direct sums E; = G), E?. If 0 <1 < co, the opera- 
tors d? define a differential operator d;, homogeneous of degree 7 in the 
vector space E;. Hence we can form the vector spaces 


H(E,, d;) = ker d,[Im d;. 


Since each vector space E; is graded by the subspaces EP, an induced 
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gradation in H(E;, d,;) is given by 
H?(E;, d;) = ket d?/Im d?~*. 


The projections ker d? — H?(E;, d;) will be denoted by 2?. 


1.4. The spaces E, and E,,. Proposition I: (1).The graded dif- 
ferential space (Ey, dy) coincides with (Ay, 64). 

(2) The graded space E,. is isomorphic to the associated graded 
space of H(M) with respect to the filtration induced by the filtration 
of M. 


Proof: (1) follows immediately from the definition. To prove (2) 
observe that 
ker 72, = Z2t! + DE. 


On the other hand (cf. sec. 1.2), the filtration of H(M) is given by 
F*(H(M)) = n(Z2,). 
Since (clearly) 2(D2,) = 0, we have 
F"'"(H(M)) = x(Zz," + D2). 


Hence a surjective linear map o%: E2,— Af,y, is defined by the 
commutative diagram 


Zi, —— F*(H(M)) 


+ Dp 
Noo | 7509.24) 
Dp 


Cs 
'D = Pp 
Ex Aim: 


But, evidently 
ker o2, = &(v '(F?*(H(M))) 1 22.) 
= nf((Z2P + 6(M)) 1m ZB.) 
= nb (22! + D2) = 0. 


It follows that o% is an isomorphism. 


Q.E.D. 
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1.5. Homomorphisms. Let ¢: (M, 6) — (M, 5) be a homomorphism 
of filtered differential spaces. Then the subspaces Z?, DP are mapped 
into the subspaces Z?, DP. Hence linear maps ¢?: E? > E? are given 
by the commutative diagrams 


P 
2". 2 
" [* 
p 7% p : 
Et E?, 0<ico. 


The q? define linear maps 9;: E; > E;. A simple computation shows 
that ¢,d; = d,9;;} 1.e., y; is a homomorphism of graded differential spaces. 
Thus ; induces a linear map 


gi: H(E;, d;) > H(E,, d;) (0 <1 <0) 


homogeneous of degree zero. 


Proposition II: If g: M — M is a homomorphism of filtered differen- 
tial spaces, then the linear map y*: H(M) — H(M) preserves the filtra- 
tion (the filtration being defined in sec. 1.2). 

Moreover, if (p*)4: Agu) > Anum is the induced homomorphism 
of the associated graded spaces, then the diagram 


(p*), 


Axum) Ax 


commutes. 


Proof: Since 
g* (F?(H(M))) = ¢*(x(Z2.)) = #(9(Z2,)) < #(2%) = F?(H(M)), 


g* is filtration preserving. 
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Now consider the diagram 


Z?, _. F*(H(M)) 2» Adar) 


R 


22, +. FKH(M)) |" Aba 


=D 
ni a 
ag /* 


EX, 


It follows from the definition of p* and (p*),4 that the back face com- 
mutes. The definition of 02, (sec. 1.4) implies that the top and bottom 
faces commute. The definition of g%, (above) shows that the left-hand 
face commutes. Since of,,4) ° 2 is surjective so is 72,, and the right-hand 
face must commute. 

Q.E.D. 


§2. Spectral sequences 


1.6. The spectral sequence of a filtered differential space. Definition: 
A spectral sequence is a sequence (E;, d;, o;), m <1 < oo, where (E;, d;) 
is a differential space, and o; is an isomorphism of E,,, onto H(E;, d;). 
We often omit the o; from the notation, and refer simply to the spectral 
sequence (E;, d;). 

A homomorphism of spectral sequences 


a: (E;, d;, 9;) =F (E;, d;, 6;) 
is a system of homomorphisms of differential spaces a@;: (E;, d;) > 
(E;, d;), such that the isomorphisms o; and 6; identify a,,, with of: 
OF 0; = Fis. 

A spectral sequence (E;, d;, 0;) is said to collapse at the kth term if 
d,;=0,i>k. In this case H(E,;, d;)) = E;, i =>k, and so go; is an 
isomorphism from E;,, to E;. 

Let (M, 8) be a filtered differential space, and consider the sequence 


(E;, d;);>9 of differential spaces constructed in sec. 1.3. We shall now 
construct isomorphisms 


63: Ejyy = H(E;, 4;), i> 0, 


of graded spaces. The resulting spectral sequence (E;, d;, o;) will be 
called the spectral sequence of the filtered differential space (M, 9). 

The o; are defined as follows: Consider the projection 7?: Z? — E? 
(cf. sec. 1.3). In Lemma I below we show that 


nP(ZPa) = ker dP. 


Thus composing 7 (restricted to Z2,) with the projection 2?: ker d? 
— H°(E;, d;) yields a surjective linear map 


Ps VAtey _> AP (E;, d;). 
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Evidently, ker y? = Z?.. © ((y?)"(Im d?*)). In Lemma II, below, 
we show that this space coincides with Z?*? + DP. It follows that y? 
induces an isomorphism 


of: ERs = H(E,, d;). 


The o? define the desired isomorphism o;. 


Remark: In view of Proposition I, (1), sec. 1.4, o) is an isomorphism: 
09: Ey —+ H(Ay,, 64). 
Lemma I: 7?(Z?,,) = ker d?. 


Proof: We show first that 
(nf)-*(ker dP) = 22, + ZR. (1.1) 
Fix z € ZP. Since d?n? = nP**d, it follows that d?n?z = 0 if and only if 
dz € FP*41(M) + Det. 


But this occurs if and only if ze Z2, + Z?4', as follows at once from 
the definitions. Thus (1.1) is proved. 


Now apply 7? to (1.1) to obtain 


ker d? = nf(Z8i) + nP(ZE") = nP (Zh). 
Q.E.D. 


Lemma WU: Zf"' + DP = ZB 0 [(nf) "(1m dP*)]. 


Proof: It follows at once from the definitions that 
Im dp* = nf6(ZP*) = nP(DP). 
Hence 
(nf) *(Im dP“) = DP + ker nf 
= Df + DP, + 2 
= DP + Ze. (1.2) 


2. Spectral sequences 27 


On the other hand, an easy calculation yields 
ZEY ZR, = ZR? and DP ic ZF is 


Thus intersecting (1.2) with Z2, yields the lemma. 
Q.E.D. 


Proposition III: Let y: (M, 6) > (M, 5) be a homomorphism of 
filtered differential spaces. Then the maps 


gi: (E;, d;) > (E;, d;) 


of sec. 1.5 form a homomorphism of the corresponding spectral se- 
quences. 


Proof: It has to be shown that 6,9;,, = yi'o;, i > 0. Consider the 
diagram 


™ 

(4 p 

VATe ker d} 
ne ba 

mPa Ry | 


Ee, So H(E;) 


t 


* 
oe 4 


The outside and inside squares commute, as follows from the definition 
of o; and &;. The left, right, and upper faces commute, as follows from 
the definitions of 9;,,, gf, and g;. Since nf, is surjective the lower 
face must commute. 


IR 


Eta H°(E;). 


Q.E.D. 


1.7. Filtrations induced by a gradation. Let M => ,.7 M? be a 
differential space, and consider the induced filtration 


F*(M) = ¥. Me. 


B2p 
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Assume that for some k > 0, 
6: M? + Fe+k(M), = pe Z. 
Then 6 can be written uniquely as 6 = D + 6, where; 
D(M?) < M?+* and 6(M?) < Fet*+1(M), = peZ. (1.3) 


It is easy to see that D? = 0. As an immediate consequence of formula 
(1.3), we have the relations 


ZP=F(M), i<k, 
and 
D? = 6(F?-*(M)) c F?-**(M) c F?*(M) = i<k—-1. 
This shows that ker yn? = F?7(M), i < k, whence 
ZP=M?@kernf, isk. 

It follows that for 7 <k the inclusion map j: M? — F?(M) can be 
composed with 7? to yield an isomorphism ¢?: M? =. E?. The iso- 
morphisms é? define isomorphisms of graded spaces 


é;: M— E,, 0O<i<k. 


It is immediate from the definitions that d; = 0,0 <i<k. Thus for 
0 <i<k we can regard é; as an isomorphism 


&: (M, 0) — (Ej, di), (1.4) 
of graded differential spaces. Next we show that &,D = d,é,, so that 
&j: (M, D) + (Ex, 4s) (1.5) 


is an isomorphism of graded differential spaces. 
In fact, fix 2 € M?. Then formula (1.3) yields 


ngt¥oz = nft*Dz = &,Dz. 
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It follows that 
46,2 = dnkz = nkt*z = &,Dz, 


and so (1.5) is proved. 
Formula (1.5) yields an isomorphism é;: H(M, D) = H(E,, d;). 
Combining & with o;!, we obtain an isomorphism 


a = o,'0 éf: H(M, D) =» Ezy. (1.6) 


As a straightforward consequence of Lemmas I and II (sec. 1.6) or 
by direct computation we now obtain the formulae 


Zhu, = Z°(M, D) @ FP*(M) 
and (1.7) 


Zptl + DP = D(M?-*) @ FM). 


Next, assume that M = ¥,<z Misa second differential space and let it 
have the induced filtration. Moreover, assume that 6(M?) < F?+*(M), 
peéZ, and let D: Mr — M+ be defined as above. Assume that 
gp: M — Mis a homomorphism of graded spaces which satisfies pd = do. 
Then 

gD = De, 


and so m determines a linear map 
yp: H(M, D) — H(M, D). 


On the other hand, ¢ preserves the filtrations and so it induces a 
homomorphism of spectral sequences 


Pi: (Z;, d;) rn (E;, d;), t = 0. 


It follows from the definitions that 
9° & = §°9, O<i<k, 
where £,: Mf — E;, is the induced isomorphism. 
Passing to cohomology and using Proposition III we obtain the 
relations 


+ 4 zt + # ae 
peo Se = Se OGD and Peo Oy = Oyo Peri: 
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Thus the diagram 


a 


H(M, D) —— Eis 
°D | | Peed (1.8) 
H(M, D) —— E,,. 


commutes. 


1.8. The homogeneous case. Suppose now that (M, 6) is as above 
but that 6 is homogeneous of degree k. Then D = 6. It follows that the 
spectral sequence collapses at the (k + 1)th term. 

In fact, the homogeneity of 6 implies that Z? = Z2, + Frtk t>k+1, 
and hence for ze Z? (¢ >k+ 1), 


din?z = nf*t'dz = 0. 


Since 7 is surjective, this implies that d; = 0,7 >k-+1. 
Since D = 6 it follows from formula (1.5), sec. 1.7, that there are 
natural isomorphisms 


H(M, 6) = H(E,, dy) = Exar = Exse S073 


ie., 
E,= H(M, 6),  k <i < oo. 


It is simple to show that this relation holds for 1 = 00 as well. 


§3. Graded filtered differential spaces 


1.9. Graded filtered spaces. Let M = ¥,., M’ be a graded space 
which is filtered by subspaces F?(M), p € Z. The filtration of M induces 
the filtration of the subspaces M7’ given by 


F?(M") = F?(M) 7 Mr. 


We will call the filtration of M compatible with the gradation if the F?(M) 
are graded subspaces; i.e., if 


Fo(M) = ¥ Fo(M’), (1.9) 


It is standard practice to call such spaces graded filtered spaces. 
However, in this book a graded filtered space will mean a graded space 
M = 3,20 M’ filtered by subspaces F?(M) such that (1.9) holds, and in 
addition 


Fo(M*)=0 if p>r. (1.10) 


Let M be a graded filtered space, and (cf. sec. 1.1) consider the as- 
sociated graded space Aj;,. Since F?(M) and F?+1(M) are graded sub- 
spaces of M, a gradation is naturally induced in each Ajj: 


Ak, = ¥. 0°(F°(M’)) = 3) F°(M)/FP"(M’). 
We write 
Aps- = oP(F(M")). 
Then 
Ay = ¥ Ani? and Ay = ¥ AN’, 
q Pd 


and so Ay is a bigraded space. If x € A%j’, we say it has base or filtration 
degree p, fibre degree q and total degree p+ q. Observe that condition 
(1.10) implies that A%’ = 0 if g < 0, and that A}? = F?(M?). 


31 


32 I. Spectral Sequences 


The total gradation of A), is given by 


Ay=S AY, AP= YAY 
r ptq=r 

Note that A{? is the associated graded space of the filtered space M’. 

Suppose M is a second graded filtered space and let g: M—>M be a 
linear map, homogeneous of degree zero, which preserves the filtration. 
Then @ is called a homomorphism of graded filtered spaces. Every such 
homomorphism induces a linear map yy: Ay; — Ag (cf. sec. 1.1) which 
preserves the bigradation. 


1.10. Graded filtered differential spaces. Let (JM, 6) be a graded 
differential space and assume that 6 is homogeneous of degree 1. Assume 
further that a filtration is given in M which makes M into a graded 
filtered space and into a filtered differential space. Then M is called a 
graded filtered differential space. Clearly the induced filtration and grada- 
tion on H(M) make H(M) into a graded filtered space. 

Now consider the subspaces Z? and D? defined in sec. 1.3. It follows 
from the homogeneity of 6 and formula (1.9) that Z? and D? are graded 
subspaces of M: 


Z?=Y ZAM, DP= ¥ DIAM" 


r>p r2p 
(Note that we have used condition (1.10).) Set 


ZP4 = ZP A MP4 and DP = DP m M**4, 
Then the relations above become 


A=. 225 Dey D4 


q20 q20 


From sec. 1.3 and the fact the 6 is homogeneous of degree 1 we obtain 
the relations 


VA = F?(M?*?) fa) O1(F?**(MP+1)) 
and (1.11) 
Dpt = 6(ZP-et-1), 0<i< oc, 
The relation 


(ZEP + DEY) 0 Z2P4 = ZEN + DP 
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follows at once from the definitions. It shows that the gradations of Z? and 
D? induce the gradation in EP? given by 


EP— YEP, 


q20 
where 
Ept — ZPa/(ZP* +. DPS), 


Thus £, becomes a bigraded space 


E; = Dy EP, 


Pg 


As above, p, g, and p + q are respectively called base degree, fibre degree, 
and total degree. The total gradation of E; induced by the above bigrada- 
tion is given by 


E,=DE?, EP = ¥ Ee. 


r ptq=r 
The restriction of yn? to Z?* will be denoted by nf%. Thus 
nb: ZP4 — Epa 
is a surjective map, and 


ker nf? = ZPt»t) 4. DP, 


Now consider the operators d?: EP > E?**. It is immediate from the 
definitions that d? maps EP’ into E?t+*t!*; i.e., d; is homogeneous of 
bidegree (7, 1 — 7) and total degree 1. Thus d; restricts to operators 


dP 2; Epa, Epriati-t, 
In particular, 
dp: ER" = Epa ap: E?4 pares Eptha 


and 
dpe: BEA > Epa, 


The bigradation of E; determines a bigradation of H(E;, d;), written 


H(Ey, d;) = ¥ HPa(By, dy). 
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The corresponding total gradation, H(E;, d;) = >, H(E;, d;), is in- 
duced by the total gradation of £;: 
HE, d;) = Y HPa(E,, dy) 


ptq=r 
Finally consider the isomorphisms 
of: E?,, —. H%E;, dj), 


defined in sec. 1.6. Evidently of maps EP;{ into H?"(E,, d;). Hence it 
restricts to isomorphisms 


pa. og = Dd 
of: EPS — H?%E,, d;). 


In the same way it follows that the isomorphism o%;: Ee >. AR ai, 
(cf. sec. 1.4) is homogeneous of bidegree zero, and hence restricts to 
isomorphisms 


pq. pp. = 4p 
Boo . E®, —> Any. 


We close this section with a condition that forces the collapse of a 
spectral sequence. 


Proposition IV: Let (M, 6) be a graded filtered differential space 
with spectral sequence (E;, d;). Assume that, for some m, E,, is evenly 
graded with respect to the total gradation: 


EY =0, r odd. 


Then the spectral sequence collapses at the mth term. 


Proof: Since E,, is evenly graded, and d,, is homogeneous of total 
degree 1, it follows that d,, = 0. Hence E,, = H(E,,, dn). 

Since the isomorphism 4,,: E,, wn H(E,; d,,) is homogeneous of 
degree zero, it follows that E,,,, is evenly graded. Now an induction 
argument shows that d; = 0 for «> m. 

Q.E.D. 


1.11. Bigraded differential spaces. Let M=)>,,,M?" be a bi- 
graded vector space such that M?-4 = 0 unless p + q >0 and g>0, 
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and consider the induced total gradation 


M=YM°, M”= ¥ Mpa. 


r20 ptq=r 
Then the subspaces 
Fo(M) = Y. Mee 


B>p 
qz0 


make M into a graded filtered space. 

Now assume that 6 is a differential operator in M homogeneous of 
degree 1 with respect to the total degree, and such that for some fixed 
k>0, 

6: Mp4 — Fe**(M), all p,q. 


Let D be the differential operator defined as in sec. 1.7. Then D is 
homogeneous of bidegree (k, 1 — k). It follows from the results of sec. 
1.7 that 

Ep? = M?*4, i<k 
and 


ERA = H?(M, D). 


1.12. Convergent spectral sequences. Let (M, 5) be a graded fil- 
tered space, with spectral sequence (E;, d;). Since F?(M’) = 0, p > 1, 
formula (1.11), sec. 1.10, implies that 


Zp = ZB, izqt?2 
and 
ZE  DPE cc ZENA 4 De, = t+ 2. 


Thus the first equality induces a surjective linear map 


yet: BP» BBY, iq t2. 


Definition: The spectral sequence (E;,d;) is said to converge if for 
each (p,q) there is some 7 > q + 2 such that y?* is an isomorphism. 


Remarks: 1. The linear map y?? is an isomorphism if and only if 


Zee + DEA = Zest + DBE. 
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In this case 
Eft = ER = ++ = BRS = Alityy, 
and y?*" is the identity map. 


2. Let (E;, d;) be a convergent spectral sequence for a graded filtered 
differential space (M, 6) which collapses at the mth term. Then 


E, = En = Aum: 
Proposition V: Let (M, 65) be a graded filtered space. Assume that 
for each r there is a finite integer k(r) (possibly negative) such that 
FoM)=M, p<R(r). 


Then there is a finite integer i(r) with the following property: y?-? 
is defined, and an isomorphism, for all p and all 7 > i(r), In particular 


me (r) as 
Ej) = ES = Aim, i= i(r), 
and the spectral sequence is convergent. 


Proof: It follows from our hypothesis that 
Derr = DE, i= p—kr—1). 


Hence y?’"? is defined, and an isomorphism, whenever both 1 >r—p-+2 
and i > p — k(r — 1). In particular if we set i(r) = max(r — R(r) 4 2, 
r — k(r —1)), then yf"? is an isomorphism for ¢ > 1(r) and k(r) < 
psr. 

On the other hand, our hypothesis shows that 


Ep? =0= Ey, 0< L< oo, 
whenever p <A(r) or p >r. In particular, yf’-? is always an iso- 


morphism for p < A(r) or p > 1. 
Q.E.D. 


1.13. The base space. Given a graded filtered differential space 
(M, 8) consider the graded subspace B = >, B? defined by 


BP=Z?°, peZ. 
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Thus B? consists of the elements of F?(M?) which are mapped into 
Fe+!(M?+1) under 6. B is called the base of (M, 6). Since (by definition) 
6(B?) < Fe+!(M?+), it follows that the base is stable under 6. Hence it 
is a graded differential space. A homomorphism y: M — M of graded 
filtered differential spaces restricts to a linear map between the respective 
base spaces. 

Now let B have the filtration induced by the gradation; i.e., set F?(B) 
= Duzy BY. Since 6 is homogeneous of degree 1 we may apply the 
results of sec. 1.8 to obtain the spectral sequence for this filtration; it is 
given by 

(B, 0), i= 0, 
(E;, d;) = § (B, 4), p=, 
(A(B), 0), i> 2. 


Moreover, in view of sec. 1.11, the bigradation of £; is given by 
Epo ~ BP, Er*?=0, q>0 (¢=0,1), 


and 
Ep® = HB), EP’ =0, g>0 (§>2). 


Next, consider the inclusion e: B-> M. It induces a linear map 
e*: H(B)-+ H(M). Moreover, e is filtration preserving, and so it de- 
termines a homomorphism 


e;: (E;, d;) + (Ej, dj) 
of spectral sequences. 
Proposition VI: The maps 
e?°: EP + EP and — eB: EP — EP? 
are isomorphisms. In particular, 


E?®= BP and = EP° = H?(B). 


Proof: We show first that each e?° is an isomorphism. In fact, by 
definition Z?° = B?, while 


BOS De 
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(cf. formula (1.11), sec. 1.10). It follows that 7?° is an isomorphism 
from B? onto E?°. Now the commutative diagram 


Br ———. B? 
"| = a | nP° 
:0 7,0 
EY ex) Ei 
1 


implies that e?-° is an isomorphism, 


Next note that the differential operator d, is homogeneous of bidegree 
(1,0). Thus, for fixed q, the direct sums }°, E}?° are stable under d,, 
and so 


H(E,, d:) =P Ay EP, d,). (1.12) 
q Pp 
Since e,: £; —» , EP, it follows that 


et: H(B,, dy) HY. EP, d,). 
Pp 


In view of formula (1.12), and Proposition III, sec. 1.6, this implies 
that 


= 
eB: po S, Epo 


Q.E.D. 
Corollary: The maps 


ef: H?(B) — Ef® 


are surjective for k > 2. 


1.14. Homomorphisms of graded filtered differential spaces. As- 
sume that ¢: M — M is a homomorphism of graded filtered differential 
spaces. Then the induced maps ¢;: E; > E; (cf. sec. 1.5) preserve the 
bigradation, and hence restrict to linear maps 


ght: EPt —» Bp and gf: EY — EP, 


Since the isomorphisms o;: E;,, — H(E,, d;) and o..: E,. Passi Agia) 
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also preserve the bigradation, we have the commutative diagrams 


fa—4 


Beg =, HP E,) 
ot nr (1.13) 
ERS =a H?’*(E;) 
and 
EE! ——— Alin, 
a ie (1.14) 
Ee: wom) 


= 


Recall from sec. 0.9 that a homomorphism ¢: Yy2o A? + Yp>0 B? of 
graded spaces is called n-regular, if g?: A? > B? is an isomorphism for 
p <n and injective for p=n-+ 1. 


Theorem I (Comparison theorem): Suppose : M > M is a homo- 
morphism of graded filtered differential spaces whose spectral sequences 
are convergent. Assume that for some 7 the induced homomorphism 
y;: E; > E, is n-regular (with respect to the total gradation). Then 


and 


g*: H(M) + H(M) 


are n-regular. 


Proof: Since gy; is n-regular, so is yf (cf. Proposition II, sec. 0.9). 
But the isomorphisms o;,, and &;,, identify p;,, with g# (cf. Proposition 
III, sec. 1.6) and so 9,,, is m-regular. It follows by induction that 9;,; 
is n-regular for all 7 > 0. But for any p,q and sufficiently large k we 
have by hypothesis 


ER! = B28, Bp’ = Bet, and gf = Bt 


Hence ¢,, is n-regular. Since o,, identifies y,, with (y*),, this implies 


40 I. Spectral Sequences 


that (y*), is m-regular. Now the theorem follows from Proposition VII, 
below. 


Q.E.D. 


Corollary: If g;: E; > £; is an isomorphism for a certain 7, then 
gj: E;>E;, jf >i, 


and 
y*: H(M) — H(M). 


are isomorphisms. 


Proposition VII: Let y: @-—~+M be a homomorphism of graded 
filtered spaces and consider the induced linear maps 


(ry. qtr) (r) 
yy : Ay > Ag. 


Suppose gf) is injective (respectively, surjective). Then oy’: Mt > Mr" is 
injective (respectively, surjective). In particular, if yf? is an isomorphism, 
so is 9’. 


Proof: (1) Assume that gy} is injective, and fix xe ker g’. Then, 
since M = \), F?(M), it follows that xe F?(M") for some p. But if 
xe F?(M’), then 


0 = orpx = yiporx. 

Since yf is injective, this implies that @?x = 0; i.e., 

xe Fett(M). 
Now any easy induction argument yields 

xe () F?(M’). 

p 
Hence x = 0 and 9” is injective. 

(2) Assume that y) is surjective, and fix x ¢ M. We show by induc- 


tion that « € F?(M") + o(M’) for all p. As above, we have x € F*(M*) 
for some s; then xe F*(M*) + »(M*). Now assume 


x € FO(M) + o(M"). 
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This relation yields (for some y € M’) 
x — py € Fo(M’). 
Since g is surjective, it follows that for some z € F?(M’), 
G(x — py) = p10"(2) = OPp2. 
Hence x — py — yz é ker 6; ie. 
x — py — pz Fr'(M’), 


It follows that x € F?+1(M") + o(M’). 
Proceeding in this way yields 


xe Fo(Mr)+ 9(M"), all p. 


In particular, since F*+1(M") = 0, x € y(M’). Thus ¢’ is surjective. 
Q.E.D. 


Corollary I: Suppose gy: MM is a homomorphism of graded 
filtered differential spaces, and assume that 


pe: BD > By 


is injective (surjective) for some r. Then the mapping 
(p*y: H"(M) > H(M), 


is injective (surjective). In particular, if p., is injective (surjective), then 
y* is injective (surjective). 


Proof: It follows from the diagram (1.14) that gf is injective (surjec- 
tive) if y is. Now the corollary follows from Proposition VII, applied 
to the graded filtered spaces H(M) and H(M). 

Q.E.D. 


Corollary I: Let y: M — M be a homomorphism of graded filtered 
differential spaces whose spectral sequences are convergent and collapse 
at the Ath term. Then (y*)': H"(M) -> H*(M) is injective (surjective) 
whenever i): Ei” —> E® is injective (surjective). 
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Corollary III: Let M be a graded filtered differential space with 
base B. Assume that the spectral sequence of M collapses at the second 
term and is convergent. Then 


e*: H(B) > H(M) 


is injective. 


Proof: Since e,: E, —> E, is injective (cf. Proposition VI, sec. 1.13) 
this is an immediate consequence of Corollary II. 


Q.E.D. 


1.15. Poincaré series. In this section M will denote a graded filtered 
differential space with a convergent spectral sequence. 


Proposition VIII: Let (E;,d;) be the spectral sequence for M and 
assume that for some 7, the spaces E{" all have finite dimension. Then 
the spaces Ej” (i <j < cc) and H*(M) all have finite dimension. More- 
over 


fizfn 2+ 2fe=faam (1.15) 


where f; denotes the Poincaré series of E; with respect to the total grada- 
tion. Finally, the relation 


f = faim 


holds if and only if the spectral sequence collapses at the jth term. 


Proof: The isomorphism 4g; restricts to an isomorphism E{?, — 
H'"(E;). Hence, if E{” has finite dimension, so has Ef}, and by induction 
we obtain this for every j >i (j finite). Since the spectral sequence is 
convergent, it follows that E{ has finite dimension. The isomorphism 
ES) = ASian (cf. sec. 1.4) shows that Aff(a) has finite dimension. Finally, 
it is a straightforward exercise in linear algebra (via Proposition VII, 
sec. 1.14) to construct a linear isomorphism 


Anu, = H(M), (1.16) 


homogeneous of degree zero. Hence H*(M) has finite dimension. This 
proves the first part of the proposition. 
For the proof of the second part we observe that, since Ej, = H™(E)), 


dim Ej? > dim Efi, = i Sj <0, 
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while, because the spectral sequence converges, for sufficiently large j, 
dim Ej” = dim E2 


It follows that fj; >--- > f.. 


On the other hand, the existence of the isomorphism (1.16) and the 
isomorphisms E{) = Aly, show that 


Sum) = finan = foo. 


It remains to prove the last statement. If the sequence collapses at the 
jth term, it follows from Remark 2, sec. 1.12, that 


EB, = E,, = Ana, 
whence f; = fo = faim). Conversely, assume f; = fyi). Then formula 


(1.15) yields 
fj = fin =--- =f: 


In particular, 


dim H (E,,,) = dim Ef... = dim Ef, r>0, k>0. 
This implies that d;,, = 0 (k => 0), and so the spectral sequence collapses 
at the jth term. 
Q.E.D. 


Corollary: Suppose dim FE; < co for some 7, Then dim H(M) < oo, 
and the spectral sequence collapses at the Ath term if and only if dim E, 
= dim H(M). 


1.16. Euler characteristic. Proposition IX: Assume that M is as 
in sec. 1.15. Suppose that dim BE; < oo for some 7. Then the Euler~ 
Poincaré characteristics %g, satisfy 


Xn, = Fey, St = Xe. = hm: 


Proof: Since the isomorphism E;,, =~ H(E;) preserves the total 
gradation, it follows from the Euler—Poincaré formula (cf. sec. 0.7) 
that A Bia, = AnEy = XK: 
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Since dim E,; < 00, EF} = 0 for all but finitely many 7. Thus because 
the spectral sequence converges, it follows that for some fixed finite 1, 


E® = EY, all r. 


Hence f, = f.. = faut), and so 


Xe, = 42.0 = Anim) 


n 


Q.E.D. 


§4. Graded filtered differential algebras 


1.17. Filtered algebras. Let R be an algebra (over I"). A filtration of 
the algebra R is a filtration of the vector space R by subspaces F?(R) of 
R which satisfy 

F(R) - FR) c FPR). (1.17) 


Given a filtration of R, consider the associated graded space 


Ap= y. AR. 
Pp 


Relation (1.17) allows us to define a multiplication in Ap by setting 
oPx - ety = oP *(x-y), xe F(R), ye FUR). 


This multiplication makes Ap into a graded algebra, called the associated 
graded algebra of the filtered algebra R. 


Remark: If F°(R) = R then F?(R) is an ideal, and so multiplication 
in F?(R) induces a product in AR. But this product is trivial for p > 1. 
In fact, if xe F(R) and ye F?(R), then (if p> 1) xye F(R) 
F+1(R), whence 0?(xy) = 0. 

On the other hand, AR equipped with this multiplication is a sub- 
algebra of the associated graded algebra. 


1.18. Graded filtered differential algebras. Let (R, 6) be a graded 
differential algebra. Suppose R is filtered by subspaces F?(R) so that the 
filtration makes R into a filtered algebra (cf. sec. 1.17) and also into a 
graded filtered differential space (cf. sec. 1.9 and sec. 1.10). Then (R, 6) 
is called a graded filtered differential algebra. 

Assume that (R, 6) is a graded filtered differential algebra. ‘Then we 
have the relations 


ZP. Zia ZR (1.18) 


and 
ZP. DE, < Zeeett + DEY, 0<i<o, (1.19) 
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In fact, if ue Z?? and vw € Z%, then 
u-vueé F(R) - F(R) c F?+*(R). 
Moreover, 


6(u - v) = du -v + (—1)Pttu - bv € FPti(R) - F(R) + F?(R) - F*+4(R) 
c F+s+i(R), 


whence (1.18). Formula (1.18) implies in particular that for p > 0 
ZP-ZPoaZP 


and so ZP is an algebra if p > 0. 
To prove (1.19) observe first that this relation is trivial for 1 = oo. 
Hence we may assume that 7 < oo. Let ue ZP and ve Zictit™ be any 


elements. Write 

u- dv = —(—1)?+%du -v + (—1)?*4d(u - v). 
It is easy to see that 

éu-ve Zp and d(u - v) € Det. 


Formula (1.19) follows. 
In view of relations (1.18) and (1.19) a multiplication is defined in 
E,, by 
(niu) - (nfo) = n?"4(u-v), ueZzP, ve Zf. 


In this way the space £; becomes a bigraded algebra. The operator d; 
is an antiderivation with respect to the total gradation of E;. Thus 
(E;, d;) is a graded differential algebra. 

Next observe that the isomorphisms 


0;: Ei —> H(E;, @;,) and 64 Ex —> Anus 


are algebra isomorphisms, as follows directly from the definitions. More- 
over, the algebra structures of Z, and Ap coincide (recall from sec. 1.4 
that Ey and Ap are equal as spaces). 

Note also that the basic subspace B is a subalgebra of R, as follows 
from formula (1.18). 

Finally, let R and R be graded filtered differential algebras. A homo- 
morphism of graded differential algebras q: (R, 6) > (R, 5) which 
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preserves the filtrations will be called a homomorphism of graded filtered 
differential algebras. The induced mappings 


yi: (E;, d;) > (E,, d;) 


are homomorphism of graded differential algebras. 


§5. Differential couples 


1.19. Let M=),.<z M? be a graded space and let 


FM) = 5 Me 


#2p 


be the corresponding filtration of M. Let 6,, 6, be differential operators 
in M such that for some k > 0 


8,:M?—> Mr+® and ~—6,: M? > Fe+#+(M). —(1.20) 


Assume further that 
6,6, + 6,6, = 0. (1.21) 


Then (M, 6,, 5.) will be called a differential couple of degree k. It follows 
from (1.21) that 


6 = 6, + 6 


is again a differential operator. 6 is called the total differential operator 
of the couple (M, 6,, 6). 

Relations (1.20) imply that (M, 64) is a filtered differential space 
satisfying the conditions of sec. 1.7. Moreover, the corresponding homo- 
geneous differential operator D is precisely 6,. 

Next consider the differential space (M, 6,). It is also a filtered dif- 
ferential space and satisfies the conditions of sec. 1.7. Hence 6, determines 
a differential operator D, in M, homogeneous of degree k + 1, and 
such that 


6, — D,: M? — Fe+#+2(M), 
It follows from (1.21) and an argument on degrees that 
6,D, + D,6, = 0. 


Hence D, induces a differential operator Dy in H(M, 6,), homogeneous 
of degree k + 1. 
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Theorem II: Let (M, 6,, 6.) be a differential couple of degree k. 
Then the first terms of the spectral sequence for the filtered differential 
space (M, 4) are given by: 

(1) (E;, 4;) = (M, 0), 0<i<k; 

(2) (Ex, dx) = (M, 41); 

(3) (Exsis dear) = (A(M, 4,), Dz); 

(4) Ex4s = H(H(M, 4,), Dz). 


Remark: The actual isomorphisms are important, and appear ex- 
plicitly in the proof. 


Proof: The isomorphisms (1) and (2) are constructed in sec. 1.7 
(formulae (1.4) and (1.5)). 

Moreover, in sec. 1.7 (formula (1.6)) we constructed an isomorphism 
a: H(M, 6,) —» E,,,. It is immediate from the definition of a that the 
diagram 

Zz ( M, 4) es inclusion 2? 


| | neat 
= 


H(M, 6;) Eft 


commutes. To establish (3) we show that 
aDz = dh. (1.22) 
Fix 2 € Z?(M, 6,). Then 


aD3 (242) = fit D.s 
and 


df, ya:(2,2) = notte oz = nfttt6,2. 


Subtract the second relation from the first to obtain 
(aDf — dy,0)(14z) = nfit4(D,z — 6,2). 
But clearly 
(D, — 6,)(z) € F?**#*(M) 7 Z(M, 5,) < ker nfit*? 


and so (1.22) follows. 
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It follows from (1.22) that « induces an isomorphism 
a* : H(H(M, 61), D¥) = H(Egar, de41)- 


Composing a* with the isomorphism oj}, we obtain the isomor- 
phism (4). 
Q.E.D. 


A differential couple (M, 4,, 6.) of degree k is called homogeneous if 
6, is homogeneous of degree k + 1, 


3: MP —> Mr+t+t, 


If (M, 6,, 6.) is a homogeneous differential couple, it follows that 
D, = 6,. Hence Theorem II reads 


(Exar, Goi) = (A(M, 4,), 62) 


and 
Ey42 = H(H(M, 4,), 62). 


1.20. Homomorphisms. Let (M, 6,,6,) and (@M, 5,, 6,) be dif- 
ferential couples of degree k. Then a linear map gy: M — M, homogeneous 
of degree zero, is called a homomorphism of differential couples if 


95, = dp and pb, = yp. 
In particular, setting 6 = 6, + 6, and 6 = 6, + 4d, we see that 
pd = dp. 


PENS gD, = Dy. 
Let gi): H(M, 6,) ~ H(M, 4,) be the induced linear map. Then since 
gD, = Dg, 
piDy = Dyyiy. 


Thus 9) is a homomorphism of differential spaces. Let 
(viy)*: H(H(M, 6,), D3) > H(H(M, 6,), DF) 


be the induced map. 
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Proposition X: Let g be as above. Then the diagrams 


H(M, 6,) —2—> H(M, 3,) 


. -|: (1.23) 


Exist Cnet Buss 
and 
H(H(M, 6,), D?) a H(H(M, 6,), Dé) 
| - (1.24) 
Ex +2 a By. 


Pete 


commute, the isomorphisms being defined in Theorem II. 


Proof: Diagram (1.23) follows directly from diagram (1.8) in sec. 
1.7. Since a, gi), & and y,,, commute with the appropriate differential 
operators, we have 


Pie” = a (viy)* : 


This, together with (1.23) and the relation 9f,,0,41 = GisPere (cf. 
sec. 1.6), yields (1.24). 
Q.E.D. 


1.21. Graded differential couples. Let (M, 6,, 6,) be a differential 
couple and assume that the spaces M? are graded, M? = >, M4. 
Suppose that M?-7 = 0 unless p + g > 0 and q > 0. Then M is a bigraded 
space M = >,,, M?7. As usual we set 


M” = ¥ Mp, 
p+q=r 
and observe that M = ¥,., M™. 

The couple (M, 6,, 62) is called a graded differential couple, if 6, and 6, 
are homogeneous of degree 1 with respect to the total gradation of M. 
In this case (M, 6) (6 = 6, + 6,) becomes a graded filtered differential 
space (cf. sec, 1.10). 
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Remark: If 5, and 6, are homogeneous of bidegrees (0, 1) and (1, 0) 
respectively, (M, 5) is a double complex in the notation of [2; p. 60}. 


The operators 6, and D, of a graded differential couple are bi-homo- 
geneous. Hence a bigradation is induced in the spaces H(M, 6,) and 
H(H(M, 6,), Dy). The isomorphisms of Theorem II, sec. 1.19, are 
homogeneous of bidegree zero: 

EP oe MPs a sR, 
Efi = H?“(M, 4,), 
and 


Ef; = H”*(H(M, 6), D}). 


A homomorphism of graded differential couples is a homomorphism of 
differential couples, homogeneous of bidegree zero. 


Proposition XI: Let y: (M, 6,, 5.) > (M, 6,, 5) be a homomor- 
phism of graded differential couples of degree k. Suppose the spectral 
sequences are convergent. Assume that the homomorphism 


gay: H(M, 6) > H(M, 4,) 


is n-regular. Then so is the homomorphism g*: H(M) > H(M). 


Proof: It follows from the hypothesis and diagram (1.23) in Proposi- 
tion X that the homomorphism q;,,,: Ey, > E,4, is n-regular. Now 
Theorem I of sec. 1.14 implies that gy* is n-regular. 

Q.E.D. 


Corollary: If gj) is an isomorphism, then so is ¢*. 


Chapter II 


Koszul Complexes of P-Spaces and P-Algebras 


In this chapter P = >, P* denotes a finite-dimensional positively 
graded vector space which satisfies 


Pk¥—0 if k is even. 


P denotes the evenly graded vector space defined by P* = P*, Note 
that P and P are equal as vector spaces. 
The gradations of P and P determine gradations 


AP = » (AP) and VP= y (VPY 


in the algebras AP and VP; these are defined by the relations 
XpA+++ AX, E (AP)at + if x, E PY 


and 
XV +++ Vik  (VP/)ite tte if x,e P», 


§1. P-spaces and P-algebras 


2.1. P-spaces. A P-space is a positively graded vector space 


S=¥ S 


k20 


together with a bilinear map Sx P — S (written (z, x) +> zo) which 
satisfies the conditions 


(zox)oy= (zoy)ox, zéesS, x,yeP (2.1) 


and 
BoE SPtat, zeS?, xe P4, (2.2) 
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A P-linear map (or a homomorphism of P-spaces) between P-spaces S 
and T is a linear map y: S —> T such that 


y(z ox) = (yz) ox, zeésS, xeP. 
If g is homogeneous of degree zero, it is called a homomorphism of graded 
P-spaces. 


An exact sequence of P-spaces is an exact sequence 


> S, > S, > S5 poses 


in which S,, S,, and S, are P-spaces, and the arrows are P-linear maps. 

A P-subspace of a P-space S is a graded subspace S, < S such that 
20x 6 S, whenever z € S,and x € P. A P-subspace S, is itself a P-space, 
and the inclusion S, —> S is a P-linear map. In particular the subspace of 
S spanned by the vectors of the form zo x (z € S, x € P) is a P-subspace; 
it is denoted by So P. 

If S, is any P-subspace of S, then the quotient space S/S, admits a 
unique P-space structure for which the projection 2: S—» S/S, is a 
P-linear map. The P-space S/S, is called the quotient or factor space 
of S with respect to S,. If g: S—T is a homomorphism of graded 
P-spaces, then ker y and Im @ are respectively P-subspaces of S and T. 
Moreover, gy induces an isomorphism 


S/ker p —> Im 


of graded P-spaces. 
Given a P-space S, a graded VP-module structure is defined in S by 


Bo (MV ++ Vy) = BONO + OK, zeS, x,€P, 


(cf. formulae (2.1) and (2.2)). This establishes a 1-1 correspondence 
between P-spaces and graded VP-modules. Evidently, P-subspaces, 
P-factor spaces, and P-linear maps correspond respectively to sub- 
modules, factor modules, and module homomorphisms. 


2.2. Koszul complexes. With each P-space S is associated the fol- 
lowing differential space: In the tensor product S @ AP define a linear 
operator V, by setting 


V3(z © 1) = 0, ze S, 
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and 


P. . 
Ve(% @ Xp A+++ Aky) = Y (H1) 420%; SK r+s Kpre AXp, 
i=0 


ze Si x, 6 P. 


The relation z 0 x; 0 x; = 20.4; 0 x; (cf. sec. 2.1) implies that V3 = 0. 
Thus (S @ AP, KZ) is a differential space; it is called the Koszul complex 
associated with the P-space S. The corresponding cohomology space 
H(S ® AP, Vz) is called the cohomology space associated with the P-space S. 

The gradations of S and P induce a gradation in S ® AP. It is written 


S@AP = ¥ (S@APY, 


and is uniquely determined by the following condition: If z € S?% and 
x; € PP, then 


SOKA ++ AK, E (SOAP) Prt +P m, 


It follows from formula (2.2) that MZ; is homogeneous of degree 1. 
On the other hand, a second gradation is defined in S @ AP by 


S@AP=¥(S@AP);, where (S @AP), = S @MP. 
E 
To distinguish it from the first gradation (called, simply, the gradation) 
we call it the lower gradation. Evidently V; is homogeneous of degree —1 


with respect to the lower gradation. 
The two gradations of S @ AP define the bigradation given by 


S@AP=Y¥(S@AP\, where (S@AP} = (S @NPY. 
kyr 
The elements of (S @A*P) are called homogeneous of degree r, lower 
degree k, and bidegree (r, k). 


Since VY, is homogeneous of bidegree (1, -—1), a bigradation is induced 
in H(S @ AP); it is denoted by 


H(S © AP) = ¥, Hi(S © AP). 
kyr 
Elements of Hj(S © AP) are called homogeneous of degree r, lower degree k, 
and bidegree (r, k). We shall write 
H"(S ®AP)= YAKS @AP) and A,(S@®AP)= Y AS © AP). 
k r 
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Next consider the inclusion map 

ls: S—> S @AP 

given by /,(z) = z @ 1. We may regard /, as an isomorphism 
S + Z)(S @ AP) 

(Z(S @ AP) = ker %). It restricts to an isomorphism 

So P + B,(S @ AP) 

(B(S @® AP) = Im). Thus Jy induces a commutative diagram 

S 


Ig 


S(S 0 P) 2+ Hy(S @ AP) 


in which J§ is surjective and [Js is an isomorphism (both homogeneous 
of degree zero), We may write simply J, /*, and / for Jy, J, and IJ. 

Finally, recall from sec. 0.4 that each x* € P* determines a unique 
antiderivation 7(x*) (substitution operator) in AP, homogeneous of degree 
—1, such that 


1(x*)(x) = <x*, x), x*eP*, xeP. 
We will also denote by 7(x*) the operator in S ®@ AP given by 
1(x*)(z ® B®) = (—1)?z & i(x*)@, ze S?, DeNP, 
A simple calculation shows that 


Vs(z © ©) = (—1P zoe, @ilet)G, ze S?, SEAP, 


where e,, e** is any pair of dual bases for P and P*. This relation implies 
that 


i(x* We + Vei(x*) = 0,  x* e PX. (2.3) 


In particular, 7(x*) induces a linear operator i(x*)* in H(S @© AP). 
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Examples. 1. Direct sums: Given P-spaces S and T make S © T 
into a P-space by setting 


(2, w) ox = (0x, Wor), zeS, weT, xeP. 
Then 
(S®T) @AP=(S@AP)O@(T@AP), — Vsor = Vs OVr, 
and lgqr = ly ® lp. In particular, 


H((S ® T) @AP) = H(S @AP) @ H(T @ AP). 


2. Tensor products: Let S be a P-space and let F be a graded vector 
space. Make the graded space F &) S into a P-space by setting 


(a@®z)ox=a®(z°x), aéF, zeS, xeP. 


Then the corresponding Koszul complex is (F © S @®AP, wp ®Vz), 
where wp is the degree involution in F. 
It follows that H(F © S @® AP) = F © H(S @® AP). Moreover, 


lres = tr @ ls and Thos = tr @ 45. 


2.3. Homomorphisms. Let y: S-» T be a homomorphism of P- 
spaces. Then y ®t: S@AP-»> T @AP is a homomorphism of dif- 
ferential spaces, homogeneous of lower degree zero. Thus it induces a 
linear map, homogeneous of lower degree zero, 


(pv & «)*: H(S @ AP) - H(T @ AP). 
We denote the restrictions of (gy ® 1)* by 
(y © \p: H,(S © AP) -> H,(T © AP). 


The P-linear map g determines commutative diagrams 


3 Ts 


s—_ As @AP) S[(S oP) 3+ HS @AP) 
? | (g@u)* and G | (gO 
T H(T @ AP) T/(T oP) = H,(T @ AP). 


* 
in i 
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Moreover, if y is homogeneous of degree zero, then 


i(x*) 0 (p © 4) = (9 @ 4) o4(x*) 
and (2.4) 
i(x*)* 0 (p @ u)* = (— Os)*od(x*)*, —-x¥ | P*, 
If m is homogeneous of degree k, then so are y & and (py & #)*. 


If y: T+ W is a second homomorphism of P-spaces, then po gq 
is P-linear, and 


(pop @1)* = (y@+)*o (Pp @+)*. 
The identity map of S induces the identity in S @ AP and H(S @ AP). 


Next, consider a short exact sequence 


0O—+ S~.T“.W—0 


of P-spaces. The induced sequence of differential spaces is again short 
exact, and so it determines an exact triangle of cohomology spaces. 
Since the differential operators have lower degree —1, while y @ « and 
y ® « have lower degree zero, this triangle ay the long exact sequence 


{p@:)* 


—+ H,(S @ AP) 22. Hy(T @ AP). H,(W @ AP) 


H,y_x(S @ AP) 
| ane 


H,_.(T @ AP) — 
Now suppose that g and w are homogeneous of degree zero. Then 


the connecting homomorphism is homogeneous of degree 1, and we 
have the system of long exact sequences 


— HS @ AP) — H™4(T @ AP) — HW @AP) 


HUEW(S @AP)— +, 
r= 0, 4,2) ees 


2.4. P-algebras. A P-algebra is a pair (S; o), where: 
(1) S is a positively graded associative algebra with identity, and 
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(2) o:P-+S is a linear map, homogeneous of degree 1, which 
satisfies 


a(x) - 2=2- a(x), xeP, zeS. (2.5) 


o is called the structure map of the P-algebra (S; oc). 

A homomorphism of P-algebras y: (S; 0) + (T; t) is an algebra homo- 
morphism y: S + T which satisfies poo = 1 and 9(1) = 1. If ¢ is 
homogeneous of degree zero, it is called a homomorphism of graded P- 
algebras. 

With each P-algebra (.S; ¢) is associated the P-space structure of S 
given by 

Zox=z- a(x), zesS, xeP. 


(Observe that a homomorphism of P-algebras is simply a P-linear algebra 
homomorphism. ) 
On the other hand, o extends to a homomorphism 


oy: VP +S 


of graded algebras (cf. formula (2.5)). This formula also shows that the 
image of o, is in the centre of S. Thus o, makes S into a graded VP- 
algebra. In this way P-algebras are put in 1-1 correspondence with graded 
V P-algebras. 
Finally, observe that each V P-algebra is, in particular, a VP-module. 
Evidently, 
ge: af(¥)= 20, zéS, Weve, 


and so the diagram 


P-algebras —+ P-spaces 


] 


graded V P-algebras —+ graded V P-modules 


commutes. 


2.5. The Koszul complex of a P-algebra. To the Koszul complex 
of a P-algebra (S; 0) we assign a multiplication in the following way: 


(z © D)- (w®VW) = (—1)P¥z -wQOGay, 
zeS, we 8% Del P, LPeAP, 
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(skew tensor product of algebras, cf. sec. 0.3). This makes S & AP 
into a bigraded associative algebra with identity. If S is anticommutative, 
then so is S @AP. 

The Koszul complex for a P-algebra (S; a) will be denoted by (S @AP, 
V,) (i.e., we use V, rather than Vz). A straightforward computation (using 
formula (2.5), sec. 2.4, and the fact that P* = 0 for even k) shows that 
V, is an antiderivation with respect to the gradation of S @AP. Thus 
(S @ AP, V,) is a graded differential algebra, and so H(.S ® AP) becomes 
a bigraded algebra. In particular, 


H(S @AP) = HS @ AP) @ H,(S @ AP) 


decomposes H(.S @ AP) as a direct sum of a graded subalgebra and a 
graded ideal. 

Finally observe that the maps /,, /$, and I, (cf. sec. 2.2) are all homo- 
morphisms of graded algebras. Moreover, the operators, i(x*) (x* € P*), 
are antiderivations in S@AP (with respect to the gradation). Hence 
the operators i(x*)* are antiderivations in H(S @ AP). 


2.6. The algebra VP The identity map P— P makes VP into a 
P-algebra; the corresponding P-space structure is given by 


ZoNX=LVA, zeVP, xeP. 


We shall show that 
HVP @AP) = H§XVP @AP)=T1. (2.6) 


In fact, recall that the differential operator V (=-Vyp) is an antideriva- 
tion in the graded algebra VP @ AP. Define a second antiderivation k 
in this algebra by setting 

k(1 © 6) =0 
and 
q 
BOY EV OD) E> De HN Fears NEO VERA, 
y¥,€ P, DeEAP. 


Set 4 = Vk + RV. Then A is a derivation which reduces to the identity 
map in (P@®1)@(i @ P). It follows that 4 reduces to (p + q)e in 
V?P © A‘'P. This implies formula (2.6) if I” has characteristic zero. 
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If I’ has characteristic different from zero, we obtain the result as 
follows: Fix a homogeneous basis x,,...,x, of P (and hence of P) 
and let P; and P; denote the 1-dimensional subspaces of P and P spanned 
by x;. Then the Kiinneth formula yields 


H(VP @AP) = H(VP, @AP;) @ --: ® A(VP, @ AP,), 
where the differential operator V, in VP; ® AP; is given by 
Vi(z@®x,+w@®lp=e2evx,@1, z,wevVP,. 
A trivial verification shows that 
A(VP,; ® AP,) = AX(VP; © AP) = I, 


and so the same formula must hold for H(VP ® AP). 


2.7.* Interpretation of H(S@ AP) as Tor. Make I into a P-space 
by setting 
Aox=0, Ael, xeP. 


Let S be any P-space. Then (cf. [2; p. 106] for the definition of Tor) 
H(S ® AP) = TorY?(S, I). 


To see this, consider the Koszul complex (VP ® AP, V) of sec. 2.6, 
and let «: VP—TI denote the canonical projection with kernel VtP. 
Then the sequence 


—-VP@NP.VP@N-1p—. .-. 4 VP@1—+-r—0 


is exact, as was shown in sec. 2.6. Evidently, VP @ A‘P is a free VP- 
module, and the maps V and « are linear over VP. Thus this sequence is 
a free resolution of the VP-module I’. Hence, by definition, 


TorY?(S, I’) = H(S @ve(VP @ AP), « @ PV). 
But clearly, 
S @ve(VP @®AP)= S@AP and tL@QV=Kk. 


It follows that TorY?(S, ) = H(S © AP). 


§2. Isomorphism theorems 
2.8. The first isomorphism theorem. In this section we establish 


Theorem I: Let g: S — T be a homomorphism of graded P-spaces. 
Then the following conditions are equivalent: 

(1) @ is an isomorphism. 

(2) (vy @ t)* is an isomorphism. 

(3) (~ @®c)§ is an isomorphism and (p @ )j is surjective. 


The proof is preceded by some preliminary results. 


Lemma I: Let F be a graded subspace of the vector space S such 
that S== F+ SoP. Then 


S = FoVP. 
(F oVP denotes the VP-module generated by F.) 
Proof: A simple induction from the hypotheses yields the relations 
S =} FoViP + SoVeHP, = 05 12, 3ae 2 
Since S/ = 0 and P’ = 0 for j < 0, it follows that 


(So VE Py = 0, 


Hence 
k 
b ipyk es 
S 2 ABOVE I Rea OF paint OED. 
Lemma II: Let S be a P-space such that H,(S @AP) = 0. Then 
S= 0. 


Proof: Choose a graded subspace F of S so that S= F @ (So P). 
Then (cf. sec. 2.2) F = H,)(S @ AP), and so F = 0. Hence Lemma I 
yields 


S= FoVP= 0. 
Q.E.D. 
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Proposition I: Let y: S ~ T be a homomorphism of graded P-spaces. 
Then ¢ is surjective if and only if (p © «)# is surjective. 


Proof: According to the commutative diagram in sec. 2.3, (p ® tg 
is surjective if and only if the induced map ¢: S/So P-+ T/T oP is 
surjective. 

If @ is surjective, then, clearly so is ¢. Conversely, assume that @ is 
surjective. Then 


T= 9(S)4+ ToP. 
Applying Lemma I (with F = 9(S)) we find 


T = 9(S) oVP = oS eVP) = oS), 


and so is surjective. 


Q.E.D. 


Proof of Theorem I: Clearly, (1) = (2) = (3). Now assume that 
(3) holds. Then Proposition I implies that we have a short exact sequence 


OK 8s PG 


of graded P-spaces, where K = ker 9. 
This yields the long exact sequence 


Out 


—+H,(S @ AP) "4. HT @ AP) 
0 
(p@05 


H(K @ AP) 28, Hy(S @AP) 2. HT @ AP) 


(cf. sec. 2.3). Since (g ® +)} is surjective, it follows that 0d = 0. Since 
(py © so is injective, (¢ ®)§ = 0. These relations imply that 
H,(K @ AP) = 0. Now Lemma IT shows that K = 0 and so @ is injec- 
tive; ie., (3) = (1). 

Q.E.D. 


2.9. The second isomorphism theorem. Let S be a P-space. Recall 
that the map /*#: S —-» H,(S ® AP) is surjective (cf. sec. 2.2) and choose 
a linear injection 


yi HS @ AP) > S, 
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homogeneous of degree zero, so that /#oy = 4s. Then 
S=Imy@SoP. 
Now make H,(S ® AP) © VP into a P-space by setting 
(a ® ®) ox =a ® vy, aéH(S@AP) GSeEVP, xeP, 
(cf. Example 2, sec. 2.2, and sec. 2.6). Then a homomorphism 
£:H)(S @®AP)@VP-S 
of graded P-spaces is defined by 
g( @ ®) = (a) 0%. 
Theorem II: Let S, y, and g be as above. Then the following condi- 


tions are equivalent: 


(1) g is an isomorphism. 

(2) (g @+)*: H(Ay(S © AP) © VP ® AP) > A(S © AP) is an iso- 
morphism. 

(3) l#: S— H(S @AP) is surjective. 

(4) H,(S @®AP) = 0. 

(5) H,(S @®AP) = 0. 


Proof: Theorem I, sec. 2.8, shows that (1) < (2). Since Im /* 
= H,(S @AP), it follows that (3) = (4). Next, assume (2) holds. 
Using Example 2, sec. 2.2, and sec. 2.6, observe that 


H,(H)(S @ AP) @VP @ AP) = H,(S @ AP) ® H,(VP @AP) = 0. 


Hence (2) = (4). Clearly, (4) = (5). 
It remains to be shown that (5) => (2). Assume that (5) holds. Then 
(obviously) (g ® 1)¥ is surjective. Moreover, the diagram 
H,(S @ AP) 


= a\Y 


(Ho(S @AP) © VP)/(Ho(S @ AP) © V+ P) ——+ S/(S o P) 


commutes; hence, g is an isomorphism. Thus (g © +)> is an isomorphism 
(cf. the commutative diagram of sec. 2.3). 
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Since (g © 1)? is surjective and (g © +)} is an isomorphism, Theorem 
I, sec. 2.8, shows that (g ®© ¢)* is an isomorphism. Thus (5) => (2). 
Q.E.D. 


Theorem III: Let S, y, and g be as in Theorem II, and assume that 
S is evenly graded. Then conditions (1)-(5) in Theorem II are equiv- 
alent to 


(6) H(S @AP) is evenly graded. 


Proof: We show that (3) = (6) = (5). Suppose (3) holds. Then, 
since S is evenly graded and /* is surjective, H(.S © AP) is evenly graded. 
Thus (3) = (6). 

Now assume that (6) holds. Then, in particular Hj(S © AP) = 0, 
r odd. On the other hand, since P* = 0 for even k, while S* = 0 for 
odd , it follows that 


(S ® Py =0, r even. 
This shows that H{(S @AP) = 0, r even. Thus H,(S @ AP) = 0; 


ie., (6) => (5). nice 


2.10. P-algebras. Let (S; 0) be a P-algebra, and let 
y: H(S @®AP)>S 
be a linear map, homogeneous of degree zero such that 
I#oy=t and y(1)=1, 


(cf. sec. 2.9). Let 
g: HS @AP)@VP +S 


be the corresponding P-linear map, and observe that the diagram 


VP —_+ H,(S ®AP) @®VP 


\ @7) 
S 


V)=1@V, Weve. 


commutes, where 
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Proposition II: Let (S; ¢) be a connected P-algebra. Then 

(1) «, is surjective if and only if (/*#)+ = 0; ie., if and only if 
H,(S © AP) = H8(S © AP) = L. 

(2) If H,(S © AP) = 0, then a, is injective. 

(3) o, is an isomorphism if and only if H(S @ AP) = I. 


Proof: (1) If a, is surjective, then 
St+=a(V+P)=SoP 
and so Hj(S @AP)=0. Conversely, if Hj(S @AP)=0, then S 
=I @SoP. Hence, by Lemma I, sec. 2.8, 
S=1coVP=Ima,. 


(2) Assume that H,(S @ AP) = 0. Then, according to Theorem II, 
sec. 2.9, g is an isomorphism. Now commutative diagram (2.7) implies 
that a, is injective. 

(3) This follows at once from (1) and (2) and sec, 2.6. 

Q.E.D. 


§3. The Poincaré—Koszul series 


2.11. Definition: Let E = >, E? be a bigraded vector space such 
that 
dim )) EP <0, all r. 


p+q=r 
A simple gradation of E is defined by E = >), E?, where 
E? — }" EP. 
qd 


The Poincaré-Koszul series of E is the formal series 


Us => s c,t", 
r=0 
where 
é-= ¥ (—1)'dim £}. 


ptq=r 


If EF has finite dimension, then Ug is a polynomial. In particular, in this 
case 


Ux(—1) = ¥ (—1)? dim E?; 
p 
i.e., Ug(—1) is the Euler-Poincaré characteristic %» of the graded space E. 


Example: Suppose that E = >, E? is a graded vector space of finite 
type. Define a bigradation in E by setting 


EP =E? and E?=0, q>0. 


q 


Then 
Uz; = ¥. dim Ez = fr, 


Pp 


where f, denotes the Poincaré series for E. 
The following lemma is easy to check: 


Lemma III: Let E = >,,, E? and F = 3%, F7 be bigraded vector 
spaces satisfying the conditions above. Then 


Urer = Up + Up and Urner = Uz: Up 


67 


68 II. Koszul Complexes of P-Spaces and P-Algebras 


(Set (E © F); = X E? © Fy where the sum is over those p, q, m, and n 
such that p + m=r, andg+n=s.) 


2.12, The Poincaré-Koszul series of a P-space. Let S be a P-space 
of finite type. Then S @ AP and H(S @ AP) are bigraded spaces satis- 
fying the condition of sec, 2.11. Thus we can form the corresponding 
Poincaré—Koszul series. 


Proposition IMI: The Poincaré—Koszul series of S@AP and H(S@AP) 
satisfy 


Unisear) = Usenp = fs + Une = fs + (fve)* 
where AP is given the bigradation 
(AP); = (NPY 
and fyp and f, denote the Poincaré series of VP and S. 


Proof: Let N* be the subspace of S @ AP given by 
N¥= Y (S @APYi. 
itj=k 


Define a gradation in N* by 
Nt=SNi, Ni=(S@AP)F* 


Then Nt is stable under V;, and Vg maps NF into NF. 
Applying the Euler-Poincaré formula to the differential space (N*, Vz) 
we obtain 


3 (—1)' dim H,(N*) = ¥, (—1)' dim NF. 


But H,(N*) = H*-(S @ AP), and so 
> (1) dim H7-(S @ AP) = ¥. (—1)' dim(S @AP)F* 


This shows that UniseaPy = Useap- 
On the other hand, Lemma III, sec. 2.11, and the example of sec. 
2.11 yield 


Useap = Us . Unp = fs ° Upp. 


3. The Poincaré-Koszul series 69 


Finally, recall from sec. 2.6 that H(VP ®AP) =I. It follows that 
1 = Unwpeap) = fvp > Une. 
Hence U,p = (fvp)~}, and so 


Unisear) = Userrp = fs ° Une = fs * (Ave): 
Q.E.D. 


Corollary I: Suppose that the Poincaré polynomial of P is given by 
p= tht oe. + tt, 
Then 
Unisorr) = fs ° II (1 — emt), 


Corollary II: Assume that H,(S @®AP) = 0. Then 


7 H(S@AP) = Uniseary ’ 


and so 


ae Pe pete II (1 — tt), 


Corollary II: Let 0 S— T— W-0 be a short exact sequence 
of graded P-spaces. Then 


Unvrerr) = Unisear) + Uncvrenr)- 


Corollary IV: The series Uyisg,p) is independent of the P-structure 
of S. 


Finally, suppose H(S ©AP) has finite dimension. Then its Euler- 
Poincaré characteristic is given by 


Xuisorry = Unisear(—}) (2.8) 


(cf. sec. 2.11). If, in addition, S is evenly graded, then Proposition III 
shows that 


Unisear)(t) = Unisenr)(—?): 


Thus, in this case 
Xmserr) = Unisoar)(1). (2.9) 


§4. Structure theorems 


In this article (S;¢) and (J; 71) denote connected P-algebras. We 
identify S° and T° with I’ via the isomorphisms A+> 4-1, Ae I. Recall 
that the Koszul complexes are written (S @AP,V,) and (T @ AP, V,). 


2.13. The Samelson projection. Define a linear map 


os: S@®AP +AP 
by setting 
ol @M+2@6)=Y, ®,PeAP, ze St. 


Then, since SoP c St, we have oe, 0V;=0. Hence gg induces a 
homomorphism 


of: H(S @ AP) +> AP 


of graded algebras. 


Definition: ‘The homomorphism 9% is called the Samelson projection 
for (S; a), and the graded space 


is called the Samelson subspace of P. 
If gp: S + T is a homomorphism of graded P-algebras, then pp ° (y & ¢) 
= Qs; thus the diagram 


H(S @ AP) 


(y@.)* AP 


H(T @®AP) 
commutes. In particular the Samelson spaces satisfy P, c Pp. 
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Theorem IV: Let (S; 0) be a connected P-algebra. Then 


Im os = AP,. 


Proof: Evidently i(x*) ° a5 = @s 0 1(x*), x* € P*, whence 


i(x*) o 9§ = e§ o1(x*)*, x* e P*, 


This relation shows that the subalgebra Im @§ is stable under the opera- 
tors i(x*). Now Proposition I, sec. 0.4, implies that Im 9 = APg. 
Q.E.D. 


Definition: A Samelson complement for (S; 0) is a graded subspace 
P, of P such that P = P, @ Py. 


Proposition IV: Let (.S; ¢) be a connected P-algebra. Then an ele- 
ment x of P is in Py if and only if 


a(x) € S*+-o(P). 
Moreover, if Ps is a Samelson complement, then 


a(P,) < S+-o(Ps). 


Proof: (1) Fix x¢P. It is immediate from the definitions that 
Py = os(ker V, 0 (S @ P)). 


Therefore x € P, if and only if there are elements x; ¢ P and 2; ¢ S+ 
such that 


(1 @*+¥ 1 @x) = 0; 
ie, x € Py if and only if o(x) has the form 
a(x) = > 2, - o(x;). 


But this condition is equivalent to o(x) € S++ oa(P). 
(2) Observe via (1) that 


o(P§) < S*- oP’) c S*-o(Ps) + S*- ¥ o( PS). 


<k g<k 
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Now induction on & yields the relation 


o(Ps) < S++ a(Ps). 
Q.E.D. 


2.14. The cohomology sequence. The sequence 
VPs S 8+ H(S @ AP) “8 AP 


is called the cohomology sequence of the P-algebra (S; a). 
A homomorphism gy: S > T of graded P-algebras induces the com- 
mutative diagram 


s—_, H(S @AP) 

Wy e 
VP ° (eau AP 
\ 
T+ H(T @ AP) 


of cohomology sequences. 

On the other hand, let P, be a second finite-dimensional positively 
graded vector space such that Pf = 0 for even k. Assume that a: P, > P 
is a linear map, homogeneous of degree zero. Then, setting o, = o 0a, 
we obtain a P,-algebra (.S; o,). Evidently 


(e@a,): S @AP, > S © AP 


is a homomorphism of graded differential algebras, preserving the 
bigradation. Thus we obtain a commutative diagram of cohomology 
sequences 


{ay 


VP, S H(S ®AP,) AP, 
ay t fo CaN 
VP S H{(S © AP) AP. 


Oy 


Note as well that 


i(x*)* 0 (L@a,)* = (1 @a,)* oi(at(x*))*, xe P&, 
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Finally we have 


Proposition V: In the cohomology sequence for (S; @): 

(1) lg oo* =0, and ker /¥ coincides with the ideal in S generated 
by Im of. In particular, (/#)* = 0 holds if and only if o, is surjective. 

(2) @§ o (l¥)+ = 0, and so ker o§ contains the ideal in H(.S @ AP) 
generated by Im(/é)*. 


Proof: Cf. sec. 2.2, and Proposition II, sec. 2.10. OED. 


2.15. The reduction theorem. Let P and P denote the Samelson 
subspace and a Samelson complement for the P-algebra (8; ¢). Then 
multiplication defines an isomorphism 


gi: AP @ AP = AP 


of graded algebras. 

Next, let (.S; @) be the P-algebra obtained by restricting o to P, and 
denote its Koszul complex by (S @ AP, V;). Then V; is the restriction 
of Z, to S @AP (cf. sec. 2.14). Moreover, 


(S @AP @AP,V; © ») 


is a graded differential algebra. 


Theorem V (reduction theorem): Suppose that (5; ¢) is an al- 
ternating connected P-algebra with Samelson space P, and let P be a 
Samelson complement. Then there is an isomorphism 


f:(S @AP @AP, % ® 1) = (S @AP, %) 


of graded differential algebras, such that the diagram 


S@AP 
a 
S@M@AP—_+ S@AP 
‘| eg 
AP @ AP ———— AP 


commutes. (A, and A, are the obvious inclusion maps.) 
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Proof: (1) Construction of f: Choose a linear map 
B:P-+ker ZA SOP, 


homogeneous of degree zero, such that g, 0 8 = «. Since S is alternating, 
so is S ®AP. Thus, since P* = 0 for even k, we have 


A(x)?=0, xeP. 
Hence f extends to a homomorphism 
B.: AP — ker G. 
Now define f by setting 
f(z @P OVP) = (2 @G)-B(Y%), zeS, BeEAP, WeAP. 


(2) f is a homomorphism of graded differential algebras: Clearly f is 
a homomorphism of graded algebras. Moreover, using the relations 


V,°B, = 0 and Vy lsonp = V5 
we find that for ze S, ®e AP, and We AP, 
Vcf\(z @ S$ @ VP) =V,((2 © ®) - B¥)) 
=V;(z © ®) - B,(¥) 
= (f° GV; © *))(z @ O ® ¥P). 


Thus V,of=feU%® 0). 
(3) f is an isomorphism: Since o5° 8 = 1, it follows that for xe P 


Bix) =1@x4+y, we S+®P. 


This implies that 


f— + @g: S* @AP @AP = ¥ SI @AP. (2.10) 
j>k 
Now set 
r= Si, 
j2k 


Then the algebras S @AP @ AP and S @AP are filtered respectively 
by the ideals J* @AP @AP and I* @AP. Moreover, « @g and 


t@g-} are filtration preserving isomorphisms; hence « ®g induces 
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an isomorphism A,2, between the associated graded algebras (cf. sec. 1.1). 
Since : © g is filtration preserving, formula (2.10) shows that so is f and 
that 

A; = Ais: 


Thus A, is an isomorphism; hence so is f (cf. Proposition VII, sec. 1.14). 


(4) The diagram commutes: It is trivial that the upper triangle 
commutes. Moreover, formula (2.10) yields 


os of = 0s ° (6 @e) = 8° (Gs @ 4). 
Q.E.D. 


Corollary I: f induces an isomorphism of graded algebras 
f#: H(S @ AP) @ AP = H(S @ AP) 


for which the diagram 


H(S @ AP) 


See 


H(S © AP) @ AP H(S ® AP) 


eel 


AP @ AP 


es 


Ik 


AP 


Q 


commutes. 


Corollary II: The diagram 
H(S ® AP) @ AP 


It % 
S ~ 


H(S @ AP) 


commutes. In particular, (6§)+ = 0. 
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Proof: The Samelson theorem (sec. 2.13) shows that Im 9§ = AP. 
It follows that (cf. Corollary I) 


(6§)+ = 0. 


Now Corollary II follows from Corollary I. 
Q.E.D. 


Corollary II: /* restricts to an isomorphism 
f*: Imig = Imi. 
Corollary IV: /* restricts to an isomorphism 


f*: Ht(S @ AP) @AP = ker of. 


2.16. Simplification theorem. The theorem of this section is, in 
some sense, a generalization of Theorem V. Let (S; c) be an alternating 
graded connected P-algebra. Assume a: P —~ S*- o(P) is a linear map, 
homogeneous of degree 1, and define a second P-algebra (S; 1) by 
setting t= o-+a. 


Theorem VI (simplification theorem): With the hypotheses and 
notation above, there is an isomorphism 


f: (S @ANP, V,) = (S @AP, V) 
of bigraded differential algebras, such that the diagram 


S @AP 


S @AP 


commutes. 


Proof: Choose a linear map y: P > S+ ® P, homogeneous of degree 
zero, and such that V,o» =a. Define 8: P+ S @®P by 


B(x) = 1@6®x-+ v(x), xe P, 
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and set 


f(z ® ®) =(z2@1)-B(®), zeS, GEAP. 


Then it follows, exactly as in the proof of the reduction theorem, that f 
is an isomorphism making the diagram above commute. Moreover 


(FOUL @ x) = r(x) @1 = a(x) @1 + Valr(x)) 
=(,°f\1@x), xeP 


and 
(foK)(z ©1)=0=Gofiz@1), zeS. 


Since f oV, and V, 0 f are f-antiderivations, this implies that fo7, =V, of. 
Q.E.D. 


Corollary I: There is an isomorphism 
g: (S @AP, V,) — (S @AP, V,) 
which satisfies gol, = I, and os °g = @g. 
Corollary II: f induces an isomorphism 
f*: H(S @ AP, V.) = H(S @AP, V,) 
of graded algebras, which makes the diagram 


H(S ®AP, V,) 


H(S @ AP, V,) 


commute. (Note that we have used /§ (and e§) to denote two different 
homomorphisms!) 


§5. Symmetric P-algebras 


2.17. The main theorem. Let Q be an evenly graded finite-dimen- 
sional vector space with Q* = 0 for k <0. Let VO have the induced 
gradation; i.e., 


deg(yiV +++ V¥q) = degyi + «++ + deg yy. 


Then if ¢: P— VQ is a linear map homogeneous of degree 1, the pair 
(VQ; a) will be called a symmetric P-algebra. 

Given a symmetric P-algebra (VO; c) with Samelson space P, define 
an integer k(VQ; 0) by 


k(VO; c) = dim P — dim P — dim Q. 
A main purpose of this article is to establish 


Theorem VII: Let (VQ; «c) be a symmetric P-algebra such that 
H(VQ @ AP) has finite dimension. Then k(VQ; ¢) > 0; ie., 


dim P > dim P + dim Q. 
Moreover, if P is a Samelson complement, then 


H(VO @AP)40, j= AVO;0), 
while 


H(VO@AP)=0, 7 > R(VO;0). 


In particular, the following conditions are equivalent: 
(1) dim P=dim P+ dimQ. 
(2) H,(VO @AP) = 0. 


The first statement is established in Proposition VI, below. The rest of 
the theorem is proved in Proposition VII, sec. 2.18. 


Proposition VI: If dim H(VQ @© AP) < oo, then R(VQ; a) > 0. 
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Proof: Let P be a Samelson complement. According to Corollary I 
of the reduction theorem (sec. 2.15), 


H(VO @ AP) = H(VO @ AP) @ AP. 


Thus H(VO @AP) has finite dimension; in particular, its Poincaré- 
Koszul series Upiyaeap) is a polynomial. 

We show that A(VQ; o) is the multiplicity of 1 as a root of the poly- 
nomial Up ygep). Write the Poincaré polynomials of P and Q in the 
form 


fo= 3m (g, 0dd), =dimB, 
i= 
and 
fo= y ti (1; even), m = dim Q. 
1 


Then 
a m 


fe=[[Q—@)+* and fvg= [] (—t4). 


t=1 j=1 


Thus Corollary I to Proposition III, sec. 2.12, yields 

m a 
[] GQ — #4) - Unweent = [] (1 — t+). 
j=l 


i=l 


Now let 7 (r => 0) be the multiplicity of 1 as a root of Upiweenpy- 
Then the equation above implies that m + r = ff, whence 


k(VO; ¢)=fi-—m=r. 
Q.E.D. 


Corollary: The relation 
dim P = dim P + dim Q 


holds if and only if H(VQ @ AP) has nonzero Euler—Poincaré charac- 


teristic. 


Proof: Since VQ is evenly graded, 
Lnveor®) = Unweent(1) 


(cf. sec. 2.12). Now apply the proposition. 
Q.E.D. 
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2.18. Proposition VII: With the hypotheses of Theorem VII, 
H(VQ @AP) #0, j =R(VQ; 0) 


and 


H(VQ @AP) = 0, j > R(VQ; 0). 


Proof: Since dim P = dim P — dim P, and since the Samelson space 
for the P-algebra (VQ; G) is zero (cf. Corollary II to Theorem V, sec. 
2.15), it is clearly sufficient to consider the case P = 0, P = P. We do 
so from now on. 

Define a graded space T by setting 7? = Q7+} (p = 1,3,5,...). 
Let dim T = dim Q = m and dim P = n; then k(VQ; c) = n — m. Let 
k denote the greatest integer such that 


HAVO @ AP) #0. 


We must show that k = n — m. 
Consider the algebra R = VO ® AP ®AT (skew tensor product). 
Define a bigradation in R by setting 


R= YR, — R°1 = VO @A°*P OAT; 
Pq 


denote the corresponding total gradation by 


R= 3 R®, R” = “2 RP, 
r pt+q=r 
Set R?-* = DY, R?-* and R*4 = YR. 
Let (VO @ AP; 1) be the T-algebra defined by 


Wy)=y@1, yeT, 


and denote the corresponding differential operator in VO ® AP @ AT 
by V,. It is homogeneous of bidegree (0, 1). On the other hand, if VY, 
denotes the differential operator in VO © AP, then VY, ®t is homo- 
geneous of bidegree (1, 0). 
Set 
D= Ve@t-+V,. 


Then D? = 0, and so (R, D) is a graded differential space (with respect 
to the total gradation defined above). The proposition is now an im- 
mediate consequence of the following two lemmas. 
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Lemma IV: H(R, D)=0,0<r<m, and H'(R, D) £0. 


Proof: Define a linear map a: P-> VO ® 1 & T such that V, oa = o. 
Then the linear map B: P — R given by 


B(x) = 1@x@1— a(x), xe P, 


extends to an algebra homomorphism £,: AP > R. 
Now consider the algebra homomorphism g: R — R given by 


oz @ @¥) = (z@1@1) - Bl) -1@1@¥. 


It is easy to verify that y is an isomorphism of graded algebras (R has 
the gradation defined just above). 

A straightforward computation shows that Dy — g¥V, is zero in 
VO ®@1@1,1@®@P@Q1, and 1@1T. Since these spaces generate 
the algebra R and since Dy — qV, is a y-antiderivation, it follows that 


This implies that g induces an isomorphism, 
p*: H(VO © AP @ AT,V,) =. H(R, D). 


Since gy is homogeneous of degree zero, and since H(VO @® AT) = I 
(cf. sec. 2.6) we obtain isomorphisms 


Ar-iP =. H™+3(R, D). 


The lemma follows. 


Q.E.D. 


Lemma V: Let k be the greatest integer such that H,(VO @® AP) 
#0. Then 


H\(R,D)=0, r<n—k, and HR, D) <0. 


Proof: Filter R by the subspaces 
m—-g 
FUR) = ¥ R*¥F = VO @APOH Y A'T. 
i=0 


J=q 
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Then the £,-term of the corresponding spectral sequence is given by 
E, = H(H(VO © AP) @ AT, F3) (2.11) 
(cf. Theorem II, sec. 1.19, and sec. 1.21). Here V7;* is defined by 


T(z @ 1) = 0 
and 


VF(a@ A+++ AV) 
p ; : 
== (—1)! 2X (—1) 3a Novi) Oy Ass Pere AM 

ae HYVO@AP), y,¢€ T. 


In particular, the spaces H,(VOQ @ AP) @ AT are stable under 7%. 
This implies that 


H(H(VO ® AP) @ AT, V) = ¥ H(H,(VO ® AP) @AT) 
p 
= 5 A (HV @ AP) @AT). 
Q 
Composing this with (2.11) we obtain 
EY? = Hy-q(Hy_(VO @ AP) @AT). (2.12) 


Next we establish the relations 


E?? = 0, p<n—k, 1>2, (2.13) 
f Oy ae aa 09 (2.14) 

and 
Ev) = 0, t>2. (2.15) 


Formula (2.13) (for 7 = 2) is an immediate consequence of the definition 
of k, and the formula for 7 > 2 follows at once from the definition of the 
E??. 

To prove (2.14) choose a non-zero element ae A”T and a non-zero 
element « € H,(VO @AP) with maximum degree (with respect to the 
gradation defined in sec. 2.2). Then @ - l¥g(y) = 0, y € T, and so 


Via © 4) = 0. 


Thus @ @ a@ is a nonzero cocycle in H,(VO © AP) @A"T. 
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Since T has dimension m, 
m1 
ImV¥ < Y A(VO @AP) ONT; 
j=0 


hence @ &) a@ represents a nonzero cohomology class. This implies that 
H,,(H,(VO © AP) @® AT) #0. 


Combining this relation with formula (2.12) we obtain formula (2.14). 
To prove (2.15) observe that, in view of (2.13), E?? = 0if p<n—k 
and 1 > 2. Since 


- FUP gt, ptt. 
d ie EF <> E} , 


a straightforward induction, starting with (2.14), establishes (2.15). 
In particular, relations (2.13) and (2.15) imply that 


H°(R,D)=0, r<n—k, and  H-*(R, D) = EL” £0. 


Q.E.D. 


Remark: With the proof of Lemma V, the proofs of Proposition 
VII and Theorem VII are completed. 


2.19. The decomposition theorem. In Theorem VIII below we give 
a number of conditions on a symmetric P-algebra (VQ; 0) which are 
equivalent to conditions (1) and (2) of Theorem VII. Part of Theorem 
VIII remains true for any P-algebra; however, that part is true in even 
greater generality (P-differential algebras) and will be established in 
Chapter III (cf. sec. 3.16). 


Theorem VIII: Let (VQ; c) be asymmetric P-algebra with Samelson 
space P and a Samelson complement P. Assume that H(VQ @ AP) has 
finite dimension. Then the following conditions are equivalent: 

(1) dim P= dim P + dim Q. 

(2) The kernel of o¥g coincides with the ideal generated by Im(l¥Q)* 

(3) The map lf): VO + H(VQ @ AP) is surjective. 


(4) There is an isomorphism 


[VOIVO oP] @AP = H(VO @AP), 
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of graded algebras which makes the diagram 


[VOIVO o P] @AP 


Na Jr 


H(VQ @AP) 
commute, 


(5) There is an isomorphism 
[VOIVO ° P] @VP =-vo 
of graded P-spaces which makes the diagram 


[VOIVO oP] @VP 


commute. 
(6) H(VQ @AP) =0. 
(7) H(VQ @AP) = 0. 
(8) H(VO @AP) is evenly graded. 
(9) H(VO @AP) has nonzero Euler—Poincaré characteristic. 
(10) The map 6,: VP + VQ is injective. 


Proof: We show that 
(1)<(7), (2) (3), (3)e+4), (5) +(7), 
(6) = (7) = (3), (6) + (8), (7) <> (9), (7) (10). 


(1) <> (7): This is Theorem VII, sec. 2.17. 
(2) <> (3): In view of the Corollaries III and IV to the reduction 
theorem (sec. 2.15), condition (2) is equivalent to the following condition: 
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The ideal in H+(VO @ AP) generated by Im /* is all of H+(VO @ AP). 


But (by the same argument as the one used in Lemma I, sec. 2.8), 
this happens if and only if 


Im I% = H*+(VO @ AP). 


(3) < (4): This is an immediate consequence of the reduction theo- 
rem and the fact that VO o P = VQ o P (cf. Proposition IV, sec. 2.13). 

(5) <> (7): In view of the relation VO oP = VQ oP, this follows 
from Theorem II, sec. 2.9. 


(6) <> (7) <> (3): This corresponds to the equivalent conditions (5), 
(4), and (3) in Theorem II, sec. 2.9. 

(6) <> (8): This follows from Theorem III, sec. 2.9. 

(7) + (9): In view of the corollary to Proposition VI, sec. 2.17, 
(9) is equivalent to the condition dim P = dim P + dim Q. By Theorem 
VII, sec. 2.17, this is equivalent to (7). 

(7) < (10): In view of the results above, (7) => (5) => (10). Con- 
versely, if (10) holds, Lemma VI, below, implies that dim P < dim Q. 

On the other hand, Theorem VII, sec. 2.17, shows that dim P > dim QO. 
Thus dim P = dim Q; hence, again by Theorem VII, H,(VO @ AP) 
= 0; ie., (10) = (7). 

Q.E.D. 


Corollary: Assume (VQ; 0) is a symmetric P-algebra such that 
H(VQ @ AP) has finite dimension. Then the following conditions are 
equivalent: 

(1) dim P = dim Q. 

(2) J is surjective. 

(3) HVQ @AP) =VO/VO » P. 


(4) There is an isomorphism 
g: H(VO @ AP) @VP— vo 


of graded P-spaces such that g({1) = 1. 


(5) H,(VO @AP)=0. 
(6) H(VQ @AP) is evenly graded. 
(7) The Euler—Poincaré characteristic of H(VQ @AP) is nonzero. 


(8) a, is injective. 
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Lemma VI: Let Q, and Q, be strictly positively graded, finite- 
dimensional vector spaces. Give VQ, and VQ, the induced gradations 
and assume that y: VO, > VQ, is a linear injection, homogeneous of 
degree zero. Then 


dim Q, < dim Q,. 
Proof: Let 
f= yt and fp = ¥ th 
= ja 


be the Poincaré polynomials of QO, and Q,. Then the Poincaré series of 
VQ, and VQ, are given by 


fr. =T]0—#t)-? and fg, = [] (1 —08)-4, 
inl jel 
These series are absolutely convergent for 0 <t <1. 
Moreover, by hypothesis, 
dim(VQ,)? < dim(VQ,),,.  p=0,1,.... 


Hence, for 0<t <1, 
fva,(t) = 2, dim(VQ,)?t? < 2, dim(VQ,)?t? = fva,(t). 
p= p= 


Thus fva,(t) < fre, (t), Ot <1. 
On the other hand, 


faa lt) fvedt) = TE ~ #9 TL =)" = 1800, 


where g is a continuous function in the interval 0 <¢< oo, Thus 
(1 — t)-*g(t) > 1 if O<¢t <1. Since g is continuous at 1, it follows 
that r<s; ie. dim Q, < dim Q,. 

Q.E.D. 


2.20. Poincaré series. Let (VQ; a) by a symmetric P-algebra such 
that H(VO © AP) has finite dimension and dim P = dim P + dim Q. 
Let P be a Samelson complement. 

In view of Theorem VIII, sec. 2.19, and Corollary III to the reduction 
theorem, sec. 2.15, we have isomorphisms 


H(VO @ AP) = H,(VO @ AP) = Im lig 
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and 


H(VQ @ AP) = Im lg @ AP. 
Thus Corollary II to Proposition III, sec. 2.12, gives 


fim ito = fva «ABs 
whence 


Savaonr) = fim tig he = Avo « AB + fab - 


Since fvp = fvefve, these equations yield 


fim t%q = fva Sve frp (2.16) 
and 
SuweenP) = fafihe, (2.17) 


In particular write the Poincaré polynomials of P, P, and Q in the form 
rT r 8 
fr — >, th, tp — + 1%, and to — oy th, 
st i i=1 


(g; odd, k; even, r = dim P, s = dimQ, r — s = dim P). Then these 


equations read 


Ti- (1 a ttl) 
fim ite = TE, d=) (1 — ty) (2.18) 
and 
Tien (1 — #0049) Thosas (1+ 2) aes 
Frvee@nr) Tr, d — : (2.19) 


Now consider the Euler-Poincaré characteristics of Im Mg and 
H(VQ @AP). Since Im [fg is evenly graded, we obtain from formula 
(2.18) 

TTi-s (gi + 1) 2.20 
ate .20a 
Ta one 


. Bid 
Xtm We = dim Im Na = 


Moreover, if P40, then %y:veear) = 0; while if P = 0, then 
H(VO @ AP) = Im Kg 
and 


: 71(9, +1 
Lnwvaenn) = dim H(VQ @AP) = Hiei FY (2,208) 


j=l 
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2.21. A third structure theorem. Theorem IX: Let (VQ; <) be a 
symmetric P-algebra with Samelson space P and a Samelson complement 
P. Then the following conditions are equivalent: 


(1) We)* = 0. 

(2) a,:VP—VQ is surjective. 

(3) &:VP—VQ is an isomorphism. 

(4) fg: H(VO @ AP) + AP is an isomorphism. 

(5) The algebra H(VQ @AP) is generated by 1 together with 
elements of odd degree. 


If these conditions hold, then 
dim P = dim P + dim Q. 


Proof: According to Proposition V, (1), sec. 2.14, (1) <> (2). Now 
we show that 


(1) => (3) = (4) > (5) = (1). 


In fact, suppose (1) holds. Then Corollary III of the reduction theorem 
(sec. 2.15) shows that (Ai9)+ = 0. Moreover, the Samelson space for 
(VQ; &) is zero, as follows from Corollary I of the reduction theorem. 
Hence we can apply Lemma VII below (with P replacing P) to show 
that G, is an isomorphism. Thus (1) => (3). 

Suppose (3) holds. Then by sec. 2.6, H(VO @ AP) = I. Now Corol- 


lary I to the reduction theorem implies that 
f*: AP = H(VO @ AP). 


Moreover, it is an easy consequence of the commutative diagram in 
that corollary that o¥g = (f*)-?. Thus (3) = (4). 

(4) = (5) is obvious. Suppose that (5) holds. Since VO is evenly 
graded, so is H,(VO @® AP); thus the elements of odd degree are con- 
tained in the ideal H,(VO @ AP). It follows that H,(VO @ AP), together 
with 1, generates H(VQ @AP). Hence Hi(VQ @AP) = 0, and so 
(¥g)t = 0. This shows that (5) = (1). 

Finally, if these conditions hold, then (3) implies that dim P = dim Q, 
whence 

dim P = dim P + dim P = dim P+ dim Q. 
Q.E.D. 
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Lemma VII: Let (VQ; ¢) be a symmetric P-algebra such that 
(l¥q)t = 9 and P=0. 
Then o,: VP + VQ is an isomorphism. 


Proof: By Proposition V, (1), sec. 2.14, the condition (/¥g)* = 0 
implies that o, is surjective. Hence there is a linear injection g: VO > VP, 
homogeneous of degree zero, such that o,og = t. Now Lemma VI, 
sec. 2.19, yields 


dim OQ < dim P. 


On the other hand, let 7: VtQ > Q be the projection with kernel 
(V+Q) - (V+Q). We show that 20o:P—+Q is injective. In fact, if 
z(a(x)) = 0 for some x € P, then 


a(x) € (V*Q) - (VQ) = o(VtP) + a (VP). 


Now Proposition IV, sec. 2.13, shows that x € P. Hence, x = 0 and so 
mo @ is injective. 

Since dim Q < dim P, it follows that 2 o o: P > Q is an isomorphism 
of graded vector spaces. Hence VP and VQ have the same Poincaré series. 
Thus a, restricts to linear surjections 


o,:(VP)F > (VO), k= 0,1,... 


between spaces of the same dimension. Hence 9, is an isomorphism. 


Q.E.D. 


§6. Essential P-algebras 


2.22. Essential P-algebras. Let (VQ; a) be a symmetric P-algebra. 
Consider the ideal V*Q - V*+Q in VQ. Define a graded subspace P, 
of P by 


P, = o-(V+O - V+Q). 


It is called the essential subspace for the P-algebra (VQ; 0). 

Note that the Samelson space P of the P-algebra (VQ; a) is contained 
in the essential subspace P;: P c P,. In fact, if x € P, then, by Proposi- 
tion IV, sec. 2.13, 


a(x) € V+O - o(P). 


In particular o(x) € V+O - V+Q, and so xe Py. 
A symmetric P-algebra is called essential if Py = P; ie., if 


o(P) < V+O - V+O. 


2.23. The associated essential P,-algebra. Given a symmetric P- 
algebra (VQ; o) with essential subspace P,, we shall construct an essential 
P,-algebra (VQ,; 0,) (with Q, a graded subspace of Q) such that 


A(VQ © AP) = A(VQ, & AP,). 
Choose a graded subspace P, ¢ P so that 
P=P,QOP,. 


Let xz: V+O — Q denote the projection with kernel V+Q - V+Q. Then the 
map 2° 0: P—Q restricts to a linear isomorphism 


noo: P, —+Im(x 00). 
Now choose a graded subspace Q, < Q so that 
QO= 0, © Im(az o a). 
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Then a homomorphism of graded algebras 


ni: VP, @VQO,—-VO 


is given by 


n(Y & BD) = a,(¥)v @, WeVvP,, BeEVQ,. 
Lemma VIII: 7 is an isomorphism of graded algebras. 


Proof: Define a linear map py: P, ® O, + VO by 
p(y) = ox) +y, wEeP, yeQs. 


Then 7 = y, (here V(P; @ Q,) is identified with VP, ®© VQ,). 
Now filter the algebras V(P, @ Q,) and VQ by the ideals 


p V(P2@®Q1) and & viQ. 


Since 7 is a homomorphism, it is filtration preserving. Denote the induced 
homomorphism of associated graded algebras by 4,. 
Next, observe that the canonical linear isomorphism 


9 =. vrgIvi9-V+9 


extends to an algebra isomorphism VQ —» Avg (Avg the associated graded 
algebra; cf. sec. 1.17). Similarly we obtain an algebra isomorphism 


V(P2 ® Q1) — Avira, 


A simple computation shows that the diagram 


V(P; ® Q1) — Ay.7,09,) 


(roy Ay 


we 
commutes. 
Since the map zoy: P, © Q, > O is given by 


(xo p)(*,y) = (moax)ty, «EP, yEeQh, 


it is a linear isomorphism. Hence (z © y), is an isomorphism and so the 
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commutative diagram implies that A, is an isomorphism. It follows now 
from Proposition VII, sec. 1.14, that 7 is an isomorphism. 
Q.E.D. 


The lemma shows that VQ admits the direct decomposition 
VQ = VQ, @VOQ - o(P,). 
This decomposition determines a projection 
7: VQ VO, 


with kernel VQ - o(P2); y is a homomorphism of graded algebras. 
Next define a linear map o,: P) +VQ by o, = yoa. Then the P,- 
algebra (VQ,; 0,) is essential. In fact, since 


o(P,)coV*O-VIQ and = (V#Q) < VO, 
it follows that 
ai(P:) < (V*O - V#Q) < (V*Q) - o(V*Q) < V#O, - V+Oy. 


The P,-algebra (VQ,; 0,) is called the associated essential P,-algebra for 
(VO; 0). 

Note that the associated essential P,-algebra depends only on the choice 
of the graded subspaces P, of P and Q, of Q. In particular, if (VP; ¢) 
is itself essential, then P, = P, Q, = Q, and o, = o. Thus (VQ,; 0) 
= (VQ; ¢) in this case. 

To construct an isomorphism between the cohomology algebras of 
(VQ; a) and (VQ,; 0,), let 8: P—> P, denote the projection induced by 
the direct decomposition P = P, @ P,. Extend £ to a homomorphism 
B,: AP > AP,. Then 


¥ OB: VO @AP, Ke) > (VO. @AP1, Va) 


is a homomorphism of graded differential algebras and the diagram 


ay, eva 


VP vo —“2.. VO @AP AP 
Ay ¥ ee By (2.21 ) 
Maa (ay VOu Wey VOr @ AP, eax ae 


commutes. 
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Theorem X: (1) y @ f, induces an isomorphism of graded algebras 
(y @B,)*: HVO @ AP) = H(VO, @ MP). 


(2) The diagram 


VP Eo 2s. HOO GAP) IP 

by y =| vn Ba 

VP; VO, ae H(VQ1 @AP,) —— MP, 
commutes. 


(3) The Samelson spaces of the P-algebras (VQ; oc) and (VQ,; 01) 
coincide. 


Proof: (1) Identify VO with VP, ® VQ, via 7, and write 
VO @AP = VP, @VO, © AP, © AP,. 
Then the subspaces 


F?= ¥ VP, @VO,@NMP,@AP2, p=0,...,dimP, 


=p 


define a filtration of VO @AP. The E,-term of the corresponding 
spectral sequence is given by 


E, = VO, © AP; © H(VP; @ AP;) 


(cf. Theorem II, sec. 1.19). Since H(VP, ® AP.) = I (cf. sec. 2.6), 
it follows that 


EB, VQ, @AP,. 
On the other hand, filter VO, © AP, by the subspaces 
f- = Y VO, @© M“P,. 


“Sp 
Then £, = VO, ®AP,. Moreover, the map y © f, is filtration preserving 
and the induced homomorphism of £,-terms is simply the identity map 
of VO, ® AP,. Thus, by the comparison theorem (sec. 1.14), (y © B,)* 
is an isomorphism. 
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(2) This follows immediately from the commutative diagram (2.21). 
(3) In view of (2), 8, restricts to a surjective linear map between the 
Samelson spaces P and P,. But since P c P, (cf. sec. 2.22) B is the 

identity map in P. This shows that P = P,. 
Q.E.D. 


Chapter III 


Koszul Complexes of P-Differential Algebras 


In this chapter P = ¥, P* denotes a finite-dimensional positively 
graded vector space satisfying P* = 0 for even k. P is the evenly graded 
space given by P* = P*-!, and AP and VP are the graded algebras 
described at the start of Chapter IT. 


§1. P-differential algebras 


3.1. Definition: A P-differential algebra ((P, 5)-algebra) is a triple 
(B, 6g; t) where 

(1) (B, 4) is an associative, alternating, positively graded, differential 
algebra with unit element 1. 

(2) +t: P—ker 5, is a linear map, homogeneous of degree 1. 

The differential algebra (B, 53) is called the base of the (P, 6)-algebra 
(B, 5x; 7). 

Note that if (B, 6p; 1) is a (P, 6)-algebra, then (B; rt) is a P-algebra. 

A homomorphism of (P, 6)-algebras 


yp: (B, dy; t) > (B, 5g; 7) 
is a homomorphism ¢: (B, 5g) -> (B, 6) of graded differential algebras 
that satisfies y(1) = (1), and yor = 7. 
A semimorphism of (P, 6)-algebras is a homomorphism of graded dif- 
ferential spaces y: (B, 6z) — (B, 6g) that satisfies p(1) = 1, and 
wy(b - t(x)) = (0) - Z(x), be B, xeP. 


Thus every homomorphism is a semimorphism. 
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3.2. The Koszul complex. With each (P, 6)-algebra (B, dz; 1) is 
associated a graded differential algebra (B @© AP, Vz) as follows: B © AP 
denotes the skew tensor product of the graded algebras B and AP, with 
the gradation given by 


(B@APY= Y BP @ (AP). 


p+q=r 
Define operators 6, and V, in B @AP by 63 = 43 & 4, and 


V.(b @ 1) = 0, 


V(b @ x, 0 «+ Ay) = (HUY (HLH + ae, @ ay ners Bee nay, 
fms 
be BY, x,e P. 


Then (B @®AP,V,) is the Koszul complex of the underlying P-algebra 
(B; rt); in particular, V, is an antiderivation of square zero, homogeneous 
of degree 1. Moreover, since dz 0 t = 0, it follows that 


Vc dp + 6200, = 0. 


Now set 
Vz = 63 + V, 


Then Vz is also an antiderivation homogeneous of degree 1 which 
satisfies V3 = 0. Thus (B ®AP,Vz) is a graded differential algebra. 
It is called the Koszul complex of the (P, 6)-algebra (B, 63; t), and Vz 
is called the differential operator in B® AP. The graded algebra 
H(B @®AP,Vz) is called the cohomology algebra of the (P, 6)-algebra 
(B, 6g; tT). We sometimes denote it simply by H(B ® AP). 

Next observe that the inclusion map b++b@1 (be B) defines a 
homomorphism 


lp: (B, 63) > (B @ AP, Vz), 


of graded differential algebras; lp is called the base inclusion. It induces 
a homomorphism 


lf: H(B) -> H(B @ AP) 


of graded algebras. 
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Remark: Clearly /j§ restricts to an isomorphism H°(B) Bir 
H°(B ® AP). Thus H(B) is connected if and only if H(B @ AP) is 
connected. In this case the (P, 6)-algebra (B, 63; 1) is called c-connected. 

On the other hand, recall from sec. 2.2 that each element x* e P* 
determines the linear operator i(x*) in B © AP given by 


i(x*)(b © DB) = (—1)Pb & i(x*)®, be Br, DeEAP. 
Evidently 7(«*) is an antiderivation and satisfies 
(x*)o bp + dpoi(e*)=0 and — a(x* + Filet) = 0 
(cf. sec. 2.2). These relations imply that 
2(x* Vz + Vyt(x*) = 0. 


Hence 7(x*) induces an antiderivation 7(x*)* in H(B @ AP). 
Thus we obtain operators i(a) in B® AP and 7(a)* in H(B @® AP) 
(a e AP*) by setting 


U(xf A+++ AX¥) = i(xf)o --+ o1(x#), x¥ © P*, 
Furthermore, since B is alternating and 1t(P) © Dyeven B?, we have 


the relations 


u(x) -t(y) = t(y)- (x), ye P. 
Thus t extends to a homomorphism 
ty: VP>B 


of graded algebras. Since 6g o t = 0 it follows that dg o t, = 0. Hence, 
composing t, with the projection ker 6, — H(B) we obtain a homomor- 
phism 

t#: VP — H(B) 


of graded algebras. 

Now suppose ¢: (B, 5g; t) — (B, 63; 7) is a semimorphism. Then the 
map g © t: B® AP > B @ AP commutes with the differential operators 
V,; and Vg, and so it induces a linear map 


(vp © t)*: H(B @ AP) > H(B @ AP), 
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homogeneous of degree zero. Moreover, the commutative diagram 


lp 


B B@AP 
VP 4 | PBs 
B—_+ B @/AP 
B 
induces the commutative diagram 
H(B) —"-+ H(B @ AP) 
VP 4 * (p@r) * 
Ty ‘ 


H(B) a H(B @ AP) 


in cohomology. 
The relations i(x*) o (p © t) = (y © t) ot(x*), x* € P*, imply that 


Ux¥)* 0 (y @ )* = (pv @ 4)* ou(x*)*. 


If ¢ is a homomorphism, then so are ¢ ®t and (py & )*. 
Finally observe that if 6; = 0 (so that (B, 6g; 7) is a P-algebra), then 
the definitions and notation above reduce to those in Chapter II. 


3.3. The associated P-algebra. Let (B, d;; t) be a (P, 4)-algebra. 
Since 63°71 = 0, 7 induces a linear map t*: P >» H(B) which makes 
H(B) into an alternating P-algebra. It is called the associated P-algebra. 
Its Koszul complex is (H(B) ® AP,V,+), and V,+ is the operator induced 
in H(B) @®AP by Vi; ie, Ze = (G)*. 

If p: (B, bz; t) > (B, 6g; z) is a semimorphism of (P, 6)-algebras, 
then »* is a homomorphism of graded P-spaces. Hence g* @ 1 commutes 
with the differential operators V,. and VY». It induces a linear map 


(p* © 1)*: H(H(B) @ AP, V.») > H(H(B) © AP, Ve). 
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If ¢ is a homomorphism of (P, 4)-algebras, then y* is a homomorphism 
of P-algebras, g* ® ¢ is a homomorphism of graded differential algebras, 
and (y* @ +)* is a homomorphism of graded algebras. 


3.4, The spectral sequence. Let (B, 6,; t) be a (P, 4)-algebra. Fil- 
ter B @ AP by the ideals 


F°(B@AP)= Y Be @AP. (3.1) 
“ep 
Then (B @ AP, Vg) becomes a graded filtered differential algebra (cf. 
sec. 1.18). This filtration leads to a convergent spectral sequence of graded 
differential algebras; it is called the spectral sequence of the (P, 6)-algebra 
(B, 53; T). 
Observe that the filtration (3.1) arises out of the bigradation 


B@AP = Y. BP @ (APY. 
Pd 


With respect to this bigradation (B @ AP, 64,,V,) is a graded differential 
couple of degree 1 (not in general homogeneous) (cf. sec. 1.21). Thus 
the spectral sequence of (B, 6g; T) is the spectral sequence of this couple; 
in particular, 


E,=E,%B@AP and E,~H(B)@AP, 


as follows from Theorem II, sec. 1.19. 
The basic subalgebra (cf. sec. 1.13) for this filtration is simply B @ 1. 
It follows that 7p induces surjective maps 


H?(B) — EP®, i> 2, 


homogeneous of degree zero (cf. Proposition VI, sec. 1.13). 

Moreover, the operators 7(x*) are filtration preserving, and hence 
induce antiderivations in each E;. 

Finally, let g: B-> B be a semimorphism of (P, 6)-algebras. Then 
(y ®t): B@AP > B @AP is filtration preserving, and so it induces 
a homomorphism of spectral sequences. The induced homomorphisms 
of the E,, E,, and E, terms correspond under the identifications above 


to y ®t, ps, and y* @e respectively. 


3.5. The lower spectral sequence. Consider the bigradation of 
B QAP given by 
(BAP) = (BO NP) (3.2) 
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It gives rise to the filtration of B @®AP by the subspaces 
k 
L+(B@®AP)= Y BAP, k=0,...,2 (n = dim P). 
i=0 


Then L-* - L-'c L-“+), and 


~-o L315 La Leta... 


In this way (B @AP, Vz) becomes a graded filtered differential algebra. 
The corresponding spectral sequence is denoted by (E{*-», d,) and satisfies 


Ee) = 0 (any r > 0) 


unless —n << k <0 (mn = dim P) andk + />0. Hence it is convergent 
(cf. Proposition V, sec. 1.12). It is called the lower spectral sequence of the 
(P, 6)-algebra (B, 53; T). 


Remarks: 1. If one used the convention that X-? = X, to raise 
and lower the indices of graded spaces, then the bigradation above 
is determined by the bigradation 


(B @ AP)? = (B @ A'P)? 
used for P-spaces in Chapter II (cf. sec. 2.2). This explains the terminol- 
ogy “lower spectral sequence.” 
2. Note that with the notation of this section, the Poincaré—Koszul 


series for B ® AP is given by 
Useap = > (—1)* dim(B @ AP)*#! 
k, 


whenever the right-hand side is defined. 


With respect to the bigradation (3.2) the operators 6, and JV, are 
homogeneous of bidegrees (0,1) and (1,0). Thus the lower spectral 
sequence is the spectral sequence of the graded homogeneous differential 
couple (or double complex) (B @ AP, 62,7%). 

In view of Theorem II, sec. 1.19, the first terms of the lower spectral 
sequence are given by 


(Eo, do) = (B @ AP, 8) 
(Ey, 41) = (H(B) @ AP, Ve) (3.3) 


and 
E, = H(A(B) © AP, Vs). 
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In particular, the £,-term is exactly the Koszul complex of the as- 
sociated P-algebra (H(B);7*). Moreover, the isomorphisms above 
restrict to isomorphisms 


Es.) ~ (H(B) @A--P)F+! and Ef) ~ H*f(H(B) @AP,V2). (3.4) 


Finally, let g: B > B be a semimorphism of (P, 6)-algebras. Then 
gy © preserves filtrations and so it induces a homomorphism of lower 
spectral sequences. The induced homomorphisms of the F,, £,, and 
FE, terms correspond under the isomorphisms (3.3) to py ® 4, y* ®4, 
and (y* @ «)*, respectively. 


3.6. Example: Let (B, 6g; 1) be a (P, 5)-algebra where P is a 1- 
dimensional space homogeneous of degree g. Let x* be a basis vector of 
P*, Then 


a(z*) 


is an exact sequence of differential spaces (up to sign). Hence we have 
the exact triangle 


H(B) H(B @ AP) 


H(B) 


called the Gysin Oar The corresponding long exact sequence 
Uxe)* 


*, HB) 2, HB @ AP) 2, Hi-0(B) 2. Hi4(B) 2. 


is called the Gysin sequence. 
To compute 0, let x € P satisfy <x«*, x> = 1. Then, if « € H?(B) is 
represented by a cocycle b, da is represented by the cocycle 
Vz((—1)?b © x) = b - r(x). 
Hence, 
Oa = a + t*(x), ae A(B). (3.5) 
The Gysin sequence yields the important short exact sequence 


Uct)* 


Opener ae @® AP) —— ker 0 —- 0. (3.6) 
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Now consider the associated P-algebra and its Koszul complex 


(H(B) @ AP, Vs). Then 
H(H(B) © AP, Vs) = Ho(H(B) @ AP) ® Ai(A(B) @ AP). 
Evidently, 
H,(H(B) ® AP) = H(B)|(H(B) © P) = coker 8, 
and 
H,(H(B) @ AP) = (H(B) ® MP) 2 ker Vs = (ker ) @ x. 
These equations show that there is a linear isomorphism 
H(H(B) @ AP, V+) = H(B @ AP, Vz) 


of graded vector spaces; however, in general this isomorphism cannot 
be chosen to preserve products. 


§2. Tensor difference 


3.7. Definition. Let (B, 5g; 7) and (S, 65; 0) be (P, 5)-algebras, and 
consider the skew tensor product of the graded algebras B and S. Set 


Spas = 9p Ot — On © Js, 


where wg, denotes the degree invoiution of B. Then (B ® S, dges) is a 
graded, alternating, differential algebra. The multiplication in B® S 
induces an isomorphism 


H(B® S, dzes) = H(B) © H(S). 
Now define a linear map 
tO0:P>BOS 
by 
(x © a)(x) = x(x) @1 — 1 @ ox. 
Then (B@S, dga5;t Qo) becomes a P-differential algebra. It is 
called the tensor difference of (B, 5,3; t) and (S, dg; ¢). 
The differential operator of the Koszul complex (B ® S @ AP, Vges) 


is the sum of four anticommuting antiderivations: 
Vros = (62 + V) — (65 + G). 


Here 6, and 6d, are the obvious extensions to B® S@AP, while 
V, and V, denote the operators corresponding to the P-algebras 
(B® S;1) and (B © S; 0). 

In particular, VY, and V, restrict to operators in B® AP and S © AP, 
respectively. The Koszul complexes for (B, 63; 7) and (S, ds; a) are 
given by 


(B@AP, 53 +V,) and (S@AP,654+V9,). 


Next, suppose that y: BB and y:S—S are semimorphisms 
(respectively, homomorphisms) of (P, 5)-algebras. Then 


yQyp:BOS-BeS 
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is a semimorphism (respectively, homomorphism) between the tensor 
differences. Thus it induces a linear map (respectively, a homomorphism) 


(9 @y @s)*: H(B SS @AP)—> H(B@S@AP). 


Example: If 6; = 0 (ie., if (S, 6s; o) is simply an alternating P- 
algebra), then the tensor difference of (B, 63; t) and (S; ¢) is simply 
(B® S, 63; t © a). In this case Vggs is given by 


Vees = On + V. — Vi. 


(Note that we consistently write 6, = 63 © + = 6g ®t @+.) 


3.8. Tensor difference with VP. Recall the P-algebra (VP; o) given 
by o(x) =x, xe P (cf. sec. 2.6). Suppose (B, 6g; 1) is any (P, 6)- 
algebra and form the tensor difference (B © VP, 463;1 ©). Then a 
homomorphism 


mg: (B, dp) > (B @VP @ AP, Vgave) 
of graded differential algebras is given by mg(b) = b6@®1@1. 


Proposition I; The homomorphism mz, induces an isomorphism 
mi: H(B) = H(B@VP QAP), 
of graded algebras. 


Proof: A linear map «a: P— B.@©VP homogeneous of degree zero, 
is given by 
a(x) = r(x) ®@14+ 1x, xe P. 


Since B @ VP is alternating and VP is evenly graded, we have a(x)a(y) 
= a(y)a(x), x, y, € P. Thus a extends to a homomorphism 


a,: VP > B @VP. 


Now define a homomorphism of graded algebras yp: B® VP 
—>B®@VP by setting 


yb @¥) = (b@1)-a(¥), WeVP, beB. 


Filter B@©VP by the subspaces ¥',2, BY © VP. Then y is filtration 
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preserving and induces the identity in the associated graded algebra. 
Hence, in view of Proposition VII, sec. 1.14, y is an isomorphism. 
Next observe that the relation 6, 0 t = 0 implies that 


po dg = bd, oy. 
Moreover, 
(yo (t © a))\(x) = v(e(z) © 1 — 1 @x) 
= —1@®x« = —o(x), xe P, 


Thus 
yp: (B @VP, 5g; t Oo) — (B @VP, bn; —2) 


is an isomorphism of (P, 6)-algebras. Hence we have an induced iso- 
morphism 


(y ® )*: H(B @®VP @AP, 63 +V,—V,) = H(B @VP@AP, bz —V,). 
Finally, since yo mg = mz, we have the commutative diagram 


H(B @VP @AP, 64 +V, —V,) 
H(B) oe | (p@s)* 


H(B @®VP @AP, 63 — V,). 
But H(VP @ AP, V,) = I" (cf. sec. 2.6), and so the Kiinneth theorem 
yields 
H(B @®VP @AP, 6g — V,) = H(B) © H(VP @AP,V,) = H(B). 


This shows that the lower m# in the diagram above is an isomorphism. 
Hence so is the upper m}. 
Be ae Q.E.D. 


Now we shall construct an isomorphism inverse to mj. Define a 


homomorphism of graded algebras y: B©VP @®AP — B by 
PbOYVO1)=5b- r(¥) 


and 
pb OY © @)=0, be B, PevP, GeEA'P. 
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Proposition II: ¢ is a homomorphism of graded differential algebras: 
go (6g + V, —V,) = 6g °¢, and satisfies g omg = t. In particular, 


Proof: Since 6,07, = 0 it follows that 


goézp= Op og. 


Moreover, 
¢°¥-K)ybS?@1)=0, be B, PeVP, 


and 
go, —¥)1 @1@x) = g(r(x) ©1 ©1—-1@*x@1) 
= 0, xeP. 


Since go(V,—JV,) is a g-antiderivation and since B@®VP @AP 
is generated by the elements of the form b@®W@1 and 1@®1@x, 
it follows that 

go V, —V.) = 9. 
Hence, 
P°o(dg+¥,—V,) = po op = bp og. 


Finally, it is obvious that po mg = t. Thus g* o mj = t. By Proposi- 
tion I, mj, is an isomorphism. Thus the above relation shows that y* 
is the inverse isomorphism. 


Q.E.D. 


3.9. Spectral sequences of a tensor difference. Consider the ten- 
sor difference of two (P, 6)-algebras (B, 6,; t) and (S, ds; a). Bigrade 
the Koszul complex by setting 


(B® S@APY4 = BP (S @ AP). 


The corresponding filtration of the algebra B ® S ® AP is given by the 
ideals 
F°(B®@®S@AP)= ¥ Be @ (S @AP) 
“ep 
and leads to a convergent spectral sequence of graded differential algebras. 
It is called the B-sequence of the tensor difference and does not coincide 
with the spectral sequence of the (P, 6)-algebra (B © S, dpe9; t © 9). 
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The B-sequence is the spectral sequence of the graded differential 
couple (B © S @AP, —(45 + V,), 62 + V,). Since 


53: BP © S @ AP > BP*1@ S @AP 
and 


V,: BP@S@QAP—> ¥ B+ @S WAP, 
B22 


the first terms of this sequence are given by 
Et = B? © (S & AP)! 
Ep ~ BP ®@ H(S @ AP, Vs) (3.7) 


and 


ER" = H?(B) @ H“%S @ AP) 


(cf. sec. 1.19 and sec. 1.21). All the above isomorphisms are algebra 
isomorphisms. 

Now let gy: B — B and y: S —> § be semimorphisms of (P, 6)-algebras. 
Then the map g © y © « preserves the filtrations. The induced homo- 
morphisms of spectral sequences correspond under (3.7) to the linear 
maps 


POyS4 P@(ySs)*, and g*O(y@s*, 


respectively, 
Next, define a bigradation in B® S @/AP by setting 


(B® S @AP)E = Y Be @ S* @ (AP). 
petvel 
The induced filtration is given by the ideals 
Fo B@S@AP)=BE Y SH SAP. 
“ep 


The corresponding spectral sequence is called the S-sequence of the 
tensor difference. 

A canonical isomorphism B® S @AP—+ S © B @AP is given by 
b@s@® Or (—1)?%s ©b @& @ (be B’,s € St, BE AP). It induces iso- 
morphisms of bigraded algebras 


Ei.) ~ Sk @(B@AP)! 
Ek) ~ Sk @ H(B @ NP, Vz) (3.8) 


and 


Ei) ~ H*(S) @ HB @ AP) 
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for the first terms of the S-sequence. Under these isomorphisms the 
homomorphisms of spectral sequences induced by semimorphisms 
gy: B > B and y: SS correspond to the linear maps 


y@(VSs), yORs)*, and yp*@O(p@s)*, 


respectively. 


§3. Isomorphism theorems 


The purpose of this article is to generalize the theorems of article 2, 
Chapter II, to (P, 4)-algebras. 


3.10. n-regularity. Recall that a linear map y: E — F between graded 
vector spaces is called n-regular if w?: E? + F? is an isomorphism for 
p <n and injective for p= n+ 1. 


Theorem I: Let @: (B, 63; t) > (B, 6g; @) be a semimorphism. 
Then the following conditions are equivalent: 

(1) p*: H(B) > H(B) is n-regular. 

(2) (p ®+)*: H(B @AP, Vp) > H(B @ AP, Vz) is n-regular. 

(3) For all (P, 6)-algebras (.S, 6s; ¢) the linear maps 


(p ©+ @ t)*: H(B@ S @AP, Vas) > H(B ® S @ AP, Vas) 
are n-regular (cohomology of tensor differences). 


Proof: (1) = (2): Apply the comparison theorem of sec. 1.14 to 
the spectral sequence of the (P, 4)-algebras (cf. sec. 3.4). 

(2) = (3): Apply the comparison theorem to the S-sequence of the 
tensor differences (cf. sec. 3.9). 

(3) = (1): Consider the commutative diagram 


(p@t@se)* 


H(B@VP@AP) H(B @VP@AP) 
ms | = = | my 
H(B) H(B) 


(cf. Proposition I, sec. 3.8). If (p ®« @ z)* is n-regular, the diagram 


shows that p* is also n-regular. 
Q.E.D. 
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Corollary: The following conditions on the semimorphism @ are 
equivalent: 

(1) g*: H(B) > H(B) is an isomorphism. 

(2) (yp @1)*: H(B @AP,V,) > H(B @ AP, Vz) is an isomorphism. 

(3) (p* ®@t)*: H(A(B) @ AP, Vx) > H(H(B) @ AP, Fre) is an iso- 
morphism. 

(4) (p* © dF is an isomorphism and (y* © 1)# is injective. 


Proof: Theorem I above implies that (1) < (2). Theorem I, sec. 2.8, 
applied to the P-linear map y* shows that (1) = (3) = (4). 
Q.E.D. 


Remark: The corollary generalizes Theorem I, sec. 2.8. 


3.11. A second isomorphism theorem. In this section we generalize 
Theorem II, sec. 2.9. Let (B, 6g; t) be a (P, 5)-algebra. Recall from 
sec. 3.2 that the inclusion /,: B ~ B @ AP induces a homomorphism 
i}: H(B) — H(B @ AP). Form the (P, 6)-algebra (Im 1# @ VP, 0; 0), 
where 


o(x)=1@x, xeP. 


Its Koszul complex is simply (Im 13 ® VP @ AP, V,). 
Next choose a linear map, homogeneous of degree zero, 
y: Im 1j — ker 63, 
which satisfies 
Romoy==t and y(ljy=1. 
(Here a: ker 6p — H(B) denotes the projection.) 
Then define a map 
g:Im1j ®VP—>B 
by 
g(a & ®) = y(a) - r,(®), aéeImlz, ®eVP. 


Evidently g is a semimorphism of (P, 6)-algebras; in particular it satisfies 
Op Of = 0. 


Theorem II: Let (B, 6g; t) be a (P, 5)-algebra and let y, g be as 
above. Then the following conditions are equivalent: 
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(1) g*:Iml§ © VP — H(B) is an isomorphism. 


(2) (g @)*: H(im 1} ® VP @ AP) H(B @AP) is an isomor- 
phism. 


(3) Jj: H(B) > H(B @AP) is surjective. 
(4) H,(H(B) ® AP,V,«) = 0. 
(5) H,(H(B) @AP,V,+) = 0. 


Proof: We show that (1) = (2) = (3), (4) <= (5), (1) > (4), (4) = (3). 
(1) <> (2): Apply the corollary to Theorem I, sec. 3.10. 
(2) = (3): It follows from the definitions of g and y that the diagram 


H(Im If @ VP @ AP) 


Im J5 (g@u)* 


H(B ® AP) 


commutes, where 7 and 7 are the obvious inclusion maps. Moreover, it 
follows from the example in sec. 2.2 and from sec. 2.6 that 7* is an iso- 
morphism. Thus (g © ¢)* is an isomorphism if and only if 7 is; ie., if 
and only if 7 is surjective. But this is equivalent to /j being surjective. 

(4) <> (5): This is proved in Theorem II, sec. 2.9. 

(1) > (4): This follows from Theorem IT, sec. 2.9 ((1) = (4)). 

(4) = (3): Recall from sec. 2.2 the linear map 


If gy): H(B) > H(H(B) @ AP, V0), 


and denote its image by F. If (4) holds, Theorem II, sec. 2.9, yields a 
P-linear isomorphism 

gy: F@VP—=+ H(B) 
which satisfies g(1) = 1. 


Next, choose a linear map 7: F ker 6g, homogeneous of degree 
zero, such that 7(1) = 1, and 


n*(a)=9(2®@1), a@eF. 
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Then a semimorphism 
yp: (F @VP, 0; c) > (B, 43; T) 
is defined by 
ya @P)=7la)-(¥), aek, PevpeP. 
The induced map y*: F ® VP — H(B) is given by 
P@OP)=@)- WP)=~pa@?), aek Kev; 


i.e., y* = g. In particular, y* is an isomorphism. 
Hence, by the corollary of Theorem I, sec. 3.10, (py @ «)* is an iso- 
morphism, Since the diagram 


H(F @VP @ AP)“. H(B@ AP) 
= iB 
F H(B) 


commutes, it follows that /# is surjective. 
Q.E.D. 


3.12.* In this section we generalize Theorem III, sec. 2.9, to 


Theorem IM: Let (B, 63; t) be a (P, 6)-algebra. Then the following 
conditions are equivalent: 


(1) A(B) is evenly graded, and the conditions of Theorem II, sec. 
3.11 hold. 


(2) H(B@AP) is evenly graded. 


Proof: (1) = (2): If (1) holds, then Jj is surjective (cf. Theorem II, 
(3), sec. 3.11). Since by hypothesis H(B) is evenly graded, so is 
H(B @® AP). 

(2) => (1): Recall from Proposition I, sec. 3.8, that 


H(B @VP @AP) = H(B). 


On the other hand, the £,-term of the VP-spectral sequence for the 
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tensor difference (B © VP, 6p; t © 0) is given by 
E, =~ H(B @® AP) ®VP 


(cf. sec. 3.9). Thus E, is evenly graded. It follows that E, = E,, (ef. 
Proposition IV, sec. 1.10 and Proposition V, sec. 1.12) and so we have 
isomorphisms of graded vector spaces 


H(B) ~ H(B ®VP @AP) = E., = Fy. 


In particular, H(B) is evenly graded. 
It remains to show that /$: H(B) > H(B @ AP) is surjective. Assume 
first that dim P = 1. Then we have the exact sequence 


0 —- coker @ + H(B @ AP) > ker —+ 0 


of sec. 3.6. 

All three spaces in this sequence are evenly graded, but 7(x*)* is 
homogeneous of odd degree. It follows that 7(«*)*—=0 and so, by 
exactness, /# is surjective. 

In the general case we argue by induction on dim P. Write P = P, ® P, 
where P, and P, are graded subspaces. Then 1 restricts to a linear map 
1: P, + B and thus yields a (P,, 6)-algebra (B, 6,; t,) whose Koszul 
complex will be written (B © AP, KZ). 

Next define a map t,: P, > B @ AP, by setting 


T(x) = t(x) © 1, xe Py. 
This yields a (P,, 6)-algebra (B © AP,,V,; t2). Its Koszul complex 
is given by 
(B® AP, © AP,, V2) = (B & AP, Vp). 


Finally, since H((B @®AP,) @ AP2, %) = H(B @ AP, Vz), we have 
that H((B ©®AP,) ®AP,,%) is evenly graded. It follows, as above, 
that H(B @ AP,, V,) is evenly graded. Thus, by induction, the maps 


H(B) -> H(B@AP,) and H(B @AP,) > H(B @AP, @ AP) 


are surjective. Hence so is their composite, /. This closes the induction. 


Q.E.D. 


§4. Structure theorems 


In this article all (P, 6)-algebras will be assumed to be c-connected. 
The purpose of this article is to generalize the theorems of article 4, 
Chapter II, to (P, 5)-algebras. 


3.13. The Samelson theorem. Let (B, 6g; t) be a (P, 4)-algebra and 
consider the projection B — B® with kernel B+. It gives rise to a projec- 
tion 


op: B@ AP > B°@ AP. 


Lemma I: oz, satisfies the conditions 


03 °Vz, = 0 and op(ker Vz) < 1 @AP. 


Proof: The first relation is obvious. To prove the second, fix 
z€kerV, and write 


B= Ope + 21, 2, € B+ @AP. 
Then 
Mue, + onze Y Bi@AP, 
iE 


while dz0g2 € B! © AP. 
Since 6022 + Viopz + Vgz, =Vpz = 0, these relations imply that 
OpO pe == 0. Thus 


ope € (ker 56g)? @ AP = HB) @AP = 1 WAP. 
Q.E.D. 
In view of Lemma I there is a unique homomorphism 


ot: H(B @ AP) > AP, 


which makes the diagram 
ker Vp 


| \ 


H(B @ NP)— > \P 
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commute. oe} is called the Samelson projection for (B, 6g; 1) and the 
space Pz == PO (Im 0) is called the Samelson subspace. A graded com- 
plement of Ps, in P will be called a Samelson complement for (B, 5p; t). 

Note that these definitions reduce to the definitions of sec. 2.13 if 
bd, = 0. Exactly the same argument as given in Theorem IV, sec. 2.13, 
establishes 


Theorem IV: Let (B, 63; 1) be a (P, 6)-algebra. Then 
Im of = AP;. 


Finally, observe that if w: (B, dg; t) > (B, 63; #) is a semimorphism, 
then 
08° (vy @ 4)" = ob 


In particular, Py < Px. 


3.14. The cohomology sequence. The cohomology sequence of a 
(c-connected) (P, 5)-algebra (B, 5p; t) is the sequence 


VP. H(B) + H(B @ AP) 22 AP. 
A semimorphism q: (B, 5g; tz) > (B, 63; #) determines the commuta- 


tive diagram 


lB 


H(B) H(B @ AP) 


H(B) ——— H(B @ AP) 


l 


wd 


Next, suppose P, is a second graded space satisfying the same condi- 
tions as P (cf. the beginning of this chapter) and let a: P, > P be a linear 
map homogeneous of degree zero. Define a map t,: P; + B by 


Ty = TOW, 
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Then (B, 63; t,) is a (P,, 6)-algebra, and we have the commutative 
diagram 


vp," AB) H(B @ AP,) AP, 
e [on “4 (3.9) 
VP H(B) H(B @ AP) AP. 


Note as well that for x* € P*, 
i(x*) 0 (e @a,)* = (¢ Wa,)* 0 t(a*(x*)). 


Proposition III: Let (B, 6g,;7) be a c-connected (P, 6)-algebra. 
Then (1) /# 0 (z*)* = 0 and so ker /# contains the ideal generated by 
Im(z*)+. 

(2) of o (/#)t = 0 and so ker 9} contains the ideal generated by 
Im(/%)*. 


Proof: (1) It is sufficient to show that /§ o7* = 0, But 
Ipt(x) = r(x) @1 =VA(1 @x), xe P. 


(2) This is obvious. 
Q.E.D. 


3.15. The reduction theorem. In this section we generalize the re- 
sults of sec. 2.15. 

Let Py, be the Samelson subspace of a c-connected (P, 6)-algebra 
(B, 63; t). Choose a Samelson complement P. Then multiplication 
defines an isomorphism 


g: AP @® AP = AP 


of graded algebras. 

Next, let (B, 5g; #) be the (P, 6)-algebra determined by restricting 1 
to P, and denote its Koszul complex by (B @ AP, Vg). (Then Vz is the 
restriction of Vg to B@®AP.) In particular, (B @ AP @ AP, Vz ®t) 
is a graded differential algebra. 


Theorem V (reduction theorem): Suppose that (B, 63; 7) is a c- 
connected (P, 6)-algebra. Let P be the Samelson subspace and let P be 
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a Samelson complement. Then there is an isomorphism 
# (B @AP @ AP, Vz Qt) — (B® AP, Vs), 


of graded differential algebras, such that the diagram 


B@NP 
B@NP@AP —_+ BQN 
| |. 
Bo @ AP ® AP —<2 Bo @ AP 


commutes (A, and A, are the obvious inclusions). 


Proof: Choose a linear map 
Bp: P-> ker Vz, 
homogeneous of degree zero, and such that 


(op °B)(x)=1@-x%, xeP. 
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Then the proof of Theorem V, sec. 2.15, with trivial modifications (using 


this map, £) establishes this theorem as well. 


Corollary I: f induces an isomorphism of graded algebras 


f*: H(B @AP) @ AP = H(B @ AP) 


which makes the diagram 


H(B @ AB) 
H(B @ AP) @AP —_+ H(B ® AP) 
w= 05 
AP @ AP ea AP 


Q 


commute. 


Q.E.D. 
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Corollary Il: The diagram 


H(B @ AP) @ AP 
is % 
H(B) =f AP 
yr 
H(B @AP) 


commutes. In particular, (6%)+ = 0. 


Proof: Apply the Samelson theorem (sec. 3.13) and Corollary I. 
Q.E.D. 


Corollary III: f* restricts to an isomorphism 


f*:Im/§ = Im Ff. 


Corollary IV: /* restricts to an isomorphism 


f*: H+(B @AP) @AP = ker oi. 


3.16. The decomposition theorem. The results of this section gener- 
alize much of Theorem VIII, sec. 2.19. 


Theorem VI: Let (B, dz; 7) be a c-connected (P, 6)-algebra. Then 
the kernel of 9 contains the ideal generated by Im(/g)*. Moreover, if 
P and P denote respectively the Samelson subspace and a Samelson 
complement, then the following conditions are equivalent: 


(1) The kernel of o}% coincides with the ideal generated by 
Im(/#)t. 


(2) The map /§: H(B) ~ H(B @ AP) is surjective. 


(3) There is an isomorphism of graded algebras 


Im /# @ AP =. H(B @ AP) 
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making the diagram 
Im 1% @ AP 


= 
ce) 
Q 
> 
> 


H(B @AP) 
commute. 


(4) There is an isomorphism Im 1/f @ VP + H(B) of graded P- 
spaces, which makes the diagram 


Im 1} @VP 


an we 


H(B) 


< 
me! 
IR 
fom 
3 
De 


commute. 


Remark: For further equivalent conditions see Theorem I, sec. 
3.11, and Theorem III, sec. 3.12. 


Proof: (1) <> (2): In view of Corollaries II and III, sec. 3.15, we 
may at once reduce to the case P = 0. In this case we have to prove that 
If is surjective if and only if 


Im(I$)* - H(B ®@ AP) = H*(B @ AP). 


This follows by an elementary degree argument (in the same way as 
Lemma I, sec. 2.8). 
(2) => (3): This follows from Corollary II, sec. 3.15. 
(3) => (1): This is obvious. , 
(2) <> (4): This is proved in Theorem II, sec. 3.11. 
Q.E.D. 


Corollary I: If the conditions of the theorem hold, then ker /§ 
coincides with the ideal generated by Im(z*)*. 


120 III. Koszul Complexes of P-Differential Algebras 


Proof: In view of condition (2) of the theorem, we may apply Theo- 
rem II, sec. 3.11, to the (P, 5)-algebra (B, 6g; #) where # denotes the 
restriction of + to P. This yields a semimorphism 


g:Iml/j @VP—B 


of (P, 6)-algebras which induces a commutative diagram 


Im I? @VP - H(B) 
1+ it 
H(im 1} © VP @ AP) a H(B @ AP). 


Now recall that if S is a P-space, then the kernel of /# is the space 
SoP (cf. sec. 2.2). Thus in the diagram above 


ker /* = (Im 1} @ VB) o P. 
It follows that 
ker 7§ = g*(ker /*) = H(B)o P = H(B) - x*(P). 


Finally, Corollary II of the reduction theorem, sec. 3.15, shows that 
ker /$ = ker 7. Thus we may combine the relation above with Proposi- 
tion III, sec. 3.14, to obtain 


ker /$ = H(B) - t*(P) < H(B) - t#(VtP) c ker Jf. 
Q.E.D. 


Corollary Il: If the conditions of the theorem hold, then there is a 
commutative diagram 


(H(B)/H(B) - Im t*) @ AP 


a i * 


H(B) ~ AP 


H(B @ AP) 


in which the vertical arrow is an isomorphism of graded algebras. 
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Proof: Note that by Corollary I 
Im 1 & H(B)/ker 1§ = H(B)/H(B)- Im c*. 


Now apply part (3) of the theorem. 
Q.E.D. 


3.17. (P, 5)-algebras with AP noncohomologous to zero. Let 
(B, dz; t) be a c-connected (P, 6)-algebra. Then AP is said to be non- 
cohomologous to zero in B® AP (n.c.z.) if the homomorphism 


ot: H(B ® AP) > AP 


is surjective. 


Theorem VII: Let (B, dy; 7) be a c-connected (P, 6)-algebra. Then 
the following conditions are equivalent: 

(1) o# is surjective. 

(2) ‘There is a linear isomorphism of graded vector spaces 


H(B) ® AP &+ H(B @ AP,V;) 


which makes the diagram 


H(B) ® AP 
H(B) a a a AP (3.10) 
x 1 Z 
H(B @AP) 


commute, 

(3) - I§ is injective. 

(4) r#=0. 

(5) The spectral sequence for (B, 6,; t) (cf. sec. 3.4) collapses at the 
E,-term. 

(6) There is an isomorphism of graded differential algebras 


f: (B @AP, by) = (B @ AP, Vp) 
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such that 
fbSQ1)=b661, fl ©x)—-1@xEe Bo], FEB, xeP, 


and 
i(x*) of = foi(x*), x* € P*, 


(7) ‘There is an isomorphism of graded algebras 
g: H(B) @ AP = H(B @AP, Vz) 
which makes the diagram (3.10) commute, and satisfies 
i(x*)* og = goi(x*)*, x* € P*, 
Proof: We show that 
(1) = (2) = (3) = (4) = (6) = (7) = (1) 


and 
(6) = (5) = (3). 


(1) = (2): If (1) holds, then the Samelson subspace is all of P. 
In this case (2) follows from Corollary II of the reduction theorem (cf. 
sec. 3.15), 


(2) => (3): This is obvious. 

(3) => (4): This follows from the relation 1 o (t*)* = 0 (cf. Proposi- 
tion ITI, sec. 3.14). 

(4) = (6): If x* = 0, then there is a linear map a: P > Bt homo- 
geneous of degree zero, and such that 

= — Oz Od. 
Define 6: P— B @AP by 
B(x) = a(x) @1+1@x, xe P. 


Then, clearly, Vp 0B = 0. 
Extend £ to a homomorphism £,: AP — B @ AP and define a homo- 
morphism of graded algebras 


f:B@AP+B@AP 
by 
f(b ©) = (6@1)- (6,9), be B, BeAP. 
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Exactly as in the proof of Theorem V, sec. 2.15, it follows that f is an 
isomorphism. 
Finally, since Vg co 8 = 0, we have 


Vzof=fo dz. 
The relations of (6) are trivial consequences of the definition of f. 
(6) = (7) => (1): This is obvious. 
(6) = (5): The ideals F?(B @AP) which determine the spectral 
sequence are given by 


FB @AP)= ¥ Be @AP =(¥ Br) . (B@AP). 


n=p H=p 


Thus if (6) holds, then f is an isomorphism of filtered graded dif- 
ferential algebras; i.e., f and f-1 preserve the filtration. Hence f induces 
an isomorphism of spectral sequences. But the spectral sequence for 
(B © AP, 6g) collapses at the second term (cf. sec. 1.8). 


(5) = (3): Recall from sec. 3.4 that B® 1 is the basic subalgebra 
of B ®AP with respect to the given filtration. Thus, if the spectral 
sequence collapses at the E,-term, /} is injective (cf. Corollary III to 
Proposition VII, sec. 1.14). 

Q.E.D. 


Corollary: If AP is n.c.z. in B @AP, then H(B @ AP) is generated 
by the classes which can be represented by cocycles of the form 
z@1 or w®1+1@2x, z,weB, xeP. 


Finally, assume AP is n.c.z. in B @ AP, and let 7: AP > H(B @ AP) 
be a linear map, homogeneous of degree zero, and such that 


oRon = tb 
Define 
h: H(B) ® AP — H(B @ AP) 
by setting 
h(a & ®) = [#(a) - n(®), ae H(B), BeNP. 
Proposition IV: ‘The map h# is an isomorphism of graded spaces. 


Moreover, if 7 is a homomorphism, then / is an isomorphism of graded 
algebras. 
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Proof: Let g: H(B) ®AP—+ H(B @AP) be the isomorphism of 
part 7 of Theorem VII. Then g-! oh is an endomorphism of H(B) @® AP 
satisfying 


(gt oh —1t): HB) @AP> x Hi(B) @ AP. 


Filter H(B) © AP by the subspaces }';., H?(B) ® AP; observe that 
g-1 oh induces the identity in the associated graded space; conclude via 
Proposition VII, sec. 1.14, that g-!oh is an isomorphism. Since g is 
an isomorphism, so is h. 

Q.E.D. 


3.18. Poincaré series. In this section the Poincaré series of a graded 
vector space X will be written fy. The relation fy < fy will mean that 


dim X? < dim Y?, each p. 


Proposition V: Let (B, 63; r) be a c-connected (P, 6)-algebra. Then 
A(B) is of finite type if and only if H(B @ AP) is of finite type. In this 
case the Poincaré series satisfy the relations 


Sacsonr) Sau far (3.11) 
and 
Fuca Sve fuenr)- (3.12) 


Equality holds in (3.11) if and only if AP is n.c.z. in B @ AP. 


Proof: Suppose H(B) is of finite type. The £,-term of the spectral 
sequence for B ® AP is given by 


E, = H(B) @ AP 
(cf. sec. 3.4). Hence £, is of finite type and 
Si, = fay far- 


Now Proposition VIII, sec. 1.15, implies that: (1) H(B @ AP) has 
finite type, (2) relation (3.11) holds, and (3) equality holds in (3.11) if 
and only if the spectral sequence collapses at the £,-term. In view of 


Theorem VII, sec. 3.17, this last is equivalent to AP being n.c.z. in 
B@AP. 
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Conversely, assume that H(B @ AP) is of finite type. Recall from sec. 
3.9 that the F,-term of the VP-spectral sequence of B@VP @AP is 
given by 

E,=VP @® A(B @AP). 


It follows that £, has finite type and that 


try = fur fiavpenp) 


But according to Proposition I, sec. 3.8, H(B) = H(B®VP @AP). 
Hence, H(B) has finite type and (3.12) holds. 
Q.E.D. 


Corollary: If H(B) has finite dimension, then so does H(B @ AP). 
In this case the Euler—Poincaré characteristic of H(B @ AP) is zero. 
Moreover, 


dim H(B @ AP) < dim H(B) dim AP 
and equality holds if and only if AP is n.c.z. in B @ AP. 


Proof: Apply Proposition IX, sec. 1.16, to the spectral sequence of 
sec. 3.4 to obtain %y,ze,p) = 0. The rest follows at once from the propo- 
sition. 

Q.E.D. 


§5. Cohomology diagram of a tensor difference 


In this article (B, 6g; t) and (S, 6s; ¢) denote c-connected (P, 6)- 
algebras. (B ® S, dge@5; tT © oc) denotes their tensor difference (cf. sec. 
3.7) and (B © S ®AP, Vges) denotes the corresponding Koszul com- 
plex. 


3.19. The homomorphisms pj} and pg. Recall from sec. 3.14 the 
cohomology sequences 
VP. H(B) + H(B @ AP) 28+ AP 
and 
VP "+ H(S) 2+ H(S @ AP) “+ AP. 
In this section we construct homomorphisms 


pi: H(B © S @AP) > H(S @ AP) 


and 


pt: H(B © S @ AP) > H(B @ AP). 
Extend the projection B — B° to the projection 
pp: B@S@AP> BOS SAP. 


Then, clearly, pz oVges = —(t ®Vs) ° pg, and so we have an induced 
homomorphism 
ne: H(B ® S @AP) > B® H(S © AP). 
The image of this homomorphism is contained in 1 @® H(S @ AP). 


In fact, let ac H(B @ S ®AP). Lemma II, below, shows that @ can 
be represented by a cocycle ® such that 


De (1 @S @AP) @ (Bt @S@AP). 


Thus p,()€1@S @AP, and represents 7z(a). It follows that 
ne(a)e 1 @ A(S @ AP). 
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Since Im yg < 1 @ H(S @AP), there is a unique homomorphism 
pi: H(B @ S @ AP) > H(S @AP) such that 


nale) = 1@ pia), we H(B@S@AP). 
Similarly, extend the projection S — S° to a homomorphism 
psi BQ S@OAP> BS S° SAP. 
Exactly as above we obtain a homomorphism 
pt: A(B © S @AP) — H(B WAP). 


Thus each a € H(B © S @AP) can be represented by a cocycle @ in 
(B® 1 @AP) @ (B & S*+ @AP), and ps(P) represents p# (a). 


Lemma II: Let Qe B@®S @/AP be any cocycle. Then there is an 
element Ye B@S @AP such that 


2 — Daas € (1 @ S @AP) G (Bt © S WAP). 
Proof: Write 2 = 2, + 2, + 2,, where 
2,6 BOOS AP, Q.¢€ BOS @AP, and Qe Y BOS SAP. 
jae 


Denote w; ®V; by Vs. Then an argument on degrees shows that 
P52 = 0 and bp 825 —= V5 ; 0. (3.13) 


Now choose a subspace C < B® so that Bo=I'-1@C, and let 
xz: B°-+I be the corresponding projection. Since H(B) is connected, 
there is a linear map h: B' — B® such that 


aw—t=ho dz. (3.14) 


Since 7 @e@®e and A@®t@®e commute up to sign with Vy in 
B@®S@AP, relations (3.13) and (3.14) yield 


Q. — Vso(h@®+@t))Q,€1@®S SAP. 
Hence 
2 — Veos 2 (h @ + ®& 1)/)Q,€ (1 © SOAP) @ (Bt © S WAP). 
Q.E.D. 
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3.20. The cohomology diagram. Consider the inclusion maps 
mp: B>B@S@AP and mg: S>B@S@AP 


given by mz(b) = b © 1 @ 1 and mg(z) = 1 © z © 1. They are homo- 
morphisms of graded differential algebras and hence induce homomor- 
phisms 


mi: H(B) > H(B@S@AP) and mg: H(S) > H(B@S@AP) 


of graded algebras. Obviously, pj o (m#)+ = 0 and pf o (mt)+ = 0. 
Combining these homomorphisms with the cohomology sequences 
for (B, 6g; t) and (S, 6s; ¢) we obtain the diagram 


vy 


VP H(B) 
Ig 
of mh 
H(S) + H(B ® S ® AP) —>+ H(B @ AP) 
DR en 
is 
H(S @ AP) —,—+ AP. 


It is called the cohomology diagram for the tensor difference. 
Proposition VI: The cohomology diagram commutes. 


Proof: It is immediate from the definitions that 
ps omy = lp, proms = ls, and 0p ° Ps = Os ° pp. 


In view of these relations the two triangles and the lower square of the 
diagram commute. 

It remains to show that mot = m$oo#*. Since these maps are 
homomorphisms it is sufficient to verify that they agree in P. But for 
xe P we have 


(mgt, — mso,)(x) = (x) @1@1—1@o(x)@1 


= Vegs(1 © 1 © 2). 
Q.E.D. 
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Example: Suppose that (S, 6s; 0) is given by S = VP, 6, = 0, and 
o(x) = x, x € P, (cf. sec. 3.8). Then the cohomology diagram yields the 
commutative diagram 


H(B) 


a ig 


VP mi) | o* H(B @® AP) 


+ * 
a x 


H(B @VP@AP) 


where m# and ¢* are the inverse isomorphisms of Propositions I and II, 
sec. 3.8, 


3.21. Tensor difference with S(@ AP noncohomologous to zero. 
Suppose (B, 6g; t) and (S, dg: o) are c-connected (P, 6)-algebras. Then 
S @AP is called noncohomologous to zero in B® S @®AP if the pro- 
jection 


pi: H(B @ S @ AP) > H(S @ AP) 


(cf. sec. 3.19) is surjective. 


Remark: This is not the same as saying that AP is n.c.z. in 


B@®S@AP (cf. sec. 3.17). 


Example: If the map /$: H(S) > H(S @AP) is surjective, then 
S ®@AP is n.c.z. in B® S @AP. 


In fact, since [$ = p¥ om, pi} is surjective. 

Theorem VII: Suppose (B, 63; rt) and (5S, ds; 0) are c-connected 
(P, 6)-algebras. Then the following conditions are equivalent: 

(1) p# is surjective. 


(2) There is a linear isomorphism of graded vector spaces 


f: H(B) @ H(S @ AP) =+ H(B @ S @ AP) 
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which satisfies f(a ® 8) = mi#(a) - f(1 © B) and makes the diagram 
H(B) © H(S @ AP) 


a \ 


H(B) ay H(S @ AP) 


H(B @ SAP) 
commute. 


(3) The B-spectral sequence for the tensor difference collapses at 
the E,-term. 


Proof: We show that 
(1j=(2),  (2)=(1) (1)=@G), (3) = (1). 


(1) = (2): Let a: Z(S © AP, Vs) + H(S @AP) be the projection. 
Since pj is surjective, there is a linear map, homogeneous of degree 
zero, 


6: H(S © AP) - ker Ves, 
such that 


(i) pp° 6: H(S ®AP)+1@ 2Z(S @ AP). 
(ii) woppoO=14 
(1) A(1) = 1. 


Define a linear map 
g:B@H(S ©AP)> BES @AP 


by setting ¢(b © 8) = mz(d) - 0(8), be B, BE H(S @AP). Since 
Vas 0 6 = 0, we have 


P° (Op © t) = Vegas ° 9. 
Thus induces a linear map 
g¢*: H(B) © A(S @® AP) > A(B @ S @AP). 
It follows from (ii), (iii), and the definition that 


v*(4 © B) = mia) - o*(1 © 8B), 
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and that the diagram 
H(B) @ H(S @ AP) 


a \, 


H(B @® S @AP) 
commutes. 
To show that y* is an isomorphism, filter B® H(S @ AP) by the 
subspaces 


F(B @ H(S @AP)) = YB @ H(S @AP). 


Then ¢ is filtration preserving with respect to this filtration and the 
filtration of B® S @/AP giving rise to the B-spectral sequence (cf. 
sec, 3.9). 

Thus y induces homomorphisms ¢;: (£;, d;) > (E;, @;) of the spectral 
sequences. In particular, y is the homomorphism 


Yo: B® H(S @ AP) + BOS @AP 
given by 
pod © B) = 6 @pr6(6), be B, Be H(S@AP). 


(To see this observe that p; 0° 6 is a linear map from H(S @ AP) to 
Z(S & AP) and that 


6(B) — 1 & ppO(B) € BY © S @AP.) 


Since vy, = g&, it follows from the relation above that g, = +. Hence, 
by the comparison theorem (cf. sec. 1.14), y* is an isomorphism. 

(2) = (1): This is obvious. 

(1) = (3): Let @ be the linear map constructed above and consider 
the induced maps 9: (£;, d;) -> (E;, d;). Since ¢, is an isomorphism so 
is each y;, 7 => 1. Now the spectral sequence (E;, d;) for B® H(S ®AP) 
collapses at the E,-term. Hence so does the B-sequence (E;, d;). 

(3) = (1): Recall from sec. 3.9 that the F,-term of the B-sequence 
is given by 

ER! = H?(B) © HS @AP). 
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Let 8 € H1(S @ AP) be arbitrary, and choose a representing cocycle 
2z6€ S @AP. Then, in the notation of sec. 1.10, 


1@ ze 23". 
Since by hypothesis FE, = E,., it follows that 
ZBM = D8 + Zp0t 4 Doe = Zee + Zh, 
Thus we can write 1 ® 2 = 2, + 2, where 
2%E ZY (< Z”(B@S @AP)) 
and 


&,€ Zit-1 (< Bt @ S @AP). 


In particular, pp(z,) = 2. 
Thus if ae H(B @® S @AP) is the element represented by 2,, then 
pi(z) = B. This shows that p} is surjective. 
Q.E.D. 


Corollary I: Assume that S ®AP is n.c.z. in B@ S @AP and let 
n: H(S © AP) > H(B © S @AP) be a linear map, homogeneous of 
degree zero, and such that p}o 7 = +. Then an isomorphism of graded 
spaces 


h: H(B) ® H(S @ AP) = H(B @ S @AP) 
is defined by h(a © B) = mi(a) - n(6). 


Proof: This follows in exactly the same way as Proposition IV, 
sec. 3.17. 
Q.E.D. 


Corollary II: Assume that /§: H(S) — H(S @ AP) is surjective and 
let y: H(S © AP) — H(S) be a linear map, homogeneous of degree 
zero, such that /§ oy = . Then an isomorphism of graded spaces 


h: H(B) ®@ H(S @ AP) = H(B @S @AP) 
is given by 


A(z © B) = m§(2) - m§(r(6)), = a@e H(B), Be H(S @AP). 
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Proof: Observe that 
(po mE o y)(8) = FF ov)B)=8, Be H(S@AP), 


and apply Corollary [. 
Q.E.D. 


Finally, consider the homomorphism 
yp: H(B) © H(S) > H(B@ S @AP) 


given by p(a © 8) = mi(a) - m$(B). It follows from the commutativity 
of the cohomology diagram that 


y(t#(x) @1—1@or(x))=0, weP. 


Let J denote the ideal in H(B) ® H(S) generated by elements of the 
form t*(x) ® 1 — 1 ® o*(x), x e P. Then y factors to yield an algebra 
homomorphism 


p: HBOMS) 1B @ 5 @A?) 


Corollary III: Assume that /#: H(S)-+ H(S @AP) is surjective. 
Then # is an isomorphism of graded algebras. 


Proof: Consider the (P, 6)-algebra (B © S, dges; TO 2). Evidently, 
yp = Bes. 


By Corollary II, /%as5 is surjective. Now Corollary I to Theorem VI, 
sec. 3.16, applies, and shows that 


ker Ifo3 = [H(B) ® H(S)] - (x Qa) *(P) =1. 


Thus @ is injective. 


Q.E.D. 


Corollary IV: Assume that H(B) and H(S @ AP) are of finite type. 
Then so is H(B @ S @AP), and the Poincaré series satisfy 


Sameseap) < faim * fuiseary: 


Equality holds if and only if S @AP is n.c.z. in B® S © AP. 
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Corollary V: If H(B) and H(S @AP) are finite dimensional, then 
so is H(B ® S @AP), and 


dim H(B @ S @ AP) < dim H(B) - dim H(S @ AP). 
Equality holds if and only if S @AP is n.c.z. in B@ S @AP. 


Corollary VI: If H(B) and H(S ® AP) are finite dimensional, then 
the Euler—Poincaré characteristic of H(B ® S @ AP) is given by 


XH(B@S@AP) = XB) XH S@APy* 


§6. Tensor difference with a symmetric P-algebra 


In this article (B, 63; t) denotes a c-connected (P, 6)-algebra. (VQ; oc) 
is asymmetric P-algebra and (B ® VO @ AP, Vggvyg) denotes the Koszul 
complex of their tensor difference. 

We shall carry over all the notation of article 6, Chapter II, unchanged. 
In particular, P, < P denotes the essential subspace for (VQ; a) and 
we write (cf. Lemma VIII, sec. 2.23) 


P=P,@P, and VO=VP,@VQ,. 


P will denote the Samelson space for (VQ; @). 
Recall that Theorem VIII, sec. 3.21, gives a necessary and sufficient 
condition for a linear isomorphism 


H(B) ®@ HQ @ AP) = H(B @VO @AP) 


which makes the appropriate diagram commute. A main result of this 
article (Theorem IX) gives necessary and sufficient conditions for this 
to be an algebra isomorphism. 

Note that this contrasts with the situation for (P, 6)-algebras where 
the existence of a linear isomorphism H(B) ® AP & H(B @ AP) implies 
the existence of an algebra isomorphism (cf. sec. 3.17). 


3.22. Cohomology of the tensor difference. Recall from Theorem 
X, sec. 2.23, that H(VO @ AP) = H(VQ,; @AP,). In this section that 


theorem will be generalized to yield an isomorphism 
H(B@VQ @®AP) = H(B@VQ, ©AP,,N). 


Unfortunately, V, is more complicated than the differential operator 
corresponding to the tensor difference of (B, 6g; t [p,) and (VQ;; o;). 
First define a homomorphism 


y:B@VO+BQVO, 
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by setting 
pbQYOD=b-1¥ O90, beB, PevVP,, PBeVQ,. 


It satisfies g o dg = bg og. 
Next, define a linear map 


™1:P,>+B@VQ, 


by t,(x) = t(x) ® 1 — (1 © o(x)), x € P,. Then (B © VQ,, 53; 11) is 
a (P,, 6)-algebra. Denote its Koszul complex by (B © VQ, & AP;,V). 

The inclusion map m,: B > B ® VO, ® AP, is a homomorphism of 
graded differential algebras. Moreover, since H(B) is connected, the 
projection p~,:B @VQ, @ AP, > BY @®VO, @®AP, induces a homo- 


morphism 


pF: A(B ® VQi @®AP,) > AH(VQ, @®AP,,Vz,) 


in exactly the way described in sec. 3.19. 
Finally, let 8: P— P, be the projection with kernel P,, and extend 
it to homomorphisms 


B: AP > AP, and =f,: VP>VP,. 


Proposition VII: With the hypotheses and notation above: 

(1) p @B: (B@VO @AP, Vesve) + (B OVOi @AP1, Vi) is a 
homomorphism of graded differential algebras. 

(2) (y @§8,)* is an isomorphism. 

(3) The diagram 


PE 


A(B ® VQ © AP) H(VQ @ AP) 
H(B) 4 = | (788.)* = | (7@Ba)* 
H(B ® VQ: @ AP;) > H(VQ, @ AP) 


commutes, where y: VO + VQ, denotes the projection defined in sec. 


2.23. 
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Proof: (1) and (3) are straightforward consequences of the definitions. 
The proof of (2) is essentially the same as the proof in Theorem X, sec. 


2.23, that (y & 8,)* is an isomorphism. The necessary modifications 
are left to the reader. 


Q.E.D. 


3.23. The algebra isomorphism theorem. Theorem IX: Let (B, 
63; T) be a c-connected (P, 6)-algebra, and let (VQ; a) be a symmetric 
P-algebra. Then the following conditions are equivalent: 

(1) There is a homomorphism y: VQ -> H(B) ®VQ/VO oP. of 
graded algebras, which makes the diagram 


+ 


VP = H(B) 
VQ ——» H(B) ®VONO © P 
i 
VO/VO ° P 


commute (/ is the projection). 
(2) There is an isomorphism 


f:(B @VQ @AP, Veove) —+ (B® VO @AP, bz — Vi) 
of graded differential algebras, which makes the diagram 


B@VO@AP 
a =ls View 


\ TA 


B@VO @AP 
commute. 


(3) There is an isomorphism 


g: H(B @VO @AP, Vaevg) —+ H(B) © H(VO @ AP) 
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of graded algebras, which makes the diagram 


H(B) © H(VQ @ AP) 


a * 


H(B) ~|o H(VO @ AP) 


H(B @VO @AP) 


commute. 


Remark: Consider the tensor difference as a generalization of (P, 6)- 
algebras with VO @®AP replacing AP. Then Theorem VIII, sec. 3.21, 
and Theorem IX together generalize Theorem VII, sec. 3.17. In fact, 
if one sets Q = S = 0 in Theorems VIII and IX, one finds that the 
conditions Theorem VIII: (1), (2), (3) and Theorem IX: (1), (2), (3) 
reduce respectively to the conditions Theorem VII: (1), (2), (5), (4), 


(6), (7). 

However, in general the conditions in Theorem VIII are not equivalent 
to those in Theorem IX (cf. the corollary to Proposition VIII, sec. 3.25, 
and sec. 12.31). 


3.24. Proof of Theorem IX: (1) = (2): In view of the commu- 
tative diagram of (1), we may write 


y() = 7%) +1@Ko), EQ, 
where y: OQ > H+(B) © VO/VQ © P. Choose a linear map 
i: Q + Z*(B) © VQ, 


homogeneous of degree zero, so that 2° 7 = @. (Here 2: Z(B) ® VQ 
— H(B) © VQ/VQ o P is the projection.) 
Define 1: Q > Z(B) © VQ by 
n(P)= (G)+1@4%, GeEQ, 
and extend 7 to a homomorphism 7,: VO > Z(B) ® VQ. Then 


non =y and 7()—1@Ge2+(B)@VO, Seva. (3.15) 
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On the other hand, the commutative diagram of (1) shows that 
t#(x) © 1 = po(x), xe P. 
Since 20 n, == y, it follows that 


t(x) ® 1 — no(x) € ker 2; 


r(x) @1— n,o(4) € 8,(B) @VO + Z(B) @ (VO P). 
Next observe that since («) and 7,0(x) have even degree we can write 
r(x) @1— mole) € da FBP) @VO + 2B) @ (VO P) 
< 6,(B+)@VO + Z(B)@(VOcP), xeP. 
Thus we obtain from formula (3.15) that 


u(x) @ 1 — (y,o(x) — 1 @ o(x)) € bn(Bt) @VO + 2*(B) © (VO © P), 
xe P, 
It follows that there are linear maps 
6,;:P > B+ ®VO and 6,:P > Z+(B) ®VO @P, 
homogeneous of degree zero, such that 
t(x) © 1 — no(x) + 1 @& o(x) = 6,6,(x) — V,6,(x), xe P. 
(3.16) 
Define a linear map 6: P> B @®VQ @/AP by setting 


A(x) =1@1@x+ Ox) @1+ 6x), xeP. 


Extend 6 to a homomorphism 6,:AP>B@®VQO@AP. Finally, 
define a homomorphism 


f:B@VO @AP > B@®VO @AP 
by 
fb @¥ © G) = (6©1@1)- (n¥ @1) - (6,9), 
be B, YeVvVO, GeEAP. 
Since (cf. formula (3.15)) 


n(Y) ®1—1@¥% @le Bt @VO SAP, We VQ, 
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and (by definition) 
6,() —1@1@ Ge B+ @®VO WAP, @ € AP, 
it follows that 


(f—0: ¥ BE@VO@AP> FY Be@VO@AP, p=0,1,.... 
wep p2ptl (3.17) 


This implies (as in the proof of Theorem V, sec. 2.15) that f is an iso- 
morphism. 

The commutativity of the diagram of (2) is an immediate consequence 
of formula (3.17) and the definition of f. Finally, a simple computation, 
using formula (3.16) and the relation 6, ° 7, = 0 shows that 


fe Veeve = (63 — V,) of. 


(2) = (3): This is obvious. 
(3) => (1): Recall from sec. 2.2 that Ho(VQ @®AP) = VQ/VOQ o P. 


Thus we have a commutative diagram of algebra homomorphisms 


Qe 


H(B) © H(VQ @AP) 


| 


H(VQ @ AP) > VONOQ ° P 
a\ je 
vO 


where g denotes the projection with kernel H,(VQ & AP). 
Now set 


H(B) © VOINQ o P 


y= (« @e)°go mig. 


Then, combining the cohomology diagram for the tensor difference 
(sec. 3.20) with the commutative diagram of (3) and the commutative 
diagram above, we obtain the commutative diagram of (1). 

Q.E.D. 


Corollary: If +* = 0, then the conditions of Theorem IX hold. 
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Proof: Set y(¥) = 1 @ IP), ¥ € VQ, and observe that the diagram 
of (1) commutes. 
Q.E.D. 


3.25. The homomorphism \p. In this section we study the com- 
mutative diagram in Theorem IX, (1). 


Proposition VIII: Let (VQ; 0) be an essential symmetric P-algebra 
such that VO/VQ o P has finite dimension. Let A be a connected graded 
anticommutative algebra. Suppose 


@ 


VP A 


ay i 


VO —+ 4 ®VONO oP 


VONQ =P 


is a commutative diagram of homomorphisms of graded algebras, where 7 
and g are the obvious inclusion and projection. 

Then, if J’ has characteristic zero, (1) Im yt < A @ (VO/VQ o P)* 
and (2) y+ = 0. 


Proof: In view of the commutative diagram, (2) is a direct conse- 
quence of (1). To establish (1), let #: VO — A be the (unique) homo- 
morphism satisfying 


VP) — OPV) @lEASWVONOcP), PKPevg. 
Then (1) is equivalent to the relation 
@(VtQ) = 0. (3.18) 
To prove formula (3.18) we show by induction on & that 
pQ?7)=0, 1sp<k. (3.18), 


Formula (3.18), is trivially correct. Now assume that formula (3.18),_1 
holds. 
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Let I be the ideal in VO generated by o(P) + Dj<; Q%, and let 
a: VO/VO°P>VO/I 


be the corresponding projection. Further, set R = A/>;., A’, and Jet 
ap: A — R be the projection. Set 


Yr = (12 © 2) oy, PR= TRF, 
Pr= TARY, l=nolL 
Then the diagram (of algebra homomorphisms) 


PR 


VP R 
VO —2+ R@VO|I 
l 
VO|I 


commutes. 


Since (VO/I)? = 0, 1 <p <k, it follows that 
pAlVY) = PY) @©1+1@U"Y), We Ot. 


Fix Y € O* and let m (m > 1) denote the least integer such that [/(¥)]” 
=. (Recall that VO/VQ oP has finite dimension.) Since R? = 0, 
p>k, [@r2(¥)]? = 0. Thus we obtain 


pr(P") = npr(¥) © [(P)"* + 1 @ EY) 
= np ,(¥) @ WP). (3.19) 
On the other hand, since 
Uv") = [IP)}" = 0, 
it follows that Y" € J. Hence, Lemma III, below, implies that 
pp(¥") = 0. (3.20) 


Combining formulae (3.19) and (3.20) yields #,(¥%) = 0 (since I” has 
characteristic zero). 
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Finally, observe that mp: A’ —+ R*. Since xp@(¥) = 0, it follows 
that #(¥) = 0. Thus formula (3.18), is established, and the induction 
is closed. 


Q.E.D. 


Lemma III: Assume formula (3.18),_, holds. Then (with the nota- 
tion established in the proof of Proposition VIII) 


Ic ker pp. 


Proof: Since R? = 0, p >k, we have 
Pr(Q"*) - Px(Q*)=0 and GA(Q")=0, pk 


Moreover, formula (3.18), , implies that %,(Q?) = 0, p <k. These 
relations show that 


Pr(V*Q) - Gr(V*Q) = 0. 
Now the commutative diagram of the proposition implies that 
yr(o(P)) <R@1 


and so wp(o(P)) = p(o(P)) & 1. Since (VQ; o) is essential, we have 
o(P) < VtO - V+Q; hence 


yr(o(P)) < Pr(VtQ) - PrR(V*Q) © 1 = 0. (3.21) 


On the other hand, since [> Q?, p <k, we have (VO/I)? = 0, 
0<p<hk. It follows that 


ya(Q?)o RPO, p<k 
This, together with formula (3.18),_, yields 


vR(Y) = (VY) © 1 = 0, Pe YQ. (3.22) 


p<k 


Relations (3.21) and (3.22) show that 


ker yp > Y, Q? + o(P). 
p<k 


But the space on the right generates the ideal J; thus since ker wp is 
an ideal we have ker pp > J. 


Q.E.D. 
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In view of Theorem IX, sec. 3.23, and its corollary, we obtain the 
following 


Corollary: Let (VQ; ) be as in the proposition, and let (B, 63; T) 
be a c-connected (P, 6)-algebra. Assume that J" has characteristic zero. 
Then there is an algebra isomorphism 


g: H(B@®VQ @ AP) —> H(B) @ HVE @AP), 


making the diagram of Theorem IX,(3) commute, if and only if r* = 0. 


3.26. Theorem X: Let (VQ; 0) be a symmetric P-algebra with es- 
sential subspace P, such that H(VQ @ AP) has finite dimension. Let 
(B, 6p; t) be a c-connected (P, 6)-algebra, and assume that the tensor 
difference satisfies the conditions of Theorem IX, sec. 3.23. 

Then P, is contained in the Samelson space for (B, 6; Tt): 


P, < Im 9. 
Lemma IV: With the hypotheses of Theorem X 
c*(P,) < H+(B)-1*(P,) 


(where P = P, @ P,). 


Proof: In view of Theorem IX, (1) we have the commutative diagram 


* 


VP H(B) 
VO —+ H(B) @VO|VO > P (3.23) 
ve 
VOINVO o P. 


Moreover, the projection VQ > VQ, induced by the decomposition 
VO = VP, ® VQ, induces an isomorphism 


VONVQ ° P= VQ,/VQ, - o;(P)). 
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We identify these algebras under this isomorphism. Observe that 
o,: P, + VQ, is the linear map of sec. 2.23. 
Denote by A the factor algebra 


A = H(B)/H(B)-<*(P,) 
and let 24: H(B) — A be the projection. Define 


VOr 
pi: VO, >A® VO,-o,(P;) 


by vi(¥) = (4 © *)(y(¥)), ¥ € VO,. 
We show that the diagram 


* 
Naotw 


VP, A 


(ay)y 


VO, —*+ A @VO,VO,- o(P,) 


VO, /VQ1: o1(P1) 
commutes, 

The commutativity of the triangle is obvious. To prove that the square 
commutes, recall that VO = VP, @ VQ, and that the restriction of o, 
to VP, is given by 

o(%)= O@1, ®eVP,. 


Moreover, a(x) € VtO - VtO, xe Py. 
Thus we can write 


a(x) = &x)@1+ YO, @¥,+1@a(x), «xe Py, 
where 
a(x) € (VtP.) - (V+P), ®,6EVtP,, and Wie V+Q,. 
It follows that (cf. diagram (3.23)) 
r¥(x) @ 1 = po(x) 
ty G(x) @ 1+ yy (77(®,)@1) - (Pi) + v(a(x)), ve Py. 
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Hence 
nt*(x) @1 = (as @0) ov(ailx)) = vilo(x)), ve Py. 


This shows that the square commutes, 
According to sec, 2.23, (VQ,, o,) is an essential P-algebra. Thus 
Proposition VIII, sec. 3.25, implies that 


vilV*Q1) < A @ (VOIVO1 + on(Pi))*- 
It follows that 
v(Q1) < H(B) © (VOIVQ ° P)* -+ (H(B)- t*(P2)) © VOIVQ © P. 
Since p(P,) ¢ t*(P,) @ 1, this implies that 


y(V*Q) < H(B) © (VQ/VO o P)* + (H(B)- r*(P2)) © VOIVOE © P. 
(3.24) 


Now let #: VQ -+ H(B) be the homomorphism obtained by com- 
posing y with the projection H(B) ® VQ/VQ o P > H(B). Then formula 
(3.24) yields 

P(V*Q) < H(B) - t*(P2), 
whence 
p(VtQ - VtQ) < Ht(B) - r*(P,). 
But for xe P,, o(x)e VtO - V+tQ, and so 
t*(x) = Plo(x)) © H*(B) - t#(P,). 
Q.E.D. 
Proof of Theorem X: In view of Lemma IV, there is a linear map 
6,:P,>2Z+(B)@®P,+ Bt@l, 
such that V,0,(«) = —t(x) © 1, xe P,. Hence 
Va(1 © « + 6,(x)) = 0 and on(1 & x + 6,(x)) = x, xe Py. 


This shows that P, < Im 0%. 
Q.E.D. 


§7. Equivalent and c-equivalent (P, &)-algebras 


3.27. Equivalent (P,6)-algebras. Two (P, 6)-algebras (B, 5,; 1) and 
(B, dn; @) are called equivalent if B = B, 53 = 6,, and t* = t*. 


Proposition IX: Let (B, 6; 1) and (B, 4,; =) be equivalent (P, 4)- 
algebras. Denote their Koszul complexes by (B @AP,V,) and 
(B® AP,V). Then there is an isomorphism of graded differential 
algebras 


f: (B @AP, Vn) + (B@AP, Vn) 
such that fo 7(x*) = i(«*) of, «* € P*, and the diagram 


B@AP 


B = 
B@AP 


commutes. 
In particular, f* is an isomorphism. 


Proof: Since t* = 7*, there is a linear map a: P — B+, homogeneous 
of degree zero, such that 


t— F= dpa. 
Define 8: P— B @®AP by 
B(x) =1@©x+ a(x) @ 1, xe P, 
and define f: B® AP > B @AP by 
f(6@ G) = (6 @ 1): B), be B, ®eNP. 
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It follows exactly as in the proof of Theorem V, sec. 2.15, that f is 
an isomorphism. The remaining properties are straightforward con- 
sequences of the definition of f. 


Q.E.D. 


Remark: ‘Theorem VII, sec. 3.17 ((4) = (6)) is a special case of the 
proposition above. 


Proposition X: Let (B, 63;1) and (B, 6g; z) be (P, 5)-algebras. 
Assume that y: B —> B is a homomorphism of graded differential algebras 
such that p#o7r* = 7*, 

Then there is a homomorphism of graded differential algebras 


y: (B @AP, Vz) > (B @ AP, Vz) 


such that p o7(x*) = 1(x*) oy, x* € P*, and the diagram 


B®. B@ AP —22-+ B° @ AP 


B—_+B@/P Be @ AP 


? 


eB 
commutes. 


Proof: Consider the map ¢:P—>8 given by t= got. Then 
gy: (B, dg; t) — (B, 5g; £) is a homomorphism of (P, 6)-algebras; hence 
gp © t:(B@AP,Vz) > (B @AP, 62 + V;) 


is a homomorphism of the Koszul complexes. 
On the other hand (B, dg; @) is equivalent to (B, 5g; #); thus Proposi- 
tion IX yields an isomorphism 


f: (B® AP, 6g + Vz) = (B @ AP, Vp) 


of Koszul complexes. Now set y = fo (9 ® 2). 
Q.E.D. 


3.28. c-equivalent (P,5)-algebras. A (P, 6)-algebra (B, 6; 1) will be 
called cohomologically related (c-related) to a (P, 5)-algebra (B, 5; 7) if 
there is a homomorphism of (P, 6)-algebras q: (B, 6; t) > (B, 4; #) 


7. Equivalent and c-equivalent (P, 6)-algebras 149 


such that y*: H(B) — H(B) is an isomorphism. In this case we write 


(B, 6; t) —+ (B, 4; #) 


and call p a c-relation. (Note that then (B, 6) —> (B, 5); cf. sec. 0.10). 

Two (P, 6)-algebras (B, 6; 7) and (B, 5; ~) will be called cohomo- 
logically equivalent (c-equivalent) if there is a sequence of (P, 6)-algebras, 
(B;, 6;; t;) (@ = 1, ...,) such that 

(1) (Bi, 6); %) = (B, 6; z) and (B,, 6,3 t,) = (B, 6, 2). 

(2) For eachi(1<1<n—1), either (B;, 6;; t;) + (Biya, Oi413 Ti41), 
or (Bisi, di413 Ti41) => (Bj, 4;; t;). This is an equivalence relation; it 
is denoted by 

(B, 6; t) ~ (B, 4; 7). 


A specific choice of the (B;, 6;; t;), together with a specific choice of 
the c-relations between them, is called a c-equivalence between (B, 6; T) 
and (B, 4; 7). 

Let {(B;, 6;; 7), p;} be a fixed c-equivalence. Then {(B;, 6;), 9} 
is a c-equivalence between the graded differential algebras (B, 5) and 
(B, 5) (cf. sec. 0.10). On the other hand, Theorem I, sec. 3.10, implies 
that {(B; @AP,Vz,), p; © of is a c-equivalence between the Koszul 
complexes (B ®AP, Vz) and (B @ AP, Vp). 

The resulting isomorphisms 


H(B) = H(B) (3.25) 
and 


H(B @ AP) = H(B @AP), (3.26) 


will be called the zsomorphisms induced by the c-equivalence {(B;, 5;3 7;), Pi}. 
It is immediate from the definitions that the isomorphisms (3.25) and 
(3.26) make the diagram 


B 


H(B) H(B ® AP) 


< 
y 
IR 
R 
> 
~ 


iid e% 


H(B) aes H(B @ AP) 
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commute. (The right-hand triangle is to be omitted unless H(B) and 
H(B) are connected.) 

Moreover, the c-equivalence between (B © AP, Vg) and (B @ AP, Vz) 
determines an isomorphism of their spectral sequences, and of their 
lower spectral sequences (cf. sec. 3.4 and sec. 3.5). 

Finally, let (S, 6s; 7) be any (P, 6)-algebra. Then 


{(B; © S © AP, Ve,es)s Vi Qt Qs} 


is a c-equivalence between the Koszul complexes (B ® S ® AP, Ves) 
and (B® S @AP,Vges) for the tensor differences. The induced iso- 
morphism 


H(B ® S ®AP) ~ H(B @ S @AP), (3.27) 


together with the isomorphisms (3.25) and (3.26), defines an isomorphism 
of cohomology diagrams. Moreover, there is an induced isomorphism of 
B- and S-spectral sequences (cf. sec. 3.9). 


3.29. Let (B, 6; x) and (B, 4; z) be (P, 6)-algebras. Suppose there 
is a c-equivalence between the differential algebras (B, 6) and (B, 4) 
with induced isomorphism 


y: H(B) =+ H(B). 


Proposition XI: Assume y o 7* = ¢*, Then there is a c-equivalence 
of (P, 4)-algebras 
(B, 6; 7) ~ (By6: 2); 


such that the induced isomorphism H(B)—+ H(B) coincides with y. 
Proof: It is easy to reduce to the case that there is a homomorphism 
of graded differential algebras 
y: (B, 6) + (B, 4) 


such that p* = ». 

Let yp: (B @AP, Vz) - (B @AP, Vz) be the homomorphism con- 
structed from @ in Proposition X, sec. 3.27. Extend y in the obvious 
way to a homomorphism 


$: BQVP @AP + B@VP QAP, 
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such that #11 ®Y¥@1)=1@®¥ O61. Then the relations yp oi(x*) 
= i(x*) oy, x* € P*, (cf. Proposition X) imply that 
? °Veeve = Viteve ° #- 


(Here Vggyp and Vaayp denote the differential operators in the tensor 
differences—cf. sec. 3.8.) 

Now consider the (P, 6)-algebras, (B © VP @AP, Vgevp; «) and 
(B @VP @AP, Vaove3 &), where 


o(x)=1@x*@l and xy =1@Qx OQ], xe P. 
Then # is a homomorphism of (P, 6)-algebras. Moreover 
pomz = mz°Q, 


as follows from the construction of y. 

Since (cf. Proposition I, sec. 3.8) mand m% are isomorphisms, and 
since y* is an isomorphism by hypothesis, it follows that #* is an iso- 
morphism. Thus 


(B@VP @AP, Vaevp; 6) — (B @VP @ AP, Vwve’ 4)- 
Finally, observe that Proposition II, sec. 3.8, implies that 


(B@VP @AP,Veevps 6) —* (B, 6; 7) 
and 
(B @ VP @AP, Vaave; &) a (B, 5; t). 


These three c-relations define a c-equivalence between (B, 6; rt) and 
(B, 4; z). 

Moreover (cf. Proposition II, sec. 3.8), the induced isomorphism £ 
between H(B) and H(B) is given by 


p= (m§) 10 f* ome =p =y. 
Q.E.D. 
Corollary: Equivalent (P, 6)-algebras are c-equivalent. 
Example: Suppose (B, 6; 7) is a c-connected (P, 6)-algebra such 


that the differential algebra (B, 6) is c-split. Then we can apply Proposi- 
tion XI to a c-splitting 


(B, 6) > (A(B), 0), 
(cf. sec. 0.10). 
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This yields a c-equivalence 
(B, 8; 2) ~~ (H(B), 0; 74) 
inducing the identity in H(B). Thus (B, 6; 1) is c-equivalent to its 


associated P-algebra (H(B); t*) (cf. sec. 3.3). 
The commutative diagram of sec. 3.28 reads 


H(H(B) © AP, Vi.) 


bd te 
he \gee 


H(B) ~ AP 


H(B @ AP, Vp) 


(The vertical arrow is the isomorphism induced by the c-equivalence.) 
In particular, it follows that 
ker ij(n) = ker 13. 
3.30. Symmetric P-algebras. Theorem XI: Let (VQ; a) be a sym- 


metric P-algebra with Samelson space P. Then the graded differential 
algebra (VO @AP,V,) is c-split if and only if 


dim P = dim Q + dim P. (3.28) 


Proof: First assume that (3.28) holds. Let P be a Samelson comple- 
ment. The reduction theorem (sec. 2.15) shows that 


(VO @AP,V,) ~ (VO @AB,V,) @ (AP, 0). 
Define a homomorphism of graded differential algebras 
v: (VO @AP, V,) + (VON ° P, 0) 
by setting 
y(¥ ® 1) = P) and y(Y © &) = 0, PevO, PeA'tP. 


Since dim P = dim Q, Theorem VIII, sec. 2.19, implies that 
H,VQ @AP) = 0, and it follows easily that y* is an isomorphism. 
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Thus 
(VO @AP,V,) ~ (VOINO © P, 0), 


and so (VO ®AP,V,) is c-split. Hence so is (VO @ AP, V,). 
Conversely, assume that (VO ® AP, V,) is c-split. Define an oddly 
graded space T= >, T* by 


Te = OF, | a os eee 
and consider the (7, 6)-algebra (VO @© AP, V,; t), where 
t(x) =x ® 1, xe T. 


Since the base of this (7, 6)-algebra is c-split, the example of sec. 
3.29 (with B= VO @AP, 6 =F) yields the commutative diagram 


H(H(VQ © AP) @AT, V,.) 


oa 
‘A(VQ@AP) 


H(VO @AP @AT, Vy). 


= 


H(VQ © AP) 


Maar 


Next, let y: VO @AP ®AT—AP be the obvious projection. It 
satisfies p o Vz = 0 and an easy spectral sequence argument shows that 
it induces an isomorphism 


y*: H(VO @AP @AT, Vz) —. AP, 
Moreover, if yg: VQ &® AP > AP denotes the projection, we have 
9 ° lyeanr = Ova» 


whence ¢* © [Ygenp = ova. 
Combining this with the commutative diagram above yields the 
commutative diagram 


H(H(VQ @AP) @AT) 


is Wf 
HH (VQ@AP) 


H(VQ @AP) 


IR 


* 
eve 


AP. 
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It follows that 
ker Tiveear) = ker ove. (3.29) 


Finally, observe that (H(VO ® AP) ®AT, V,«) is the Koszul complex 
of the 7-algebra (H(VQ © AP), t*). Thus, in view of Proposition V, 
(1), sec. 2.14, the kernel of J,yge@ap) coincides with the ideal generated 
by Im(z#)+. Since 


1, = lg: VO VO @AP 


(as follows from the definition of r), we have t# = [¥9. Thus ker [7jvgeap) 
is the ideal generated by Im(I%g)*. 

Now relation (3.29) shows that ker eg coincides with the ideal 
generated by Im(/%g)+. Thus, applying Theorem VIII, sec. 2.19, 
((2) = (1)), we obtain (3.28). 

Q.E.D. 


PART 2 


In this part J” denotes a commutative field of characteristic zero, and 
all vector spaces and algebras are defined over I’. 
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Chapter IV 


Lie Algebras and Differential Spaces 


§1. Lie algebras 


4.1. Basic concepts. A Lie algebra is a vector space E together with 
a bilinear map 
[,]:ExE-E 


which satisfies the conditions 


[x;. 4] = 0, xe E, 
and 


[x [y 2] + fe, bo t+ fy [x] =9, xy, 268 
(Jacobi identity). 


A homomorphism y: E —» F of Lie algebras is a linear map — such that 


Px, ¥] = [p(x), p(y)], X VE E. 


A subalgebra of E is a subspace E, ¢ E, which satisfies [x, y] € Fi, 
x, y € E,. A subspace J of a Lie algebra E is called an ideal if [x, y] < I, 
xeEk,yel. 

If J is an ideal in £, there is a unique multiplication in £/J making 
E/I into a Lie algebra, such that 2: E -+ E/I is a homomorphism of Lie 
algebras. The Lie algebra E/J is called the factor algebra of E with respect 
to the ideal J. The direct sum of two Lie algebras E and F is the vector space 
E@F with Lie product given by [x, ®y1, x. ® ye] = [*1, %2] @ [v1 2], 
x,¢ E, y,eé F. E and F are ideals in FE @ F. 

If yp: E-+ F is a homomorphism of Lie algebras, then the kernel of 
y is an ideal in E. 

The elements z € E which satisfy 


[x, z] = 0, xe &, 
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form an ideal Z,; in E, as follows from the Jacobi identity. Zz is called 
the centre of E. A Lie algebra E is called abelian, if it coincides with its 
centre; ie. if [x,y] = 0, x,ye E. 

The derived algebra E’ of a Lie algebra is the subspace of EF spanned 
by the products [x, y], x, y € E. E’ is an ideal in E. 

If {7,} is a family of ideals in EZ, then the spaces (),/, and }, 1, are 
again ideals. If E, and FE, are subspaces, we denote by [£,, E,] the 
subspace of E spanned by the products [x,y], xe £,, ye E,. If 1, 
and J, are ideals, then [/,, 7,] is an ideal and [J,,J,] cl, J). 


4.2. Representations. Let V be a vector space and consider the 
space Ly of linear transformations g: V > V. Then the bilinear map 
Ly xLy > Ly given by (¢, y)>yvoy— yop makes Ly into a Lie 
algebra, 

A representation of a Lie algebra E in a vector space V is a homo- 
morphism of Lie algebras 


0:E > Ly. 


Given two representations 0): E— Ly and Oy: E—Ly of a Lie 
algebra E, a linear map vy: V — W 1s called E-linear if 


go Oy(x) = Oy(x) og, xe k, 


Let 6: E > Ly bea representation of Ein V. Then a subspace W c V 
is called stable under 6 or simply E-stable if 


O(xwe W, xek, wew. 


In this case 6 induces a representation of Ein W. It is called the restriction 
of 6 to W. If W < V isa stable subspace, there is a unique representation 
of E in V/W such that the projection V —> V/W is E-linear. 

On the other hand, if F is a subalgebra of EZ, then 6 restricts to a 
homomorphism 67: F + Ly. This representation is called the restriction 
of 8 to F. 

A vector v € V is called invariant under 6 if 


A(x)v = 0, xe k, 


The invariant vectors form a stable subspace of V, denoted by Vo_o, 
and called the invariant subspace. 
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A second stable subspace of V is the vector space generated by the 
vectors of the form 6(x)v, x € E, ve V. It is denoted by 6(V). 

A representation 6 of EF in V is called faithful if the homomorphism 
6: E —> Ly is injective. 

If 6, Oy, and 6,4 are representations of FE in U, V, and W, we obtain 
representations of FE in V @ W, V @ W, U*, AU, VU given respectively 
by 

yaw (x) = Oy(x) D A(x) 


bvew(x) = Gy(x) @ e+ ¢ @ Oy(x) 


B(x) == —O6(x)* 
O,(x)(uy A a: 928 AUy) = S ur ee O(x)u; eee A Uy 
O,(x)(uy V = + V ty) = Paap y ++ O(a; ++ V ty, 


i=l 
The representations @ and 65 are called contagredient. Evidently, 


Ovew(*) = 64-(x) ® Oir(x), Biew(x) = H(x) @ r++ Bir (x), 
(6,)* = (6), and = (6,)* = (64),. 


We shall write 
6h = 6% = and 64 = OY. 


A-representation 6 of E in a graded space is a representation such that 
the operators 0(«) are homogeneous of degree zero. A representation in 
an algebra is a representation such that each 6(x) is a derivation. A 
representation in a graded algebra is a representation such that each 6(x) 
is a derivation, homogeneous of degree zero. 

Let 6 be a representation of E in a finite-dimensional vector space V. 
Then the trace form of 6 is the bilinear function T,: Ex E — I given by 


T(x, y) = tr 6(x) o A(y). 
It satisfies 


T.([x, y], 2) + To(y, (x, 2]) = 9, x,y, 26 E. 


The adjoint representation of a Lie algebra E is the representation 
ad: F + Lg, given by 


(ad x)y = [x, y], x, ye. 
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The Jacobi identity implies that this is indeed a representation of E. 
Observe that each map ad x is a derivation in E; i.e., 


ad x([y, 2]) = [ad x(y), 2] + [y, ad x(z)], x,y,26EE, 


The trace form of the adjoint representation of a finite dimensional Lie 
algebra E is called the Killing form of E, and is denoted by (x, y) b> 


K(x, y). 


4.3. Semisimple representations. A linear transformation g of a 
vector space V is called semisimple if whenever W is a subspace stable 
under g, then there is a second g-stable subspace W, such that V = 
WO W,. 

A representation 6 of E in V is called semisimple if, for every E-stable 
subspace W c V, there is a second E-stable subspace W, < V such 
that V = W@W,. As an immediate consequence of the definitions 
we obtain 


Lemma I: Let 6 be a semisimple representation of E in V and 
assume that W is a stable subspace. Then 

(1) V = Voeo @ WV). 

(2) If dim V is finite, then 6% is a semisimple representation in V*. 

(3) The restriction of 6 to W and the induced representation in 
V/W are semisimple. 

(4) Wooo = WO Voy and 0(W) = Wr OV). 

(5) (V[Wyaxo = Voool Woo and 0(V/W) = 0(V)/0(W). 

(6) If Z is another vector space, then the representation «+> 0(x) © 4 
in V @ Z is semisimple. 


A representation 6 of E in V is called quast-semisimple if the restriction 
of 6 to every finite-dimensional stable subspace is semisimple. 


Proposition I: Let 6) and 6y be representations of a Lie algebra E 
in vector spaces V and W, and assume that 6,, is quasi-semisimple. 
Let 6 denote the representation in V © W induced by 6) and Oy, and 
let Pe (V © W)o-y- 

Then there are finite-dimensional subspaces Y < V, Z < W with 
the following properties: 


(1) Y (respectively, Z) is stable under the operators 0)(x) (respec- 
tively, Oy-(x)), xe E. 
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(2) The induced representations 6y and 6, of E in Y and Z are 
semisimple. 


(3) Pe (Y ©2Z)o-0- 
Proof: Write 


m 
Y= JY4s©w4, v,EV, w;,€ W, 
aI 


where the v; and the w,; are linearly independent. Let Y denote the 
space spanned by the vectors v; and let Z denote the space spanned by 
the vectors w;. Then (3) is obvious. 

We show first that the spaces Y and Z are E-stable. In fact, since 
6(x)¥ = 0, x € E, we have 


a Oy (x)v;, © w= — = V; © Oy(x)w;. 


Thus 
d 9(x)x, © He VOZ)A(Y@QW)= VY OZ. 


Since the w; form a basis for Z, it follows that 
6,(x)v;€ Y, xeE, i=1,...,m. 


Thus Y is E-stable. Similarly, Z is E-stable. Let 6)- and 0z denote the 
restrictions of 0) and 64 to Y and Z. 
Now the canonical isomorphism a: Y @ Z —+ L(Y*; Z) satisfies 


a(0(x)®) = O,(x) 00(6) — a(@) 0 B(x), OEY QZ, xe. 


It follows that a(¥) is an E-linear map from Y* to Z. Elementary linear 
algebra shows that a(¥) is an isomorphism. But since 6, is quasi-semi- 
simple, and Z is finite dimensional, 6, is semisimple. Since a(¥) is an 
E-linear isomorphism, it follows that 6} is semisimple. Hence so is Oy. 


Q.E.D. 


4.4. Semisimple Lie algebras. A Lie algebra is called simple if it 
is nonabelian and contains no proper nontrivial ideals. 


Theorem I: Let E be a finite-dimensional Lie algebra. Then the 
following conditions are equivalent: 


(1) The Killing form of E is nondegenerate. 
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(2) E is the direct sum of simple ideals. 
(3) Every representation of E in a finite-dimensional vector space is 
semisimple. 


Proof: Cf. [1; Theorem I, p. 71, Prop. 2, p. 74, Theorem 2, p. 74]. 


A Lie algebra that satisfies the (equivalent) conditions above is called 
semisimple. Theorem I, (1) shows that if E is a semisimple Lie algebra 
(over J’) and 2 is an extension field of J’, then E @p 2 is a semisimple 
Lie algebra (over 2). 

If E is semisimple, then Zz = 0 and E’ = E. 

A finite-dimensional Lie algebra E is called reductive if 


E=Z,@E' 


and E’ is semisimple. It follows from Theorem I that E is reductive if 
and only if the adjoint representation of E is semisimple. 

A finite-dimensional Lie algebra E over R is called compact if it admits 
a negative definite inner product <, > which satisfies 


<[x, vy], 2> + <y, [x z]> = 0, x,y, 2E E, 


It follows from Proposition XVI, sec. 1.17, volume II, that the Lie 
algebra of a compact Lie group is compact. Evidently every compact Lie 
algebra is reductive. 


Theorem II: Let £ be a finite-dimensional Lie algebra. The fol- 
lowing conditions are equivalent: 

(1) E is reductive. 

(2) £ admits a faithful, finite-dimensional representation with non- 
degenerate trace form. 

(3) E admits a faithful, finite-dimensional, semisimple representation. 


Proof: Cf. [1; Proposition 5, p. 78]. 


Theorem III: A representation @ of a reductive Lie algebra E in a 
finite-dimensional vector space V is semisimple if and only if each 
transformation 6(x), x € Z,, is semisimple. 


Proof: Cf. [1; Theorem 4, p. 81]. 


In the rest of this article all Lie algebras are assumed to be finite dimen- 
stonal. 
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Let F be a subalgebra of a Lie algebra E. Restricting the adjoint 
representation of E to F yields a representation of F in E; it is called 
the adjoint representation of F in E and denoted by adg,p. If this repre- 
sentation is semisimple, then F is called reductive in E. 

If F is reductive in FE, then clearly F is reductive. Moreover, every 
transformation ad y: E> E (ye Z,) is semisimple. Conversely, if F 
is a reductive subalgebra of a Lie algebra F and each ad y(y € Zp) is 
semisimple, then Theorem III shows that F is reductive in E. 


Example: Let F be reductive in E and assume that F is abelian and 
that I’ is algebraically closed. Fix « € F* and set 


E, = {xe E| (adh)x = a(h)x, he F}. 


In particular, 


Ey = {xe E| [h, x] =0,he F}, 


and so F c E,. Moreover, 


E=E,@>E,, 
where the sum is extended over all nonzero «. Finally, observe that 


[En Eg) < Exiga, a, Be F*. 


4.5. Cartan subalgebras. Given a Lie algebra £, define ideals E™ < E 
inductively by 


EXE and E = [E, E*}, 


E is called nilpotent, if E“ = 0 for some k. 
A Cartan subalgebra of a Lie algebra E is a nilpotent subalgebra H 
such that 
H = {yeE|[y,H] < H}. 


It follows from the definition that every Cartan subalgebra of F contains 
the centre Zz. According to [6; Theorem I, p. 59], every Lie algebra 
contains a Cartan subalgebra. 

Now assume that E is reductive and let H be a Cartan subalgebra. 
Then H has the following properties (cf. [6; §1, §2, Chap. IV]): 

(1) 4 is abelian. 

(2) A is reductive in E. 

(3) E=H@[H, £}. 
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Moreover, if the coefficient field I’ is algebraically closed, then we have 
the direct decomposition 


E=H@YE, (4.1) 


«#0 


and every nonzero subspace F, has dimension 1. If FE, 40, @ is called 
a root, and E, is called the corresponding root space. (4.1) is called the 
root space decomposition of the reductive Lie algebra E with respect to 
the Cartan subalgebra H. 


Lemma II: Let E be a Lie algebra and let F be an abelian subalgebra 
which is reductive in EF. Let Ey be the subalgebra of E given by 


Ey = {y€ E| ly, F]=9}. 


Then F is contained in every Cartan subalgebra of F,, and every Cartan 
subalgebra of Ey is a Cartan subalgebra of £. 


Proof: Evidently F < Zz, and so F is contained in every Cartan 
subalgebra of Ey. 

Now let H be a Cartan subalgebra of Z). We must show that H is a 
Cartan subalgebra of EZ. Clearly H is nilpotent and so it is sufficient to 
prove that if x € E satisfies [x, H] < H, then xe H. 

First observe that (since F is reductive in £) 


E=E£,0[F, £]. 
Now assume that [x, H] <c H. Then 
[x, F] c[x, A] cH cE. 


On the other hand, 
[x, F] < [F, E]. 


It follows that [x, F] = 0 and so xe Ep. 
But H is a Cartan subalgebra of E, and so the relations 


[x,H] <H and xe k, 


imply that x € H. 
Q.E.D. 
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Proposition II; Let E be a reductive Lie algebra and let F be an 
abelian subalgebra which is reductive in EF. Let Ey be the subalgebra of 
E given by 

E, = {xe E| [x, F] = 0}. 


Then £, is reductive in E. 


Proof: First, set E, = [F, E]; then E = E, @ E,. Now we show 
that Ey and £, are orthogonal with respect to the Killing form K of E. 
For this we may assume that J’ is algebraically closed, and write (cf. 
the example of sec. 4.4) 

ES YE 


gis 
aeRr* 
at#0 


The relations [E,, Es] < E.,, imply that 
ad x oad y: E, > Ey ,5, xéEk,, ye k. 


Hence K(x, y) = 0. 

Now observe that E’ = (E, 1 E’) @ E,. Since E’ is semisimple, K 
restricts to a nondegenerate bilinear form in E’, and so, by what we 
have just proved, the restriction of K to Ey \ E’ is again nondegenerate. 
But this is the trace form of the faithful representation of Ey Q E’ in E’; 
thus Theorem II, sec. 4.4, implies that E, © E’ is reductive. Now the 
decomposition Ey = Zz @ (Ey N E’) shows that Ey is reductive. 

Finally, let Hj be a Cartan subalgebra of E,. According to Lemma II, 
H, is then a Cartan subalgebra of £; in particular, Hy acts semisimply 
in FE. But since Zz, c Hy, Zz, acts semisimply in E. Now Theorem III, 


sec. 4.4, implies that Ey is reductive in E. 
Q.E.D. 


4.6. Examples. 1. Consider the Lie algebra Ly, where V is a finite- 
dimensional vector space. Then Z;,, = I’ - cand (Ly) is the Lie algebra 
L,(V) of transformations with trace zero. It follows that Ly = Z;, ® Ly. 

Moreover, the Killing form of L,(V) is given by 


K(a, B) = tra o B, a, Be L(V), 
and so L,(V) is semisimple. It follows that Ly is reductive. 


2. Let V be a finite-dimensional Euclidean space. Then the linear 
transformations o which satisfy 6 = —o (&@ denotes the adjoint trans- 
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formation with respect to the inner product) form a Lie algebra, which 
will be denoted by Sk,. The Killing form of Sky is negative definite, 
and so Sky is semisimple. 


4.7, Semisimple representations. Proposition III. Let 6 be a semi- 
simple representation of a Lie algebra F in a finite-dimensional vector 
space V. Let F be a subalgebra which is reductive in E. Then the restric- 
tion 0, of @ to F is semisimple. 


Proof: Cf. [1; Corollary 1 to Proposition 7, p. 84]. 


Corollary: Assume that H is reductive in F and that F is reductive 
in &, Then H is reductive in E. 


Proposition IV: Let @ be a faithful representation of E in a finite- 
dimensional vector space V. Let F c E be a subalgebra, and assume 
that the restriction 6; of 6 to F is semisimple. Then F is reductive in E. 


Proof: Without loss of generality we may consider F and E as sub- 
algebras of Ly. To show that F is reductive in £, it is clearly sufficient 
to show that F is reductive in Ly. 

Since F admits a faithful semisimple representation, it is reduc- 
tive (cf. Theorem II, sec. 4.4). Thus we need only show that each 
transformation ad y: Ly > Ly (y€Z,) is semisimple. But the ca- 
nonical isomorphism V* © V —+ Ly identifies the transformation 
—O7(y) ®¢ +e © Oy(y) with ad y. Since 6, is semisimple and y € Zp, 
the transformation 6,(y) is semisimple (cf. Theorem III, sec. 4.4). 
Hence so is ad y. 


Q.E.D. 


4.8. Involutions. Proposition V: Let w be an involutive isomor- 
phism of a reductive Lie algebra E. Then the subalgebra F given by 
F = {xe E| w(x) = x} is reductive in E. 


Proof: Since w preserves Zz and E’, we have the direct decomposition 
F=FOZR,@QFOE. 


Thus it is sufficient to consider the case that E is semisimple. 
Write E_ = {x € E| w(x) = —x}. Then the relations 


E=E_@F, [E,F\cE, [E,E]cF 
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imply that F and E_ are orthogonal with respect to the Killing form of 
FE. Hence the restriction of this Killing form to F is nondegenerate, and 
so F is reductive (cf. Theorem II). Thus we have only to show that 
each transformation ad y: E> E (y € Zp) is semisimple (cf. Theorem 
ITI, sec. 4.4). Without loss of generality, we may assume that J’ is al- 
gebraically closed. 


Case I: F is nonabelian. Then F’ 40. Since F is reductive, F’ is 
semisimple. Hence, by Theorem I, F’ is reductive in E. Now let H bea 
Cartan subalgebra of F’. Then H is reductive in F’. Hence, by the corol- 
lary to Proposition III, sec. 4.7, H is reductive in E. 

Now let E, < E be the subalgebra given by 


Ey = {x € E| (ad x)H = 0}. 


Then Proposition II, sec. 4.5, shows that Ey is reductive in Z. Moreover, 
E,# E. In fact, since E is semisimple, Zz; = 0, while Z,, > H #0. 

Next observe that since H c F, w restricts to an involution of E, 
with fixed point subalgebra Fy = F 1 Ey. 

Since E, is a proper reductive subalgebra of E, we may assume by induc- 
tion on dim E that F, is reductive in Ey and hence reductive in E (cf. 
Proposition III, sec. 4.7). But evidently Zp < Z,, and so it follows that 
F is reductive in E. 


Case II: F is abelian. Define subspaces E, c E (Ae F*) by xe Ey 
if and only if 
(ad y — A(y)e)"(x) = 0, ye, n=dimE£, 
Then 
E= EoD Le and [E,, E,) © Exsy- 
# 


Hence the restriction of the Killing form of E to E, is nondegenerate, 
and so é&, is reductive. 
Now we show that 
Fc Z,,. (4.2) 


Since F c EF, and £, is stable under w, we have 
Eo=FO(Ey NE). 


Now assume that (4.2) fails. Then there is a least integer p (p > 2) 
such that 
(ad yyP(x) = 0, yeF, xek. 
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Let Z < E, be the subspace given by 
Z= {xe E,| (ady)P x = 0, ye F}. 
Then clearly 
[ENE] <Z and [QO EE, EAE) co Fc Zz, 


Hence (£,)’ < Z, and so Z is an ideal in Ey. Since E, is reductive, we 
obtain the direct decomposition 


E=Z@®Z, ([2Z,2,)=0. 


Since F c Z, it follows that (ad y)?-(x)=0, ye F,xe EB). This 
contradiction proves (4.2). 

Finally, choose a Cartan subalgebra H of Ey. Then (4.2) implies that 
F cH. Thus, if ze E satisfies [z, H] < H, then certainly [z, F] < Ep. 
This implies that z € E,, and so, since H is a Cartan subalgebra of Ey, 
2€ H. It follows that H is a Cartan subalgebra of £. In particular, 
F c Hi is reductive in E. 

Q.E.D. 


Example: Let <, > be a nondegenerate bilinear form in V which 
is either symmetric or skew symmetric. Then an involution y+> —g* 
in the Lie algebra Ly is defined by 


<—*x, y= —x, gy, eye. 


The fixed point subalgebra consists of the transformations which are 
skew with respect to ¢, > and, by the proposition, this subalgebra is 
reductive in Ly. 


§2. Representation of a Lie algebra in a differential space 


4.9. Let E be a Lie algebra and let (M, 6,,) be a differential space. 
A representation of E in the differential space (M, 5y) is a representation 
6,, of E in M such that 


Ox4(x) Ox — Oya, (x), xe E. 


In particular the cocycle space Z(M) and the coboundary space B(M) 
are stable under such a representation. Hence each map 6);(x) induces a 


linear map 
6u(x)*: H(M) > H(M). 


Observe that the correspondence x+> 6y(x)* defines a representation 

i of Ein H(M). It is called the induced representation in the cohomology 
space. The corresponding invariant subspace (H(M]))px_9 will be simply 
denoted by H(M)p+_o. 

A representation of E in a graded differential space (M, 6,,) is a represen- 
tation 6,, in the differential space (M, 6) such that each map 4y,(x) is 
homogeneous of degree zero. In this case 63;(x) is also homogeneous 
of degree zero. 

A representation of E in a graded differential algebra (R, 6) is a represen- 
tation of E in the graded differential space (R, 6,,) such that each 6;,(x) 
is a derivation in R. In this case each 6%(x) is a derivation in H(R) and 
so 0 is a representation in the graded algebra H(R). 

Let Oy be a representation of F in a differential space (M, 6y). Then, 
evidently, the invariant subspace M,_, and the subspace 6(M) are stable 
under 6. Hence we can form the cohomology spaces H(Mo.9) and 
H(6(M)). The inclusion map M,_, > M induces a linear map H(M,_)) 
+ H(M). Clearly we may regard this as a map into H(M)gs_9. 

If 0,, is a representation of E in a graded differential space (respectively, 
in a graded differential algebra), then these maps are homomorphisms 
of graded vector spaces (respectively, of graded algebras). 


4.10. Semisimple representations. Let 6,, be a semisimple rep- 
resentation of a Lie algebra FE in a differential space (JM, 0y;). Since 
Z(M) and B(M) are E-stable subspaces and 6y is semisimple, we can 
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find E-stable subspaces 
Cu Cc M and Ay cS Z(M) 
such that 
M= Zu Ba Cu and Z(M) = Ay >) BUM). 


In particular, the projection Z(M)-» H(M) restricts to an E-linear 


isomorphism Ay — H(M ). It follows that Ox is a semisimple represen- 
tation. 


Theorem IV: Let 6, be a semisimple representation of a Lie algebra 
E in a differential space (M, 6,,). Then the inclusion Mj... -> M induces 
an isomorphism, 


H(M.9) <+ H(M)ye =o 


Proof: Since 0,; is semisimple, we have 
Z(0(M)) = Z(M) 1 0(M) == 0(2(M)). 


It follows that the inclusion 0(M)—> M induces a map H(0(M)) > 
6(H(M)). Moreover, because 64, is semisimple, M = My_) @ 0(M). 


Since 03 must also be semisimple, it follows that 
H(Mo.0) ® H(8(M)) = H(M) = H(M ovo © O(H(M)). 
But H(Mp.o) < H(M)os_, and H(0(M)) < 6(H(M)). The theorem 


follows. 


Q.E.D. 
Corollary I: If 03, = 0, then H(M)_,) —+ H(M). 


Corollary Il: If 63, = 0, then H(0(M)) = 0. 


Proposition VI: Let 6, be a semisimple representation of a Lie 
algebra E in a graded differential space (M, 6,). Then there are E-linear 
maps 

Au: H(M)->M, ay: M—- H(M), hy: M— M, 
respectively homogeneous of degrees 0, 0, and —1 and having the fol- 
lowing properties: 


(i) ty 8y = 9, dydy = 0, ty du = + 
(ii) t— Aut = hy bur + Oulu 
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Proof: Choose E-stable subspaces Cy < M and Ay < Z(M) such 
that 


M=Z(M)@Cy and  Z(M) = Ay @ B(M). 


Then the projection Z(M) — H(M) restricts to an E-linear isomorphism 
a: Ay —» H(M), while 6y restricts to an E-linear isomorphism 
5: Cy — B(M). 
Now set 
my(aQb@e)=a(a), duly) =a-(y), hula @H Oe) = (0), 
aé Ay, be B(M), cE Cy, ye H(M). 
Q.E.D. 


Now suppose that 0y is a semisimple representation of E in a second 
graded differential space N. Let 


g:M—+N and yp:M-N 


be homomorphisms of graded differential spaces such that y — y is 
E-linear. 


Proposition VII: Assume that y* = y*. Then there is an E-linear 
map k: M — N, homogeneous of degree —1, such that 


p — p= Roy + yk. 


Proof: Write g— y= %. Using the notation of Proposition VI, 
define a linear map 


%4: Ay — Ay 


by %4(a) = AynayX%(a), ae Ay. Then the diagram 


Aya Ag 
H(M) —+ H(N) 


commutes. Since %* = 0, it follows that %, = 0. 
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On the other hand, the linear map Ay omy: M — M, has image Aj,, 
so that 


(Aysty) ° X 0 (Anetta) = 44 © (Ayzty) = 0. 
It follows that 
X= % — AyttyXdyry = AyttyX(e — Ayr) + (6 — Ayay)h 
= AynyX(hy du + Suh) + (hwdy + Oyhy)% 
= dyk + kby, 


where k = Aytty hay + hyi. 
Q.E.D. 


Corollary I: If H(M)=0, then there exists an E-linear map 
k: M — M, homogeneous of degree —1, and satisfying 


‘= byk + Réby. 


Corollary II: If 63, = 0, then there is an E-linear map k: 0(M) > 
6(M) homogeneous of degree —1 such that 


‘= byk + Réy. 


Proof: By Corollary II to Theorem I, we have H(6(M)) = 0. Now 
apply Corollary I above to the differential space (0(M), 6). 
Q.E.D. 


4.11. Representations in a tensor product. Let E be a Lie algebra, 
(X, dx) a graded differential space with dy homogeneous of degree 1, 
and let @y be a semisimple representation of F in (X, dy) such that 
6% = 0. Let Oy be a representation of E in a second graded differential 
space (Y, dy) and consider the differential space (X ® Y, 6), where 


d(u & v) = dyu @vu-+ (—1)Pu © dyz, ue X?, ve Y, 


Finally, let 6 denote the induced representation in X ® Y. 


Theorem V: With the notation and hypotheses above, the inclusion 
map 


X90 & Yo-0 > (X ey) Y)o—0 » 
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induces an isomorphism 
H(Xo.0) © H(You-0) —+ H((X ® Y)o-0)- 


Proof: Since 6, is semisimple, we have the direct decomposition 
X = Xp9 © O(X), whence 


(X ® V)ono = (Xon0 © Youo) B (A(X) © Y)ono- 


Since 6 commutes with 6, and 6; (and hence with 6) all terms in this 
relation are stable under 6. This implies (via the Kiinneth formula) that 


H(X © Y)o-0) = A(X) © A(Vo-0) B A((H(X) © Y)ouo): 
Hence it has to be shown that 
H((0(X) © Y)po-0) = 9. (4.3) 


Corollary II to Theorem IV, sec. 4.10, implies that H(#(X)) = 0. 
Hence, by Corollary II to Proposition VII, sec. 4.10, there is an #-linear 
operator k: 6(X) — 0(X), homogeneous of degree —1, such that 


byk — Réy = t 
Now set & = k ®u. Then & is E-linear, and satisfies 
bk + kb =, (4.4) 


Hence & restricts to an operator ky_) in (0(X) © Y)o-o- Relation (4.4) 
implies that 
Re an Rood aby 


and so (4.3) follows. 
Q.E.D. 


Chapter V 


Cohomology of Lie Algebras and Lie Groups 


In this chapter E denotes a finite-dimensional Lie algebra. The mul- 
tiplication operators determined by a e¢ AE and @ € AE* will be denoted 


by w(a) and u(®): 
(a)(b) = anb and = ue (P)(V) = Da. 


The (dual) substitution operators are denoted either by 7,(a): AE* > 
AE* and iz(®): AE — AE, or simply by i(a) and i(®). 


§1. Exterior algebra over a Lie algebra 


5.1. The operators 6,(x) and @(x). Given a Lie algebra E consider 
the dual space E*. The linear maps ad x («e E) extend to unique 
derivations @¥(x) in the algebra AE. Similary, —(ad x)* extends to a 
derivation 6,(x) in AE*. 

6# and 6» are contragredient representations of EF in the graded algebras 
AE and AE*, extending the contragredient representations ad and ad}, 
The derivation property of these operators is expressed by the formulae 


6¥(x)u(a) — u(a)O¥(x) = n(O%(x)a), acéeAk, «ek, 
and 
9n(x)u(P) — u(®)Op(x) = u(Oz(x)®), B®eEAE*, xe E. 
Dualizing we obtain 


Ox(x)e(a) — t(a)O0z(x) = 1(6*(x)a) 
and 


62 (x)i(D) — i()O2(x) = i(Og(x)®). 
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In particular, 
Dx(x\te(y) — ta(y)Ox(*) = te([x, y]) mye E. (5.1) 


The representations 0% and 6, determine the invariant subalgebras 
(AE)—o and (AE*),_o, as well as the stable subspaces 9(AE) and 0(AE*) 
(cf. sec. 4.2). If aand @ are invariant, the relations above reduce to simple 
commutation formulae. In particular, the invariant subalgebras and the 
subspaces 0(A\E) and 6(AE*) are stable under multiplication and sub- 
stitution by invariant elements. 

Since 6 and 6, are contragredient, we have the relations 


(AE )j=0 = O(AE*) and (AE*)i-9 = 9(AE). 
Moreover, since the restriction of 6% to E is the adjoint representation, 
it follows that 
(AE )o-0 = Zp and O(A'E) = E’. 


Finally, let e,, e*” (v = 1, ..., m) bea pair of dual bases for EF and E*. 
Then 


Du(x) = — DY u(e*)e([x, ,]) and 0#(x) = 5) u([x, e,])(e*#). (5.2) 


(Since both sides are derivations, these formulae have only to be verified 
in E and E*, where they are immediate consequences of the definitions. ) 


5.2. The operators 6, and d,. Consider the linear map v: A?7E — E 
given by 
v(xay) = [x, y], x yek, 
Extend the negative dual, 
—v*: APE* — E*, 
to an antiderivation 


bn: AE* — AE*, 


homogeneous of degree 1 (cf. [5; p. 111)). 
We shall establish the fundamental relations 
tg(x)Og + Ogte(x) = Ox(x) 
6% = 0 (5.3) 
and 
On(x)dn = 5765(x), xe E. 


176 V. Cohomology of Lie Algebras and Lie Groups 


Since 


<(te(*)bz + Sxte(%))2™, ¥> = <dux™, xn yD 
a7 <x*, —[x, y)> 
= (0p(x)x*, yd, x,yeEk, x*e E*, 
the first relation holds when applied to elements in E*. Since both sides 


are derivations in AE*, it must be true in general. 
To prove the second relation observe that the first relation yields 


COn(x* AY*), HAYA 
= <in(x)d2(x* a y*), yA 2) 
—<x* n y*, OF(x)(y 0 z)> — (Onin(x)(x* a y*), YA 2) 
= —Cx*¥ ay*, [x,y] az + ya[x, 2] — xa [y, 2], 
x,y,2EE, x*e E*, 


i 


Thus 


(629, xA YAR) = —O, [x, y]Az+ ya [x, 2] — xa [y, 2), 
De NE*, x,y, zEE. 
In particular, 


COpx*, x AYABD = (x*, [[x, y]; 3] + [fz, x], | ae [Ly, 2], x]> 
= 0, x*e E*, x,y, 26 E. 


Since 6% is a derivation, it follows that 62 = 0. 

Finally, the last relation is established by applying 46, to both sides 
of the first, and using the fact that 63 = 0. 

It follows from the relations (5.3) that (AE*, 6,) is a graded differential 
algebra, that 0, represents E in (AE*, dz), and that 6% = 0. 

Next, let 0g: AE — AE be the linear map, homogeneous of degree —1, 
given by 0g = —6%. Then 


On(xay)= [x,y], Onn =0, and O,(A)=0, x, yek, del. 
Dualizing formulae (5.3) yields the formulae 


M(x)On + Ogu(x) = O¥(x), 02 = 0 


and 
64(x)Oz = 0,64 (x), xe E, 
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In particular, 0% represents E in the graded differential space (AE, Oz). 
Note that 0, is not in general an antiderivation in the algebra AE. 


5.3. The Koszul formula. In this section we shall establish the 
Koszul formula 


Oz = 4 X wle*")9a(¢,), (5.4) 


where e,, e** (v= 1, ...,) is a pair of dual bases for E and E*. Since 
dg and the operator on the right-hand side are both antiderivations, it is 
sufficient to verify this formula for elements in E*. 

Let x* ¢ E* and x € E be arbitrary. Then, using relations (5.3) and 
(5.1), we find that 


in(x)dpx* = O;(x)x*, 


while 
iz(x) +> (e**)Ox(e,)x* = 40x(x)x* — $Y n(e**)te(x)O2(6,)** 
= $0u(x)x* — 4) w(e*)in([x, e,])x*. 
Now formula (5.2) yields 
in()(4 x w(e)Px(e,)>*) = Og(x)x* = ig(x)5p0%, 
which completes the proof. 


Dualizing the Koszul formula we obtain the equation 


Oz = 4), O%(e,)tz(e*”) (5.5) 

(contravariant Koszul formula). As an immediate consequence we obtain 
On(Xp A+++ AX) = Yo (—1)rtetl[y,, xe] axon ees Boe hye Ney, 

_ x,6E. (5.6) 


Thus, if A?E* is interpreted as the space of p-linear skew functions in 
E, then 6z is given by 


(6~D)(xXo, ..., Xp) 
= PY (—1)"O([x,, x], Xo. --- > by oes Bisckeg Wel. oat) 


yu 


178 V. Cohomology of Lie Algebras and Lie Groups 


5.4. The product formula for 0,. In this section we derive the 
relations 


As(anb) = Oganb+ (—1Yran dpb + ¥ inlet)a 0 0*(e)b a 
dp(a nb) = dpa nb-+ (—1)Pandgb + (—1)" ¥ 68 (e,)a a ig(e*)b 
and 
Ag(a. nb) = —Oga nb + (—1)Pan Ogb + ¥ 6% (e,)(ig(e™)a nb), 
“Ge NE, be AE, (5.9) 


where e,, e** (v= 1, ...,) are dual bases for E and E*. 
To prove these, use the contravariant Koszul formula to obtain 


dx(anb) = 25 64(6,)in(e)(a-n6) 
=T HO*e,)in(e™)a nb + in(et)a nO%(6,)b 
4-(—1)90(e,)a a ig(e**)b + (—1)a 0 08(e,)in(e*)B) 
= Aga nb + (—1)7Pan deb + 4Y in(e**)a n 68(e,)b 
+45 (—1)0%(6,)a 0 in(e™)b. 


The two last terms in this relation are equal. In fact for x;, y;€ E, we 
have 


» [in(e*”)(m A +++ A Xp)) An [6% (,)(M1 A +++ AVa)] 
— oy (—1)*x,A ease K; Set AX AVA [xi Vs] A as 
as py (—1)?[6¥(e,)(™1 4 +++ A Xp)) A [eg(e**)(y1 4 ++ A Ya)I- 


Thus the relations (5.8) follow. 
To verify (5.9) observe that, in view of the derivation property of 


6£(e,), 
¥ OF (e,)(tg(e*")a nb) = 2dzanb + ¥ in(e*)a n O¥ (e,)b. 


Subtracting this from (5.8) yields (5.9). 
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5.5. Cohomology and homology of a Lie algebra. Let E be a Lie 
algebra of dimension 7, and recall the graded differential algebra (AE*, 5) 
introduced in sec. 5.2. The cocycle (respectively, coboundary) algebras 
of this differential algebra will be denoted by 


Z*(B)= 5 2B) and BME) = BME). 


The corresponding cohomology algebra 


H*(E) = Y HP(E) 


Pp 


is called the cohomology algebra of the Lie algebra E. Notice that 
AYE) = I. 

Next consider the graded differential space (AE, Oz). The cycle (respec- 
tively boundary) subspaces will be denoted by 


Z4(E)=YZ(E) and —_B,(E) = YB, (E). 
vi) Pp 


The corresponding homology space 
H,(E) = 2 H,(E) 


is called the homology space of the Lie algebra E. 
For example, Z,(E) = E, B,(E) = 0,(A°E) = E’, and so 
H,(E) = E/E’. 
Since 0g = — 6%, it follows that 


B,(E£) = 2*(E)+ and Z,(E) = B*(E)-, 


and so a natural duality is determined between the spaces H*(E) 
and H,(E). This duality restricts to a duality between each pair 
H?(E), H,(E) (p =0,...,m). In particular, dim H?(E) = dim H,(£), 
p=—O,...,0. 

The integers 


b, = dim H?(E), p=O,...,7, 
are called the pth Betti numbers of E and the polynomial 


n 
Sum as ms b,t? 
p=0 
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is called the Poincaré polynomial of H*(E). Since Z?(E) < A’E*, it 
follows that 


by < (5) (2 = dim E). 


5.6. Homomorphisms. Let g: f— E be a homomorphism of Lie 
algebras, and consider the dual map y*: F* < E*. Extend g and y* 
to (dual) homomorphisms 


y,:AF>AE and ot: AF* —AE*. 
The relations 
yoady = ad gyog, yeF, 
imply that 
Pro O¥(y) = (gy) og, yer. 
(since both sides are y,-derivations). Dualizing we obtain 
Dr(y) op = oo Ox(Gy). 
In particular, y* restricts to a homomorphism 


Gono: (AF*)gu9 <— (AE*) o_o. 


Moreover, if g is surjective, then gy, maps invariant elements into in- 
variant elements. 


Finally, use the expressions (5.6) and (5.7) for 0g and dg (at the end 
of sec. 5.3) to obtain 


yo Og = bp 0G and 9, ° Op = On OG. 


Thus g* (respectively, g,) is a homomorphism of graded differential 
algebras (respectively, graded differential spaces). 
The induced maps in cohomology and homology are denoted by 


gt: H*(F)<—H*(E) and ~— 4: H, (F) > H, (E). 


They are dual, and homogeneous of degree zero. Moreover, y* is an 
algebra homomorphism. 
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5.7. The space (A3E*),_). Let E be a Lie algebra. Extend the 
representation of E in E* to the representation @, of E in V?E* given by 


B5(x)(x* v y*) = —(ad x)*¥x* v y* + x* v (—ad x)*y*, 
xeEE, x*,y*e E*. 
We shall construct a canonical linear map 
@: (V?E*)o.9 > (A2E*) 5-0. 
In fact, let ¥ € (V?E*),_). Then a 3-linear function @ is defined in FE by 
P(x, ¥,2) = P([x,y],2), yz EE. 


Since ¥’ is invariant, it follows that 
Y([x, y), 2) = P([z, x], y) oz P(Ly, 3], x). 


This relation shows that ® is skew symmetric. 
Moreover, the Jacobi identity yields 


(On(w)P)(x, y, 2) = (As(w)¥)([x, y], 2) 
=0, x,y, 2%, we E, 
Thus @ is invariant. 
The correspondence Y +> @ defines a linear map 


o: (V2E*) 5.9 > (ASE*)o_0- 


Proposition I: Let E be a Lie algebra such that H,(£) = 0 and 
H,(E) = 0. Then @ is a linear isomorphism. 


Proof: To show that 0 is injective assume that Ye ker g. Then 
Y(([x, y], 7) = 0, x,y, ze FE, 


This implies that Y(u,z)=0, we E’, ze E. But since H,(E) = 0, 
E= E' (cf. sec. 5.5). Thus ¥ = 0. 

Now we show that ¢ is surjective. Let ® € (A3E*),_). Then <9, a> 
= 0, ae O(A°E). 

The Koszul formula (5.5), sec. 5.3, shows that Im dg < @(AE). On 
the other hand, the relations at the end of sec. 5.2 yield 


yn Ogu = O8(y)w— Og(yaw), ye, we NE. 
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It follows that Og(y a w) € O(AE) and y a gw € 6(AE), whence 
<®, dz(ynw)> =0 and CD, y 5 Ogw> = 0. 
Now since H,(E) = 0, 0g maps A°E onto E. Set 
W(x, y) = (Bury), x, ye &k, 


where u is an element such that 0gu = x. To show that V’ is well-defined, 
suppose Ou = Oyv. Then 0;(u — v) = 0. Since H,(£) = 0, there is an 
element w € AE such that gw = u — v. Thus 


®,uny> — <®,vay> = <®, Ogway> = 0. 


It follows that Y is a well-defined bilinear function in E. 
Next, use formula (5.9), sec. 5.4, to obtain the relation 


VY (Anu, Ogv) = (<P, ur Ogv> = (D, Oguavyd 
= W(dguv, Ogu), u,v e AE. 
Since dg: A°E — E is surjective, it follows that Y is symmetric. The 
invariance of Y is immediate from the definition. 


Finally, it follows directly from the definitions that ep = ®. Hence o 
is surjective. 


Q.E.D. 


5.8. Abelian Lie algebras. Let FE be an abelian Lie algebra of 
dimension n. Then the operators 9;(x), 6%(x), dg, and Og are all zero. 
Thus we have 


(AE*)oag = H*(E) = AE* = and ~~ (AE )oxg = Hy (E) = AE. 


In particular b,(Z) = (%), 0 <p <n, and so the Poincaré polynomial 
of E is given by fg = (1 + t). 


5.9. Direct sums. Assume EF and F are Lie algebras and consider 
the direct sum E @ F. Consider the isomorphisms (of graded algebras) 


AE@AF=+A(E@F) and AE* @AF* = \(E@ F)*, 


given by a@®br+anb and GOV GaY. Thése algebras will be 
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identified via these isomorphisms. The scalar products are given by 


CP @ ¥,a® b> = (G, ad<¥, bd, 
Be AE*, Pe AF*, ack, be AF. 


With these identifications we have 
Ozor(x Dy) = Og(x) Ot ++ @ Orly), wvek, ye. 
It follows that 


(AE @ F)*)on0 = (AE*)o-0 © (AF*)on0 


and 


6(A(E @ F))* = 0(AE*) @ AF* + AE* @ 0(AF*). 


The analogous formulae hold in A(E @ F). 
Next we establish the relations 


Ozor = Og ® t+ @e@ dy and Ozor = On Ot + wx & Op. 


(wz denotes the degree involution in AE* and in AE.) 

In fact, it follows at once from the definition of the Lie product in 
E @ F that Ogopr agrees with 0g ® «+ wz © Op in A(E @ F). Dualize 
and conclude that dgor and 6g ®t+ wz & bp agree in (E@ F)*; 
since both operators are antiderivations, they coincide. Dualize again 
to obtain that Ozgor = Og t+ wz ® Op. 

In view of these relations and the Kiinneth formula it follows that 
H*(E@ F) = A*(E) @® A*(F) and H,(E@ F) = A, (E) © Ay (F). 


Moreover, the first isomorphism is the algebra isomorphism given by 
a & Bre (aa) i (x#), ae H*(E), Be H*(F), 


where 1,:E @ FE and a,:E @ F- F are the projections. 
Now consider the case F = E. Then the diagonal map 4: E> E QE 
given by 
A(x) =x @x, xeéE, 


is a Lie algebra homomorphism. The induced homomorphism of graded 
differential algebras A*: AE* <— AE* @® AE* is given by 


A(GQVP)=BrV, GO, We AE*. 
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It follows that the induced homomorphisms 
Agao: (AE*)gn9 < (AE*)o-0 ® (AE*)o~0 
and 
A*;: H*(E) — H*(E) @ H*(E) 
are given, respectively, by 
Al(P OY)=PrvnY and A*(a@®f)=a-: B, 
®, Pe (AE*),.0, a, BE H*(E). 


§2. Unimodular Lie algebras 


5.10. Unimodular Lie algebras. Consider the vector t* ¢ E* de- 
fined by 


<t*, «> = trad x, xe k. 
The vector ¢* is invariant, as follows from the relation 


<Ox(x)t*, y> = —tr ad[x, y] = —tr(ad x oad y — adyoadx)=0, 
x, ye, 
In terms of dual bases we have 


t* = ¥ Ox(e, )e*”. (5.10) 
In fact, for xe E, 
2 <Ox(e,)e™, x = — 2 <e™, [e,, #]> = 2 <e*”, ad x(e,)> 
= trad x. 


Relation (5.10) implies, in view of the formulae in sec. 5.1, that 


i(t*) =  O¥(e,)i(e*”) — ¥. i(e*”)04(e,). (5.11) 


A Lie algebra is called unimodular if 
tradx = 0, xeE; 
this is equivalent to ¢* = 0. If EF is unimodular, formula (5.11) reduces to 


dF (e,)i(e*) = 2 i(e*”)0%(e,). 


Hence the contravariant Koszul formula (cf. formula (5.5), sec. 5.3) 
can be written in the form 


On = 4¥ i(e*)6¥(e,). (5.12a) 
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Dualizing we obtain 


bx = 4, On(e,)u(e™). (5.12b) 


Proposition II: Let E be a Lie algebra. Then 
(AE*)o29 < Z*(E) and B,(E) < 6(AE). 
If E is unimodular, then also 
(AE)gu0 < Zy(E) and B*(E) < 6(AE*). 
Proof: The first statement follows from the Koszul formulae of 


sec. 5.3. The second follows from formulae (5.12a) and (5.12b) above. 
Q.E.D. 


Every reductive Lie algebra is unimodular. In fact, if E is reductive, 
we have the direct decomposition E = Zz @ E’. Since 


tr ad[x, y] = tr(ad x oad y — ad yoad x) = 0, x, ye E, 
this decomposition implies that E is unimodular. 
5.11. Poincaré duality. Let E be a unimodular Lie algebra of 
dimension n, and let e ec A*E. Then 
64 (x)e = tr(ad x)e = 0, xe E, 


and so e is an invariant element. 

Now choose a fixed nonzero vector e € A*—E. Then the Poincaré inner 
product in AE* determined by e is the nondegenerate bilinear function 
(, ) defined by 


(O, 7) = <@r Ve), d, Pe AE*, 
The corresponding Poincaré isomorphism D: AE* -=+ AE is given by 
D(®) = i(®)e (cf. sec. 0.6). 
Since e is invariant, the formulae of sec. 5.1 imply that 
D o On(x) = 0% (x) o D, xe E. 


Hence D restricts to an isomorphism 


Doo: (AE*)o~0 — (AE)on0- 
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On the other hand, since @,(e) = 0 (cf. Proposition II, sec. 5.10), 
the antiderivation property of dz yields 
0,9D=Dodzo@g. 


(wz denotes the degree involution in AE*.) 
Hence, D induces an isomorphism 


D*; H*(E) =+ H,(E). 


Now let « € H,,(E) be the class represented by e. Then, in view of the 
definition, 


<a - B, &> = <B, D¥ad, a, Be H*(E). 


Hence a nondegenerate bilinear function, denoted by %, is determined 
in H*(E) by 


F(a, B) = <a - B, >, a, Be H*(E). 


Thus H*(E) is a Poincaré algebra (cf. sec. 0.6). 
Finally, observe that D restricts to isomorphisms 


NPE* NPE, (NPE* gag 2+ (NPE) ooo, 


while 
D*: H"-»(E) — H,(E). 


In particular, b,(£Z) = b,_,(E) (0<p <n). 


§3. Reductive Lie algebras 


5.12. Let E be a reductive Lie algebra. Since ad x = 0, x € Zz, it 
follows that 


On(x)=0 and 6F(x) = 0, xe Zp. 


Hence, by Theorem III, sec. 4.4, the representations 0, and 0¥ are 
semisimple. In particular, we have the direct decompositions 


AE* = (AE*)5_, ® O(AE*) = and = AE = (AE)s29 © O(AE). 
On the other hand, the duality of 0, and 0* implies that 
O(AE*)1 = (AE)g.p and = 0(AE)+ = (AE*) 5. (5.13) 


Thus, in the decomposition above, the scalar product between AE* 
and AE restricts to a scalar product between (AE*)s_5 and (AE)g-5 as 
well as between 0(AE*) and (AE). 


Lemma I: Let EF be a reductive Lie algebra. Then 
(1) Z*(E) = (AE*)s-9 @ BY(E). 
(2) 2Zy(E) = (AE)s-0 © By(E). 
(3) B*(E)'= 0(Z*(E)) = Z*(E) 1 O(AE*). 
(4) By(E) = 0(Z,(E)) = 24(E) 9 (AE). 
Proof: First we establish (3). In fact, the relations 
62(x) = tn(x)bx + Ozte(x), xe E, 
of sec. 5.2 imply that 
0(Z*(E)) < B*(E). 
On the other hand, in view of Proposition II, sec. 5.10, 
B*(E) < Z*(E) 1 O(AE*). 
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Since 6, is semisimple, Z*(E) has an E-stable complementary subspace 
in AE*. It follows that 


6(Z*(E)) = Z*(E) 7 0(AE*), 
and these three relations prove (3). 
To establish (1), observe from the Koszul formula (formula (5.4), 
sec. 5.3) that (AE*) 9.9 c Z*(E). Thus (AE*) 5.5 = (Z*(E))o-- But, 


since 0% is semisimple, so is its restriction to Z*(£). Thus 
Z*(E) = (Z*(E))o-0 DB A Z*(E)) = (AE*)o-0 © (Z*(E)), 


and so (1) is a consequence of (3). Relations (2) and (4) are proved in 
the same way. 


Q.E.D. 
Theorem I: Let E be a reductive Lie algebra. Then the projections 
Z*(E)-> H*(E) and Z,(F)—>H,(E) 
restrict to linear isomorphisms 
stg: (AE*)5-9 —> H*(E) and 


ty: (AE)o-o — H,(E). 
Moreover, zx is an algebra isomorphism. 


Proof: Apply Lemma I. 


Remarks: 1. 


Q.E.D. 


The projections zz and a, satisfy 
<g®, tya> = <D, ad, De (AE*)o.9, @€ (AE)o-0- 
2. 


If y: F— E is a homomorphism of reductive Lie algebras, then 
the diagram 


(AF*)ga9 = — (AE*) ono 


»|> P 


H*(F) «—,— H*(E), 
commutes. 
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3. The diagram 


(AE*)pag 22+ (AB)ono 
H*(E) —,-> H4(E) 


commutes, where D,_, and D* are the isomorphisms of sec. 5.11. 


5,13. The Pontrjagin algebra. Let E be reductive. Then there is a 
unique multiplication in H,(£) which makes the linear isomorphism 
ay: (AE)s-o —* H,(E) into an isomorphism of graded algebras. With 
this multiplication H,(E) becomes a graded anticommutative algebra, 
called the Pontrjagin algebra of E. 


Remark: Note that in general H,(E) does not have a natural algebra 
structure since 0, is not an antiderivation. 


Let ¢: F— E be a homomorphism between reductive Lie algebras. 
The map g,: AF > AE (in general) does not restrict to a map from 
(AF )ouo to (AE)o-9. In this section we shall, nonetheless, construct a 
homomorphism 


Py: (AF Youn > (AE)o-0- 
In fact, consider the projections 
ne: AF > (AF o_o and np: AE — (AE)o-0, 
with kernels 6(AF) and 6(AE). Set 
Pa = NEOPs: 


Proposition III: With the notation and hypotheses above: 


(1) @, is an algebra homomorphism. 
(2) @, is dual to the. homomorphism, 


Yo=0: (AF*)e20 = (AE*)o20- 
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(3) The diagram 


s 


(AF Jeno (AE) e=0 


ie 


ne 


H,(F) 


H,(E) 


Px 


commutes. 


Lemma II: Let E be reductive. Then 
nn(B A 2) = Ne(21) A nx(2); By, 2, € Z,(E). 


Proof: Lemma I, (4), sec. 5.12, implies that nyo dg = 0. Thus 
applying 7, to formula (5.9), sec. 5.4, yields 


nE(Onga nb) = (—1)?nz(an Ob), ae NE, be XE. 
In particular, 
HE(u a Onv) = 0, ue Z,(E), ve AE. 


On the other hand, in view of Lemma I, (2), sec. 5.12, we can write 
(for 21, 3. € Z,(E)) 


2; = Nek; + Oga,, i= 1,2. 
Now the relation above gives 


NE(21A Be) = (NEA E22) + nR(%1A O72) + ng(Opa, A E22) 


= E21 A VE. 


Q.E.D. 


Proof of Proposition III: (1) Let u,v¢ (AF )o.9. Then by Lemma 
I, sec. 5.12, u and w are dy cycles. Since y is a homomorphism of Lie 
algebras, it follows that 


Anp,(u) = 9, 0r(u) = 0. 
Similarly, 0xp,(v) = 0. Thus, in view of Lemma IT, 


Gulu v) = np(p,(u)ry,(%)) = nrenle) A nee?) 
= Px (Ut) A Gy (2). 
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(2) In view of formula (5.13), sec. 5.12, we have 


<®, Px(2)> = <®, 7,(2)> oo <po-0(®); a>, 
De (NE*)o.0, aE (AF ono. 


(3) This follows immediately from the definitions, and Lemma I, 


(2), sec. 5.12, 
Q.E.D. 


Corollary: The induced map 7,: H,(F) > H,(E£) is a homomor- 
phism between the Pontrjagin algebras. 


§4. The structure theorem for (AE)o-o 
In this article E denotes a reductive Lie algebra. 


5.14. The primitive subspace. Consider the diagonal map 
A:E>+EQE 
(cf. sec. 5.9). Since 
(ME ® E))o-0 = (AE)o-0 © (AF )o-0» 


the induced homomorphism 4, (cf. Proposition III, sec. 5.13) is a 
homomorphism 


Ay: (AE)o-0 > (AE)o-0 © (AE )o-0- 
Lemma IIT: Let ae (AtE),_5. Then 
A,(a)=42@1+641@a, 
where b € (At+E)gip © (AtE)o-o- 


Proof: Write 
A,(a4)=4,©1+6+4+ 1@a, be (A*E)o-0 © (ATE )o-0- 
Then by Proposition III, (2), sec. 5.13, and sec. 5.9, 


<®, a> = <® ® 1, A, (a)> = <Ap-o(P ®& 1), a» — <®, a>, 
De (AE*)o.0- 
Now the duality between (AE*)o-9 and (AE) _o (cf. sec. 5.12) implies 
that a, = a. Similarly, a, = a. 
Q.E.D. 
Definition: An element a€ (AtE)s_o is called primitive if 


A,(a)=aQ@1+1@a. 
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The primitive elements form a graded subspace 
n 
Py(E)= 3 P(E) (n= dim) 
fa 


of (A+E)o 9. It is called the primitive subspace. The dimension of P,(E) 
is called the rank of E. 


Lemma IV: (1) Every homogeneous primitive element has odd 
degree. 
(2) If a,,...,4, are linearly independent homogeneous primitive 
elements, then 
AA+++ NA #0. 


Proof: (1) Leta be a homogeneous primitive element of even degree. 
Since A, is a homomorphism (cf. Proposition III, sec. 5.13), 


A, (a*) = (A,(a))F = (€@©14+ 1 Wal, k=1,2,... 


Since a has even degree, the elements a © 1 and 1 @ a commute. Thus 
the binomial theorem yields 

. Eat. 

A,(a*) = X ( ; Ja ® ak", 
= 

Now choose & to be the least integer such that a* = 0. (Since EF has 
finite dimension, this integer exists.) We show that k = 1. In fact, assume 
that k > 1. Then (for degree reasons) the elements a, ..., a*~! are 
linearly independent, which contradicts the formula above. Thus k = 1. 
It follows that a = 0 and so (1) is established. 

(2) Set deg a; = k; and number the a; so that k} < --- <k,. Since 
A, is a homomorphism and the a; are primitive, 


Ay (0 +++ Aa) = (4, @14+1@a)a---a(4,@14 1 ay). 


In particular, the component w of Ay (a, +++ a ap) in (A®E) 929 © (AE)on0 
is given by 


q 
w= PY (—1) 1a; Ma ns-: dye Nay, 
j=l 


where @,, ..., 4, are the elements of degree &,. 
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By induction on p we may assume that 
QA+++ G++ na, FO, j=1,...,¢. 


Since the a; are linearly independent, it follows that w~0. Thus 
Ay (a, A+++ Aa,)A0, and so aa---vna,f~O0. 
Q.E.D. 


5.15. The ideal D*(Z). In this section we shall obtain a different 
description of the primitive subspace P,(Z). Let D*(£) = >; D*(E) 
denote the graded ideal in (AE*) _9 given by 


D*(E) = (AtE*)o 9 + (AtE*)on0- 
If F is a second reductive Lie algebra, we have the relation 
D*(E © F) = (D*(E) © 1) © [(AtE*)o-0 © (At F*)o-0] 
®BII@D*(F)); (5.14) 

this follows by squaring the formula 
(A*(E ® F))£o = [(A*E*)o0 © (AF*)o-0] + [(AE*)o-0 © (AtF*) 0-0]; 
(cf. sec. 5.9). 

Lemma V: The primitive subspace P,(£) is the orthogonal com- 
plement of D*(£) with respect to the duality between (A+E*)s_9 and 


(ATE) oxo ? 
P,(E) = D*(E):. 


Proof: Let ac P,(£). Then the duality between the maps 4j_) and 
A, (cf. Proposition ITI, (2), sec. 5.13) shows that for ®, Y € (A+E*),_o, 


(Pn ¥, a> = <Ap-o(P & P), a> = <P & ¥, Ay (2)> 
= <@@O¥%,a@®14+1@a=0. 


It follows that a € D*(E)+. 
Conversely, suppose that a € D*(E)+. Since Aj_» is a homomorphism, 
it restricts to a homomorphism 


D*(E @ E) + D*(E). 
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Hence the dual map A, restricts to a linear map 
A,: D*(E @ £E)! — D*(E)!. 


Thus 4, (a) € D*(E @ E)+. 
But in view of formula (5.14) (applied with F = E), 


D*(E @ E)+ = D*(E)+ @1 + 1 @ D*(E)-. 


This, together with Lemma III, implies that 4,(@) = a@®1+1@a, 
and so a is primitive. 


Q.E.D. 
Corollary I: If E and F are reductive Lie algebras, then 


P,(E © F) = (Py(Z) @ 1) © (1 @ Py (F)). 


Corollary II: If gy: EF is a homomorphism of reductive Lie 
algebras, then gp, restricts to a linear map 


(x )p: Py (E) > Py (FP). 
5.16. The structure theorem for (AE)s_). In view of Lemma IV, 
(1), sec. 5.14, we have 
ana=0, aeP,(E). 


Thus the inclusion map P,(Z) — (AE),_. extends to a homomorphism 
of algebras 


wy: A(Py(E)) > (AE)ou0- 


If AP,(£) is given the gradation induced by that of P,(£), then x, 
is homogeneous of degree zero. 


Theorem II: Let E be a reductive Lie algebra. Then 
ty: \(Py(E)) > (AE) 0-0 


is an isomorphism of graded algebras. 

Thus the invariant subalgebra of AZ (and hence the Pontrjagin al- 
gebra of £) are exterior algebras over graded vector spaces with odd 
gradations. 
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Proof: To avoid confusion, the product in A(P, (£)) will be denoted 
by wav. 


(1) x, ts injective: Leta, ..., a, be a homogeneous basis of P, (E). 
Then, by Lemma IV, (2), sec. 5.14, 


Hty(Q, A+++ AG) =a r+-+ Aa, #0, 


Now let u be a nonzero element in A(P,(E£)). Then, for some 
vé \(P,(E)), 


UAUV=4,A+°*AQ, 


(cf. Example 1, sec. 0.6). Hence x, (u) A *(v) 40 and so x,(u) 4 0. 
This shows that x, is injective. 


(2) x, 1s surjective: Since x, is injective it is sufficient to show that 
dim A(P,(E)) = dim(AE)p_o. 
But 
dim A(P, (E)) = 2" (r = dim P,(E)), and dim(AE) g.) = dim(AE*),_. 
Thus we have only to show that 
27 > dim(AE*),_o- 
Choose a graded subspace U c (AtE*),_, so that 
(AtE* )oig = U ® D*(E). 


Then, by Lemma V, sec. 5.15, U is dual to P,(£). Thus, all the homo- 
geneous elements of U have odd degree. It follows that 


@,OG=0, 7 Ge U. 
Hence the inclusion map 7: U > (At+E*),_,, extends to a homomor- 
phism 
i,: AU — (AE*)o_0- 


It satisfies the relation 


Im(z*) + (AtE*)o0 7 (ATE*)o_0 — (AtE*)o-0- 
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Squaring both sides yields 
Im(zy) - Im(t) + ((ATE*)p-0)? = ((ATE™)o-0)"s 
whence 
Im(it) + ((A+E*)po0)? = (A*E*)pog. 
Repeating this argument shows that 
ImG5) eA Ee ia)? SE eee? - PS 23 won 


Since ((A+E*) 59)" = 0 (n = dim BE), it follows that Im(z+) = (AtE*),_o3 
i.€., 7, is surjective. 
Finally, since U and P,(£) are dual, 


dim U = dim P,(E) = r. 
Since 7, is surjective, dim AU > dim(AE*),_; ie. 
2r > dim(AE*)o_0- 
Q.E.D. 


Corollary: Let y: F—E be a homomorphism of reductive Lie 
algebras, and let (gy)p: Py(F) > P,(E) be the restriction of g, to 
P,(F) (cf. Corollary II, to Lemma V, sec. 5.15). Then the diagram 


Ny) P 


A(P4(F)) 


A(Py({E)) 


% | & =] x 


(AF )o-0 


(AE) o=0 ’ 


Pe 


commutes. 


§5. The structure of (AE*),-o 
In this article, E again denotes a reductive Lie algebra. 


5.i7. The comultiplication in (AE*),_). Let u: E@ E-E be the 
linear map given by 


Mx, y)=x+y, x VEE. 


Then the homomorphism 


py: AE ®@ AE -> AE 
is simply multiplication. Hence it restricts to the multiplication map 
(Ux)o-0: (AE)o—-0 © (AE)o-0 > (AE)on0- 
The linear map dual to (u,)9-9 will be written 
YE? (AE*)5-0 © (AE*)on0 <— (AE*)o-0- 


It is called the comultiplication map for E. 
Let 
n: ME ® E)* > (AE*)o-0 © (AE*)o-0 


denote the projection with kernel 6(A(E @ E)*), and let 
pr: AE @® E)* — AE* 
be the homomorphism extending u*. Then 


ye(P) = (now), De (AE*) o_o. 


Lemma Vi: (1) Let gy: FE be a homomorphism of reductive 
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Lie algebras. Then the diagram 
(AF*) 5-0 at (AE*)o=0 
Vr Ve 


(AF* Jono © (AF*)o~0 


——— (AE* ono ® (AE*)o=0 
=o © P90 


commutes. 
(2) yg is an algebra homomorphism. 


Proof: (1) In view of Proposition ITI, (1), sec. 5.13, 
Pui (AF )o-0 > (AE)o=0 
is an algebra homomorphism. Hence, since («,)2o is multiplication, 


Pu © (Ma)ono = (Ha)o=o° (Px © Px): 


Dualizing this relation yields (1), as follows from Proposition III, (2), 
sec. 515. 


(2) An automorphism Q of (AE)g.9 © (AE)o-0 ® (AE)on0 ® (AE) o~0 
is given by 
O(a, © az &) as & 44) = (—1)P4ay & as © a, & Ay, 
(deg a, =p, deg a, = 9). 
The dual automorphism of (AE*)g_5 © (AE*)o20 © (AE*) 6-0 © (AE*) 5-0 


is given by 
O*(D, © D, © DP; © Py) = (—1)""D, © OP, O OP, OM 
(deg , = p, deg ®; = q). 


Now the multiplication maps for (AE)o.9 © (AE)o2o and for 
(AE*)o29 © (AE*)o-0 are given by 


(uFOF 50 = ((Hr)ono & (H,)o-0) ° O 
and by 
(Aker)o-0 = (Ap-0 © Agno) © O*. 
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Dualizing the first relation yields 
Yor = Q* 0 (yz © yz). 
Thus, (1), applied with g = A, shows that 
YE ° Ago = (Ap-0 © As-0) ° Yen = (Azex)o-0 ° (¥z © vz). 
Hence 


yu(P nV) = (yz 0 Apo © VP) = (Azkor)o-0(¥e(P) © va(V)) 
=ya(P)aye(PY), 8, Pe (AE*)o0, 


and so yg is a homomorphism. 


Q.E.D. 


5.18. The primitive subspace of (AE*) 9-9. Exactly as in Lemma 
III, sec. 5.14, it follows that 


yX(P)=P@Q1+V+1@G%, Pe (AtE*),.0, 


where WY € (AtE*)5_.) © (AtE*)o.9. The invariant elements ® in 
(At+E*)o29 which satisfy 


ye(P) = 9 @1+1@O 
are called primitive. They form a graded subspace 


Pz =) Ps 
Fi 


of (A+E*) _9, called the primitive subspace. 
If »: F +E is a homomorphism of reductive Lie algebras, then by 
Lemma VI, sec. 5.17, gjuo restricts to a linear map 


pp: Pp < Px. 


The following lemma is proved in exactly the same way as Lemma IV, 
sec. 5.14, and Lemma V, sec. 5.15. 


Lemma VII: (1) ‘The homogeneous primitive elements of (AE*),_o 
have odd degree. 

(2) If @,,...,@, are linearly independent homogeneous primitive 
elements, then ®,a --- 1 ®, #0. 
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(3) If D,(E) denotes the ideal ((A+E),~o)? in (AZ)g-0, then Pz = 
D,(E)+ (with respect to the duality between (A+E*),., and (AtE)»_o). 


Lemma VII implies that 
@r,G=0, Be Px. 
Thus the inclusion map Pz — (At+E*),., extends to a homomorphism 
xp: APg > (AE*)on0- 


If APg is given the gradation induced from that of Pg, then xg is homo- 
geneous of degree zero. 


Theorem III: Let E be a reductive Lie algebra. Then 
wn: \Px a (AE*)omo 


is an isomorphism of graded algebras. 
Thus (AE*),_,. and H*(E) are exterior algebras over graded subspaces 
with odd gradation. 


Proof: The theorem is established with the aid of Lemma VII in 


exactly the same way as Theorem IT, sec. 5.16, was proved from Lemmas 
IV and V. 
Q.E.D. 


5.19, Corollary I: If g: F — E is a homomorphism of reductive Lie 
algebras, then the diagram 


AP ———+ (AE*) ug —-—> H*(E) 


= = 


I Ir 


(AF*)¢-9 ———> H*(F) 


“Pp 3 


ford 


commutes. 


Proof: Apply Theorem III, and the second remark after Theorem I, 
sec. 5.12, noting that all maps are homomorphisms. 
Q.E.D. 
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Corollary II: The Poincaré polynomial of (AZ*),.. (and hence the 
Poincaré polynomial of H*(£)) has the form 


f=(1+ tm) --- (1+ t). 


Here the exponents are odd and satisfy 
Vgg=n (n = dim E£). 
1=1 


Proof: Let >%_, t% be the Poincaré polynomial of Pz. Then the g; 
are odd and the product above is the Poincaré polynomial of APz. 

To prove the second statement, observe the elements of top degree in 
AP, have degree g, + --- + g,, while the elements of top degree in 
(AE*)s_o have degree n. 

Q.E.D. 


Corollary III: The Betti numbers of a reductive Lie algebra satisfy 


n 
Y (—1)%, = 0 and Yb,=2) (n=dimE, r= dim Pp). 
p=0 p=0 
Moreover, n = r (mod 2). 
Proof: Apply Corollary IH, noting that g; = 1 (mod 2). 
Q.E.D. 


Finally, let yp: Py — Pg @ Pz denote the diagonal map 
v(®)=FOO, PeEPy. 


Extend it to a homomorphism Ayp: APg -> APg @ AP. 


Proposition IV: Suppose E is a reductive Lie algebra. Then the 
diagram 
AYp 


APs APy @ APz 
xE| = =|seon 
(AE* oa (AE*)o-0 © (AE* Joao 


YE 


commutes. 
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Proof: In fact, for ® € Pg we have (by the definition of Pz) 
(yz ° xz)(P) = © ©1+1@O P= (xz & xz)(yrP). 


Since all the maps are homomorphisms, the proposition follows. 


Q.E.D. 


5.20. The invariant subspaces of low dimensions. Let F be a semi- 
simple Lie algebra with Poincaré polynomial 


Sram = I] (1 + 2%) 


(cf. Corollary II, sec. 5.19). Since EZ’ = E, it follows that b,(E) = 0. 
Thus, because the g; are odd, g; > 3 (¢ = 1,...,7). It follows that 
b,{E) = 0. 


These equations in turn imply that 
(ME*)o.0 = Pe 


Moreover, they show that the hypotheses of Proposition I, sec. 5.7, 
are satisfied. Hence the linear map e defined in that section is an iso- 
morphism 

g: (V?E*)5_9 —» Pi. 


In particular, a nonzero primitive element ® € P} is given by 
® = 0(K) (K, the Killing form); ie., 


P(x, y, z) = tr(ad[x, y] oad 2), x,y, 2E E, (5.15) 


Furthermore it follows that b,(E) = dim(V2E*)»_5. 


Proposition V: Let E= EF, @--: @E,, be the decomposition of a 
semisimple Lie algebra E into simple ideals. Then: 
(1) b(E) = 6,(E) = 0. 
(2) (#) = m. 
(3) If either I" is algebraically closed, or J’ = R and the Killing form 
is negative definite, then 
b,(E) = m. 


Proof: (1) is proved above. In view of (1), the Kiinneth formula 
(cf. sec. 5.9) implies that 


HE) = ¥ H%(E,). 


ist 
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It is thus sufficient to consider the case that FE is simple; i.e., m = 1. 

To prove (2), observe that formula (5.15) determines a nonzero element 
in (A8E*),_9. Thus 6,(£) > 1. 

It remains to establish (3). Assume that I" is algebraically closed, and 
let ¥ € (V?E*),_9. Since the Killing form is nondegenerate, Y determines 
a linear transformation y: E — E such that 


W(x, y) = K(x, y), x, ye, 
In view of the invariance of ¥% we have 
py o (ad x) = (ad x) oy, xe E. 


It follows that if 2 is an eigenvalue of y, then ker(y — Av) is a nonzero 
ideal in EF. Since E is simple, this implies that ker(y — Av) = E; i.e., 
y = dt. This shows that ¥ = AK, whence dim(V°E*))_) = 1. 

Finally, suppose /’== R and K is negative definite. Proceed as above, 
observing that y is self-adjoint with respect to K, and so has real eigen- 
values. 


Q.E.D. 


Corollary I: Let E be a reductive Lie algebra over an algebraically 
closed field. Let ] = dim Zz and denote by m the number of simple 
ideals in E. Then 
b,(E) = I, 6,(E) = fr b,(E) = (;)+™ and 5,(E) = i + ml. 


Corollary II: Let E be a simple Lie algebra of rank 2 over an al- 
gebraically closed field. Then the Poincaré polynomial of H(£) is 


f=(+e)\(1+*)  (n=dim EZ). 


§6. Duality theorems 
In this article, E denotes a reductive Lie algebra. 


5.21. The duality between primitive spaces. Proposition VI: Let 
E be a reductive Lie algebra. Then the scalar product, <, >, between 
(AE*),_) and (AE)9_, restricts to a scalar product between the primitive 
subspaces Pz and P,(E). Moreover, it satisfies 


<@, a) =i,(a)®, aeP,(E), DePyz. (5.16) 


Proof: The isomorphism xz, (cf. sec. 5.18) restricts to an isomorphism 
xg: (AtPg) « (At+Pg) — (ATE*)oc0 + (AtE*)o=0- 
Thus (cf. sec. 5.15) 
(AtE*) 529 = Pz © D*(E). 
On the other hand, by Lemma V, sec. 5.15, 
Pi (Bb) = D*(E). 


This shows that the spaces Py; and P,(F) are dual with respect to the 
restriction of <, >. 

Next observe that formula (5.16) holds if ® and a are homogeneous 
of the same degree. Thus we need only show that 


ip(a)®@=0, aeP(E), Be Ph, k>j. 


But, by Lemma VII, sec. 5.18, Pz = D,(E)+. This implies that for 
be (At 7B )o-0 > 
<tp(a)®, bd = <G,anb>=0. 


Hence 7;(a)® = 0. 
Q.E.D. 
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5.22. Duality theorems. As we observed in the preceding section, 
the scalar product between (AE*),_, and (AE) _» restricts to a scalar 
product between Py and P,(E). This scalar product in turn induces a 
scalar product between APy and AP, (£). 


Theorem IV: Let E be a reductive Lie algebra. Then the isomor- 
phisms 


xp: APy—>(AE*)o-9 and — xy: APg(E) = (AE)o~0, 
preserve the scalar product; i.e., 
<np®, x,a> = (PD, ad, ®eAPz, aE AP,(E). 
Proof: We observe first that this relation holds for @¢€ Pg and 
aé P,(E) by definition. Now let 
wh: APy(E) <— (AE)oW0 


be the linear map dual to xg with respect to the given scalar products. 
It has to be shown that x# = x,!. 

Observe first that (xg, x,a> = <®,a> if ae P,(E). Indeed, if ® 
is primitive this is true by definition, while if ® is a product of primitives 
both sides are zero (cf. Lemma V, sec. 5.15). It follows that 


HE(a) = ~%q (a), a € Py (BE). 


Thus to prove x# == xj! we have only to show that x# is a homomor- 
p % y 
phism. For this purpose we establish two lemmas. 


Lemma VIII: Let ae P,(£). Then the operator 
ip(a): (AE*)o-9 > (AE*)o~0 
is an antiderivation. 


Proof: Since the map Jy: (AE)go9 > (AE)g-0 © (AF )o-0 is a homo- 
morphism (cf. Proposition III, (1), sec. 5.13), we have 


M(Ay (@)) 0 dy = Ay ° u(a). 
Dualizing this relation we obtain 


Azo ° tx@x( Ay (2)) = tz(@) © Ag=o- 
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Thus 
ip(a)(® n ¥) = ig(a)Agao(P @ VY) = Ageo ° izor(4n(a)(P @ VP), 
®, V & (AE*) p29. 


But, since a is primitive, it follows that 4,(@2)=@a@@1+41@da. 
Hence 


izon(4y(a))(® © V) = ig(a)® © ¥ + (—1)°@ © ig(a)¥, 
De (APE*)s.9, Ye (AE*)o-0; 
and so 
ip(a)(® a W) = ig(a)O nV + (—1)?@ a ig (a). 
Q.E.D. 


Lemma IX: Denote by ip(a) the substitution operator in the algebra 
AP, induced by ae P,(E). Then 


xg 0 tp(a) = ty(a) © xg. 


Proof: Since zp is an antiderivation in APg, xg °tp(a) is a xg-anti- 
derivation. On the other hand, Lemma VIII shows that ip(@) is an 
antiderivation in the algebra (AE*),.9. Thus ig(a)o xg is a x,-anti- 
derivation. Hence it is sufficient to prove that 


xy 0 ip(a)(P) = ig(a)oxx(%), De Py. 


But in Py, x, reduces to the identity. Thus in view of the definitions 
of the scalar products and Proposition VI, sec. 5.21, 


xn 0 ip(a)(P) = <®, a> = iy(a)P = ig (a) o xg(P), De Px. 
Q.E.D. 


5.23. Proof of Theorem IV: Dualizing the formula in Lemma IX 
gives 
Lp(a) ° x& = x# 0 u(a), 


where y»(a) denotes the multiplication operator (induced by a € P,(E)) 
in the algebra AP, (Z). Since a = xfa, this can be rewritten as 


x(a) 0 x§(b) = xB(anb), ae P(E), be (AE)s0. 
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Clearly this yields 
#B(a, A +++ Ay) = “B(a1) A +--+ a xE(ap), a; € P,(E). 


Since P,(£) generates (AE)g_), x$ must be a homomorphism. In view 
of sec. 5.22, Theorem IV is now proved. 
Q.E.D. 


Corollary: For any be AP, (E), 


Hp 0 Ip(b) = ig(xyb) o xp. 


§7. Cohomology with coefficients in a graded Lie module 


In this article E denotes an arbitrary finite-dimensional Lie algebra, 
and 6y, denotes a representation of F in a graded vector space M = >), M?. 


5.24, The space M @AE*. Consider the graded vector space 
M @ AE* = ¥ (M @AE*), where (M @AE*) = Y M?@ AIE*, 


p+q=r 


Extend the multiplication operators u(®) (@ e A‘E*,¢ = 0,1, ...) to 
operators u(®) in M @ AE* by setting 


u(D)(z @¥) = (—1)"#z @ On, DeNE*, Pe AE*, xe Mr. 


Extend the substitution operators 7z(a) (a ¢ AE) to the operators ig(a) 
in M @ AE* defined by 


in(a)(z @ WV) = (—1)™"z @ig(a¥, aeNE, Ye AE*, ze Mr. 


In particular, zx(x«) (x € E) is homogeneous of degree —1. 

Similarly denote the operators 6);(x) © and ¢ @ 6,(x) simply by 
6,;(x) and @,(x). Then 6, and 6, are representations of E in the graded 
space M ® AE*. They determine the representation @ given by 


B(x) = Oy,(x) + 65 (x), xek. 
More explicitly, 
O(x)(z @ W) = Oy(x)z O©V +2 @ On(x)¥%, xe E, ze M, Ve AE*. 


The symbols 6(M @® AE*) and (M © AE*),_, will refer to this represen- 
tation (cf. sec. 4.2). 
In view of sec. 5.1, 


6(x)iz(a) — tg(a)O(x) = 1p(0*(x)a), xek, aenek. 
In particular, if @ is invariant, 
O(x)ig(a) = tp(a)O(x), xe E, 
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Next, extend 6, to the operator (again denoted by 6,) in M @ AE* 
given by 
bn(z © Y) = (—1)?z © 62¥, ze M?, Pe NE*. 
Then the relations (5.3) of sec. 5.2 yield the formulae 
in(x)dx + Ozte(x) = On(x), 


53 = 0, (5.3) 
and 


for the corresponding operators in M @ AE*. 
Clearly, 676y(x) = 0y(x)dz, and so 6,0(x) = O(x)dz, x€ E. 
5.25. The operators §, and 6. Define an operator 6,in M @ AE* by 
bo(z © ¥) = (—1)? ¥ Oule,)z @ e* a ¥, ze M?, Ye AE*, 


where e*’, e, are dual bases for E* and E. Evidently, 6, is independent of 
the choice of the dual bases. Moreover, 


do = ¥ wle**)Onr(e,) = Y Gar (e,)u(e**). 
Next, define an operator 


6: M ® AE* > M ® AE*, 
by 
6 == dy + bo. 


Observe that 6,, 69, 6 are all homogeneous of degree 1. If M @ A?E* 
is identified with the space L(A?E; M) (0 < p <n) by the equation 


(a) = iz(a)Q, De M @ANE*, ae NE, 
then 6 is given by the formula 
(62) (x, .- +5 Xp) 
= by (—1)'Oa¢(2;)(Q(%o5 «+ Bip +5 Rp) 
+ > (1) Olas kys ei cy Bye ekg Bio es eto) 
x,€EF, i=0,...,p, Qe L(A’E; M), 
(cf. formula (5.7), sec. 5.3). 
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It will now be shown that 6 satisfies the relations 


in(x)6 + dig(x) = O(x),  6*» = 0, (5.17) 
d6(x) = O(x)d, xe E. 


In fact, it follows from the definition that 
ip(x)d9 + Oete(x) = Oy4(~). 


This, together with (5.3), yields the first relation. 
To establish the second, let e**, e, be a pair of dual bases for E* and E. 
Observe that for x, ye E, 


Yi <e* ne*, xnyd[e,, eu] = Dd <e¥r nek, xr y>Ax(e, A ey) 
vu“ 


vs“ 


== On(x AY), 
and 


YY <ée*, x a ye, = — Yi <e*, On(x ny) >e, = —Ox(x Ay). 


It follows that, in E @ A?E*, 
Y [e,, e.] @ eta ete = — Se, © dze*. 


v<e 


Now an easy computation gives 
65(z © V) = » Ou([e,, eu])2 @ e* nek nV 
v<h 
= — ¥ 4y(e,)z @ dge* a Y 
= —(d259 + 596z)(2 & WY), zeM, Pe AE*. 
Since 63% = 0, it follows that 
6? = 6% + 63 + bgd9 + 59dz = 0. 


Finally, applying 6 on the left and right of the first relation of (5.17) 
yields the third relation. 
As an immediate consequence of (5.3) and (5.17) we have the relation 


69(x) = O(x)d,, xe E. 
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5.26. The cohomology and the invariant cohomology. It follows 
from the relations of sec. 5.25 that (M @ AE*, 6) is a graded differen- 
tial space. The corresponding cohomology space H(M @ AE*, 6) is 
called the cohomology of E with coefficients in M, and is denoted by 
A*(E; M). 

If 0), is the trivial representation, then 6, = 0 and so 6 = dg. In this 
case we have 


H*(E; M) = M@ H*(E). 


On the other hand, relation (5.17) of sec. 5.25 implies that 6 rep- 
resents E in the graded differential space (M @ AE*, 6). Thus the 
invariant subspace is stable under 6. The corresponding cohomology is 
called the invariant cohomology of E with coefficients in M and is denoted 
by H((M @ AE*)oa0, 8). 

Finally, the Koszul formula of sec. 5.3, together with the definition of 
59, gives 


252 + 69 = ¥ ule*)0(¢,). (5.18) 


It follows that in the invariant subspace (M @ AE*)»_5, 59 reduces to 
—26,, while 6 reduces to —6,. Thus 


H((M © AE*)s.0, 6) = H((M & AE*)o-0, 6z). 


5.27. Representation in graded algebras. Assume that 6); is a rep- 
resentation of F in a graded algebra M. Then the operators 6),(x) (in M) 
are derivations, homogeneous of degree zero. Give M ® AE* the algebra 
structure defined by the anticommutative tensor product. Then a simple 
verification shows that: 


(1) ig(x) (« € E) is an antiderivation, homogeneous of degree —1. 

(2) O6x(x), O4(x), and 6(x) (x € E) are derivations, homogeneous of 
degree zero. 

(3) 6, 59, and 6 are antiderivations, homogeneous of degree 1. 


Thus M ® AE* and (M @ AE*),_, become graded differential algebras, 
and so the corresponding cohomology spaces become graded algebras. 


5.28. Reductive Lie algebras. Proposition VII: Let E be a reduc- 
tive Lie algebra, and let 64 be a representation of E in a graded vector 
space M. Then 
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(1) The inclusion map Mop.p © (AE*)o29 > (M @ AE*)o-o induces 


an isomorphism 
Mg..0 © (AE*) 5-9 —> H((M © AE*)oW0, 6). 


(2) If 0, is a semisimple representation, then the inclusion 
(M @ AE*)o_) ~ M @ AE* induces an isomorphism 


H((M @ AE*).0, 6) => H*(E; M). 
Proof: (1) Recall from sec. 5.26 that in (M @ AE*)o_9, 6 = —6g. 
Thus apply Theorem V, sec. 4.11 with 
(X, dy) = (AE*, 6) and (Y, dy) = (M, 0). 


(2) It follows from formula (5.17), sec. 5.25, that the representation 
6* of Ein H(M @ AE*) is trivial. Thus (2) is a consequence of Theorem 
IV, sec. 4.10. 

Q.E.D. 


§8. Applications to Lie groups 


Throughout this article, E denotes a Lie algebra of a Lie group G. 


5.29. The algebras H*(E) and H*(G). Recall from sec. 1.2, volume 
II, that each vector A € E determines a unique left invariant vector field 
X, on G such that X,(e) = h. Moreover, we have the operators i(X;), 
6(X,), and 4 (substitution operator, Lie derivative, and exterior deriva- 
tive) in the algebra A(G) of differential forms on G. 

These operators restrict to operators 7,(h), 0,() and 6, in the algebra 
A,({G) of left invariant forms (cf. sec. 4.5, volume II). Moreover, an 
isomorphism 


t,: A,(G) —» AE* 


is defined by 1,(®) = @(e) (cf. Proposition II, sec. 4.5, volume IT). 
Under this isomorphism, the operators 7,(h), 9,(h), and 6, correspond, 
respectively, to the operators 7,(h), 9,(h), and dé, defined in sec. 5.1 and 
sec. 5.2. (To see this, apply Proposition III, sec. 4.6, volume II, and 
formula (5.7), sec. 5.3.) 


In particular, t, induces an isomorphism 
ti: H(A,(G), 6,) —> H*(E) 


(which, in volume II, is denoted by (t,).). 
Composing 1z!: AE* =+ A,(G) with the inclusion 4;(G) > A(G), 
we obtain a homomorphism 


&q: (AE*, dz) > (A(G), 6) 
of graded differential algebras. Let 
ei: H*(E) > H(G) 


denote the induced homomorphism. 
On the other hand, if G is connected, then t, restricts to an isomor- 
phism 
Ty: A,(G) — (AE*)o-0» 
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where A,(G) is the algebra of bi-invariant forms (cf. sec. 4.9, volume IT). 
In view of sec. 4.10, volume II, we have the commutative diagram 


A,(G) ——~ H,(G) —— H(G) 
“| tl : (5.19) 


(NE*)ou9 ——+ H¥*(E) 


Here zg denotes the homomorphism induced by the inclusion (AE*)9_5 
— Z*(E); if E is reductive, it coincides with the isomorphism zg in 
Theorem I, sec. 5.12. 

The composite ef o 2g will be denoted by ag, 


aig: (AE*)oap > H(G). 


Note that, for ® € (AE*)5_, ag(®) is represented by the (closed) bi- 
invariant form t7!(®). It follows from Theorem III, sec. 4.10, volume II, 
that if G is compact and connected, then all the maps in diagram (5.19) 
are isomorphisms of graded algebras. 

Next, let y: K + G be a homomorphism of connected Lie groups, 
and let y’: F > E be the induced homomorphism of Lie algebras (cf. 
sec. 1.3, volume IT). 

From g we obtain homomorphisms 


gt: A(K)<~ A(G), pf: Ai(K)< 4(G), pt: A, (K) < A,(G), 


as well as homomorphisms g*: H(K) <— H(G) and 9: H,(K) <— H;(G), 
induced by y* and y#. On the other hand, y’ induces homomorphisms 
(y')’, (v')e-o, and (y’)*, as described in sec. 5.6. It follows from the 
results of sec. 4.7, volume II, that the diagram 


(AE*)oup —2 + H*(E) —* + H(G) 


| 


H*(F) 


Te e& 


(PYGn0 ot 


(AF*) 520 


H(K) 


commutes. This shows that 


ag © (p' jenn = Y* OGG. (5.20) 
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Example: Products: Let K and G be connected Lie groups with Lie 
algebras F and FE. Let 2,: Kx G— K and a,: Kx G > G be the projec- 
tions. Then 2; and x3 are just the projections from F @ E to F and E. 

Now write (A(F @ E)*)goo = (AF*)o20 © (AE*)on0, as in sec. 5.9. 
If De (AF*)p.9, % € (AE*)o-0, then 


POP = (POA @ P+) = (1 )o-0(P) A (*a)o-0(%). 
On the other hand, recall that the Kiinneth homomorphism 
4: H(K) © H(G) > H(KxG) 


is given by x4(a ® 8) = x(a) - a#(B) (cf. sec. 5.17, volume 1). 


Proposition VIII: If K and G are connected, then the diagram 


= 


(AF*)o-0 © (AE*)on0 (AF @ E)*)o-0 
eR OAG 2KxG 
H(K) ® H(G) H(KxG) 


Hy 


commutes. 


Proof: Fix ®e (AF*) 9 and Y € (AE*),_5. Since exy¢ is a homo- 
morphism, we have 


axxo(P © P) = aK xa((71)6-0(P)) . ax xo( (%2)6-0('Y)). 


Now apply formula (5.20), sec. 5.29, to the homomorphisms z, and z,, 
to obtain 


axxa(P @ P) = af (ox(®)) + xf (ac(¥)) 
= 240 (ax @ae)\(P @ YP). 
Q.E.D. 


5.30. The map ~. Let G be a connected Lie group with reductive 
Lie algebra E. Define a smooth map gy: Gx G > G by 


(x, y) = xy, x, yeG. 


It induces a homomorphism y*: H(G x G) <— H(G). 
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Since ¢(e, e) = e, the derivative dp restricts to a linear map gy’: EQ E 
+ E. Evidently ¢'(h ®@k) =h—k, h,ke E. Now extend (y’)* to a 
homomorphism 


(p's: AE* > A(E @ E)*. 
Let 
nner: ME © E)* > (A(E © E)*)o-0 
be the projection with kernel 6z9,(A(E © E)*), and define a linear map, 


ph: (AE*)o-0 > (A(E © E)*) 


9g@E=0> 


by setting y'(®) = nzoz° (v')(®), O € (AE*)o-0. 


Proposition IX: With the hypotheses above, the diagram 


ph 


(AE*)o20 (A(E @ E)*)o20 
H(G) —— H(GxG) 


commutes, 


Proof: Observe that 
g(ax, by) = a- g(x,y) - 6, a,b,x,yeEG. 


It follows that the map y*: A(Gx G) <— A(G) restricts to a homomor- 
phism 
¢¥: Ay(Gx G) — A,(G). 


Now fix ® € (AE*),_, and define Y € A;(G) by ¥ = 17'(®) (cf. sec. 
5.29). Then (again cf. sec. 5.29) ¥ is closed, and represents ag(). 
Thus ¢¥(¥) represents ¢*a,(®). 

On the other hand, since ¢#(¥) is left invariant, and 


(GFP), e) = (P')(PE)) = ©), 


it follows that 
ti(GFY) = (9). 
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Thus 
bron((y')P) = tipf (O¥) = 0. 


Now Theorem I, sec. 5.12, (applied to EF @ E) shows that for some 
Qe NEO E)*, 
(p')\P = FD + Spon. 


Finally, apply zz! to this equation to obtain 
PEE = (PP) + d(7z'2). 
Thus, 17'(g'®) also represents p*ag(®); i.e., 


(aexq 0 PID = (p*ag)®. 
Q.E.D. 


5.31. The comultiplication. Let G be a connected Lie group with 
reductive Lie algebra E. Then the multiplication map wg: GX G > G 
(given by ug(x, y) = xy) determines a homomorphism of graded dif- 
ferential algebras u#: H(G x G) < H(G). 

On the other hand, we have the homomorphism 


VE: (AE*)o~0 © (AE*)o_o = (AE*)o_o, 


defined in sec. 5.17. Identify (AE*)y-9 ® (AE*)oo0 with (A(E ® E)*)o20 
as in sec. 5.29 and sec. 5.9. 


Proposition X: With the hypotheses above, the diagram 


(AE ® E)*)ony —2— (AE*) ono 


“Exe aq 


H(Gx G) -—_.—__ H(G) 
4G 
commutes. 
Proof: Define a diffeomorphism f: Gx G + Gx G by 


f(xy) =(%y7) xy EG. 
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Then 
f(axb, cyd) = (axb, dye“), a,b,c, d,x, ye G. 


These equations imply that the induced isomorphism f* restricts to an 
isomorphism 


ft: A(Gx G) — A/(GxG). 


Next observe that f(e, e) = e and that the derivative df restricts to the 
linear isomorphism f’ of E @ E given by 


f'(hy B) = (h, —R). 


It follows that the automorphism (f’)’ of A(E ® £)* commutes with 
the operators Ozo2(h, k). Hence it restricts to an automorphism (/’)$_o 
of the invariant subalgebra. 

It is immediate from the definition that the diagram 


Tr 


A(GxG) A(Gx G) ——> (NE © E)*)o-0 
f*| = =f =| 
A(GxG) A\(Gx G) ——> (NE © E)*)o-0 


t1 
commutes. It follows that 
f* 2 aGxg = texg ° (f')b-0- 
Finally, observe that the maps yg and ¢ are connected by 
Ha = 9°f, 
where 9 is the map defined in sec. 5.30. Thus, 
Hi oag = f*op* cag = agxa ° (f’)b-0 2 (5.21) 


(cf. Proposition IX, sec. 5.30). 

On the other hand, since (f')* commutes with the operators Ozox(h, k), 
it follows that (f’)’ commutes with the projection 7z@z defined in sec. 
5.30. This implies that for ® € (AE*),_0, 


(CP )o-0 ° Y*)P = (nEeE ° (ua)*)P. 
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Since ug(h, k) = h +k, it follows from sec. 5.17 that 


Yr = Nor ° (Ha) 


whence 
ye = (f'fo-0 9g". (5.22) 


The proposition follows from relations (5.21) and (5.22). 
Q.E.D. 


5.32. The primitive subspace. Now assume that G is compact and 
connected. Then the Lie algebra E is reductive (cf. sec. 4.4). Use the 
Kinneth isomorphism to identify H(GxG) with H(G) @® H(G) (cf. 
Theorem VI, sec. 5.20, volume I). Combining the example of sec. 5.29 
with Proposition X, sec. 5.31, and observing that ag is an isomorphism 
(cf. Theorem III, sec. 4.10, volume II) we obtain the commutative 
diagram 


(AE*)oa9 —“—> (AE*)ouo ® (AE*)oa0 


ag\|=> = | «*G@2@g 


H(G) © H(G) 


* 
G 


In sec. 4.12, volume II, we defined the primitive subspace Pe < H+(G) 
to be the subspace of classes a € H+(G) satisfying 


bea) =e @®14+1@a 
It follows that ag restricts to an isomorphism 
ap: Pr = Pg. 


Thus there is a commutative diagram 


AP —-—+ (AE*)oa0 

Atp | = ~|ag 
+ 

APy —=— HG), 


of algebra isomorphisms, where xg is the isomorphism defined in sec. 
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5.18 while Ag is defined in sec. 4.12, volume II. This diagram shows that 
in the compact case Theorem III, sec. 5.18, is equivalent to Theorem IV, 
sec. 4.12, volume II. 

Moreover, Theorem IV, sec. 4.12, volume II, asserts that 


dim P, = dim T, 


where T is a maximal torus in G. It follows that the rank of the Lie 
algebra of a compact Lie group is equal to the dimension of a maximal 
torus. An algebraic version of this result will be established in Chapter X 
(sec. 10.23), 


Chapter VI 


The Weil Algebra 


In this chapter EF denotes a finite-dimensional Lie algebra. 


§1. The Weil algebra 


6.1. The algebras VE* and VE. Consider the graded vector space 
E* which is defined as follows: E* is equal to E* as a vector space and 
the gradation of E* is given by 


deg x* = 2, x*e E*, 
The induced gradation of the symmetric algebra VE* is given by 
(VE*)*4 = VIE*, (VE*)'a+1 = 0, q=9. 


Thus V E* is evenly graded, and so it is a graded anticommutative algebra. 
The representation 


xt» —(ad x)* 


of E in E* gives rise, evidently, to a representation of FE in E*. Extending 
the linear transformations —(ad x)* to derivations 69(x), we obtain a 
representation of E in VE*. 

In a similar way we form the graded space E (E = E as a vector space; 
deg x = 2, x € E) and the symmetric algebra VE. Then VE is a graded 
anticommutative algebra and the adjoint representation of F in E extends 
uniquely to a representation 6° of E in the graded algebra VE. The 
representations 0, and 6% are contragredient with respect to the induced 
scalar product between VE* and VE. Thus we have 


(VE*)o-9 = O(VE)t and O(VE*) = (VE). 
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Next, let gp: F + E be a homomorphism of Lie algebras. Then » and 


its dual g* extend to homomorphisms of graded algebras 


gi VF>VE and ov: VF*<~—VE*. 
Clearly we have 
Po Os(y) = As(y)o~, ve F, 
and so q’ restricts to a homomorphism 
P5-0: (VF *)ge9 <— (VE*)o-0- 
Now suppose £ is reductive. Since 
45(x) = O5(x) = 0, xé Zp, 


it follows that the representations Os and 65 are semisimple (cf. Theorem 
III, sec. 4.4). Hence in particular 


VE* = (VE*)).5 @ (VE*) and = VE = (VE)s-9 @ 0(VE). 


It follows from these decompositions that the scalar product between 
VE* and VE restricts to a scalar product between (VE*),_) and (VE),.o. 


6.2. The algebra W(E). Consider the anticommutative graded al- 
gebra W(E) = Y 29 W(E) given by 


W(E) = VE* @ AE*, 
W(E)= Y (VES QNE*= S) VPE* @ NES. 
q=T 


2p+q=r 
Thus WE) = I, W1(E) = 1 @ E*, and W*(E) = E* @1@1 WAE*. 
We shall now translate some of the results of article 7 of the preceding 
chapter, with VE* = M and 6, = 6,,. In fact, as in sec. 5.24, extend the 
operators u(®) (®e AE*), tz(a) (ae AE), 6,(x), and 6s(x) to W(E) 
by setting 
MP) = + @u(P), — ix(a) = « © te), 
Gs(x) = Os(x)@ 4, — Ox(%) = « © Ox(x). 


(Note that VE* is evenly graded.) 
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Then 6, and @g are representations of FE in W(E). Next set 
Oy (x) = On(x) + Os(x), xe Ek. 


Then 6y is also a representation of E in the graded algebra W(E) (it 
corresponds to the representation @ of sec. 5.24). The invariant subalgebra 
and the ‘‘@”-subspace for this representation will be written W(E) _5 
and 6(W(E)) respectively. 

Assume E£ is reductive. Since 6y(x) = 0, x € Zz, it follows from Theo- 
rem III, sec. 4.4, that the representation 6, is semisimple. In particular, 


WE) = W(E)o-0 © O(W(E)). 


Next, extend 6, to the operator 6g = + ® 6g in W(E), and let d, 
be the operator determined by the representation Og (cf. sec. 5.25). "Then 


bo = L mle*)s(e), 


where e*», e, is a pair of dual bases for E* and E. 
The operators 5, and 6, are antiderivations, homogeneous of degree 1. 
In view of formula (5.17), sec. 5.25, we have the relations 


te(x)(Oe + 69) + (Og + So)te(x) = Oy(x), 
(dz + 50)? = 0, (6.1) 


and 
(dz + 49) w(x) = Oy(x)(dz + 99), xe E, 


On the other hand, formula (5.18), sec. 5.26, yields 
23p + b= Y wle™)Oyy(e,). (6.2) 


6.3. The antiderivations A and k. Define operators h and k& in 

W(E) by 

A(Y @x¥l a --- nxkP) = sy (—1P xv YW @x¥la--- xi see AX*P 

i= 
h(Y ® 1) = 9, PeVE*, xtc E*, 
and by 
P ~ ; 
R(x¥ly --- vnke © DO) = PV vty --- xh. vet © x a@ 


j=1 


k(1 © ®&) = 0, DeNE*, x*®* e E*. 
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Then A and k are antiderivations in W(E), homogeneous of degrees 1 
and —1 respectively. In terms of dual bases e*’, e, we can write 


h= 2 Hs(e**) @ig(e,) and k= Pi is(e,) © u(e™), 


v 


where jig(x*) and is(x) are the multiplication and substitution operators 
in VE*. 
The operators h and satisfy 


(hk + Rh)\Q = (p + g)Q, Qe V?E* @ A'E*. (6.3) 
In fact, since 
A1@x«x*)=x*@1, A(x*@1)=—0 
and 
R(1 © x*) = 0, R(x* © 1) = 1 @ 2%, x* € E*, 
it follows that hk + kh reduces to the identity in E* © 1 and in 1 @ E*. 


But Ak + RA is a derivation and so (6.3) follows. 
Similar arguments show that 


h? = 0; R= 0 

AO (x) = Oy(x)h 

Op (22) = Oy ()h (6.4) 
and 


in(x)h + hiz(x) = 0, xek., 


6.4. The antiderivation 5,,. Set 
Ow = Op + 09 + A. 


Then 46, is an antiderivation in W(E), homogeneous of degree 1. If E 
is abelian, then dg = 6) = 0 and so dy reduces to h. 
We shall now establish the relations 


tp(x)dy + Opte(x) = Oy(x) 
_ (6.5) 


and 
Syy yy (x) = Oy (x) dy, xe E. 
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In fact, the first and third relation follow at once from formula (6.1), 
sec. 6.2, and formula (6.4), sec. 6.3. Moreover, since (dg + 65)? = 0 and 
h? = 0, the second relation is equivalent to 


To prove this, we may restrict ourselves to elements of the form 
x* ® 1 and 1 © x*, x* € E*, because both sides are derivations. Now 


[(dp + d9)h + h(dg + 55)](x* @ 1) = hd(x* @ 1) 


= Y' Os(e,)x* v e*. 
But : 


(¥ Bs(e,)x* vet, vy) = <Os(a)e*, y> + <Os(a)e*, #) 
= <x*, —[x, y] — [y, x]> = 0, x, ye, 
and thus 
[(on + do)h + h(Se + 4)](x* @ 1) = 0. 


On the other hand, 


[(dz + deh + A(dz + 4o)](1 @ x*) 
= Y' (As(e,)x* © e* + e* © in(e,)dxx*) 


= V (As(e,)x* © e#” + e* © Oz(e,)x*). 


This is a vector in E* @ E*. Its scalar product with x ®y (€ E & E) 
is given by 

<x*, —[y, x]> + <x*, —[x, y]> = 0. 
Hence 


[(du + d9)k + h(dg + 40)|(1 © x*) = 0. 


This completes the proof of (6.5). 

The graded differential algebra (W(E), dy) is called the Weil algebra 
of the Lie algebra E. 

Formulae (6.5) show that Oy is a representation of E in the graded 
differential algebra (W(E), dy) and that 6} = 0. In particular, the in- 
variant subalgebra W(E)o_» is stable under dy. Moreover, the relation 
(6.2), sec. 6.2, shows that the restriction of dy to W(E)»_ is given by 


dy = h — dg. 
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6.5. Homomorphisms. Let y: F > E be a homomorphism of Lie 
algebras. Then g induces a homomorphism 


pw = % @ ye: WF) — WE). 
It follows from sec. 5.6 and sec. 6.1 that 
pw Onley) = Ov(y)ow, =v F, 
and so gy restricts to a homomorphism, 
(Pw )e-0: W(F ono <- W(E)o~0- 


On the other hand, yy is a homomorphism of differential algebras: 
Ywow = Swyw. In fact, we know from sec. 5.6 that gydg = dgyy. 
It is immediate from the definitions that pywh = how. 

Finally, observe that 

pwd] @ x*) = 0 = dopy(1 © x*) 


while 
tr(y)pw5o(x* © 1) = pwie(py)do(x* © 1) 
= gw(8s(vy)x* © 1) 
= O5(y)pw(x* © 1) 
= tr(y)depw(x* @ 1), ye, x*¥e E*. 


This implies that 
pw5e(x* © 1) = depw(x* © 1), x* © E*. 


Since gydo and dgpy are py-antiderivations, it follows that pydo = dapy 
and so 


Gwow = OwOw- 


6.6. The cohomology of the Weil algebra. The purpose of this sec- 
tion is to establish the following 


Proposition I: Let E be a Lie algebra. Then the cohomology of 
W(E) and of W(E) _» is trivial, 


H+(W(E), bv) =0, HWE), by) = T, 
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and 
H+*(W(E)o-0, Sw) = 9, HP (W(E)o0, Oy) = I. 


Recall the definition of the antiderivation & in sec. 6.3. Define a deriva- 
tion 4 in W(E£), homogeneous of degree zero, by 


Lemmal: Let Qe WE), r>1. Then 


( 1)-3 r-1 = 
Q= ai = - 6,472 
where cy = 1 and 


c, = (—1Y le---e],, 
a 1 a 
1sl,<+++<ly<r 


In particular, the restriction of A to W+(E) is an isomorphism. 


Proof: Set 
A, = (5p + 5a)k + R(dp + 59) = A — (hk + Bh). 
Then 
A,: VIE* @ AE* > V0-1E* © AE*, g=0,1,.... 
Next, recall from sec. 6.3 that 
(hk + Rh)NQ = (p + Q)Q, Qe VIE* & APE*. 
Define operators T, (q= 0,1, ...) in W(E) by 
T,(2) = (r — )Q, Qe WE). 


Then 
T,(Q) = (hk + Rh)Q, De VIE* @ AE*, 


and so it follows that 
A — T,: ViE* © AE* — Vt-1E* @ AE*. 
Iterating this process we obtain 


(A —T)o-+-0(A—T,)(Q)=0, Qe VVE* @AE*. (6.6) 
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On the other hand, since T, reduces to scalar multiplication in each 
W'(E), it commutes with every operator homogeneous of degree zero. 
Thus 

Ate TA and fA ion — ae A 


In particular, the relation (6.6) continues to hold for 


Qe Y VIE* @ AE*. 


J=q 
Now let Qe W*(E),r > 1. Then Qe Yj.,_, ViE* © AE*, and hence 
(4 — Ty) °o---0(4 — T,_,)Q = 0. 
Expanding this relation and using the fact that 
Ti, +++ T:(2)= (7 — 4) +++ 7 — 4), 


we obtain the formula of the lemma. 
This formula shows that A restricts to surjective maps 


W(E) > WE),  r>1. 


Since W7(E) has finite dimension, 4 must be an isomorphism in each 
W*(E). 
Q.E.D. 


Proof of the proposition: Since dj = 0 and k? = 0, we have 
A? = (byk)? + (Roy)?, p>. 


Thus if Qe W(E), r > 1, and 642 = 0, Lemma I yields 2 = 6y2Q, 
with 


(oan oe ae ” P 5 ¢,( dk) AQ. 


It follows that H7(W(£)) = 0, r >1. On the other hand, we have, 
trivially, H°(W(E)) = I 
Finally, suppose 2 € W7(E)o_9, 7 => 1, and dy2 = 0. Since k and by 
commute with the operators Oy(x), x € £, it follows that Q, is invariant. 
Hence, H+(W(E)g2o) = 0. 
Q.E.D. 


§2. The canonical map pe, 


In this article we shall construct a canonical linear map 
Og: (VtE*)o.9 > (ATE*)o20 


for an arbitrary Lie algebra E. 


6.7. Definition: Let zz: W(E) — AE* denote the projection defined 
by 


tX(1@0)=@G and a(VOS)=0, Be AE*, Pe VtE*. 
Then zg is a homomorphism of graded algebras. It satisfies the relations 
pow = Opty and TpOw(x) = On(x)ty, XE E. 
In particular, a, restricts to a homomorphism 
(7 z)o-0: W(E)o.0 > (AE*)o-0- 


Since (cf. formula (6.2), sec. 6.2) dy reduces to 469+ h in W(E)o.0, 
and ah = 2,6, = 0, it follows that 


(%z)on0 ° Ow = 9. (6.7) 
Moreover, if y: F + E is a homomorphism of Lie algebras, then 
yp ONE = Tp ° Py. 


Lemma II: Let ¥ € (V+E*),_,. Then there is a unique element 
® € (A+E*),.9 such that for some 2 € W+t(E)»-o, 


Tp G2 = @ and by = Yo 1. 
Proof: Evidently, dy(¥Y @ 1) = 0. Hence, by Proposition I, sec. 6.6, 
there exists an element 2.€ W+(E)»_, such that 
Set ® = az(2). 
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If 2, € W+(E)o-o is another element such that 672, = VY © 1, then 
by(2 — 2;) = 0. 
Hence, again by Proposition I, 
Q — Q, = by9, for some ¢€ W+(E)o.o. 


It follows that 
TpQ — 1pQ, = (%1z)o-06w(2) = 0 


(cf. formula (6.7) above). Thus ® is independent of the choice of Q. 
Q.E.D. 


The correspondence Y+-+ @ defines a linear map 
On: (VtE*) 29 > (ATE*)o0, 


homogeneous of degree —1. It will be called the Cartan map for E. 
In view of the definition we have 


On = 2,2, by2Q=P 1. 
In sec. 6.14 it will be shown that if EF is reductive, then 
ker 0g = (VtE*)3_, and Im og = Py. 
Example: Let E be an abelian Lie algebra. Then the Cartan map is 
given by 
onl =, Ve E*; or = 0, We (VtE*)- (VtE*). 


In fact, in this case 6g = 6, = 0. Thus, if ¥ e V?E*, then 
P@1= + Ha? @ je bu(5 MY @ 1)). 
Hence 


1 
Or’ = > TegRk(Y 63) 1). 


If p > 2, then k(¥ @ 1) € V+E* @ AE* and so og? = 0. If p = 1, 
then &(¥” @ 1) =1@W and so 


ox = ag(1 @V) = ¥. 
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Proposition II: If y: FE is a homomorphism of Lie algebras, 
then 


Pe-0 ° Ok = OF ° Pi-0- 
Proof: Let Ye (V+E*),_, and let 2 e W+(E),_, satisfy 
6y2= O11. 
Then p'Y © 1 = gyby2 = byoy2, and hence 


ore? = nappy 2 = y’az2 = y’or¥. 
Q.E.D. 


6.8. Explicit formula for p;. In this section we give an explicit 
expression for og. 


Proposition II: The Cartan map 0, for a Lie algebra E is given by 
(cf. sec. 6.3 for k) 


on! = BC Rel k)y-(Y @1) WY e (ViE*) 
E (2q a2 1)! EF , 6=0° 


Lemma II: Let Ye (V/E*),_5. Then 


FQ = bp ES ank(Onh) 4H @ Dh, 
where dy =: | and 


a= (1) 


x ; hed — 1%) +++ (2g — 4). 


Rear 
Proof: We adopt the notation of sec. 6.6, and show first that 
(A —T,)--- (4— T,)(¥? © 1) = 9. (6.8) 
As in Lemma I, sec. 6.6, observe that 
(A—T1) ++: (4—T)P@I=1@9, 


where ® € (A*7E*),_,. Also note that the space W*4(E),_» is stable under 
A and that each T;, restricts to scalar multiplication in W*4(E)5_). It 
follows that there are constants a, such that 


1@@G= JV a,A(¥ @1) = ¥.a,(dpk)(¥ @ 1). 
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Hence 


1@@=a4,(¥% ©1)+4+ 4,2, some 26 W(E)o.o- 
It follows that (cf. formula (6.7), sec. 6.7) 
D = ay(1 © D) = (x)o-05"(2) = 0. 


This proves formula (6.8). 
Finally, obtain the lemma by expanding formula (6.8) in the same 
way as in the proof of Lemma I, sec. 6.6. 


Q.E.D. 


Proof of Proposition II: Recall from sec. 6.4 that in W(E)»-o, 
Oy = h — by. Further note that 


k: VPE* @ AE* —> V?-1E* @ AE*, h: VPE* @ AE* —> V?+1E* ® AE*, 


and 
Og: VPE* © AE* > V?E* © AE*. 


These formulae imply that for ¥ € (V7E*)s_o, 
mgk(dhP(Y @1)=0, p<q—-1 
and 
meh Oph)? "(PY @ 1) = (—1) egh(dek)* (¥ © 1) 
= (=1)1A(dpk)1(F @ 1). 
Using these relations and Lemma III we obtain the proposition. 


Q.E.D. 


Next we shall derive a second explicit formula for ez, considering 
VE* and AE* as the spaces of symmetric and skew symmetric multilinear 
functions in E. 


Proposition IV: The Cartan map for a Lie algebra E is given by 


(on¥)(*1, ae Xoq—1) 


_ (eg) 
29-1(2qg— 1)! geste 


EgE (Xec1) » [Xora s Xoiay)> e+e [Xotag—2) , Xa2q—1)))> 


We (VWE*),_4, x, € E. 
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Proof: Define a linear map y: V7E* —> A?2-1E* by 


AP) = Pl dest LE k(dgk)*-(P © 1) Ye ViE* 
(2g—1)! “\* : , 


Then, in view of Proposition III above, ¢ restricts to eg in (VE*)g_o. 
On the other hand, since k is an antiderivation, a simple computation 
yields 


k( dgk)*-1(x¥ Vere uy @®1)=1©@ 2 x¥a) A bpX%0) Attra OpxN qs 


xt e E*, 
It follows that for x; € E, 


(R(Sgk)t- (xt v ++ v xt), Xp A+++ A Xq-1> 
1 
4-1 py EgXXM1) 1 Kain) >< OnX 2) 1 Lai2y A Xa(ay> *** 
TE 


* 
“ers (OpxXNq) » Xa(eq—2) A Xo(2q—1) > 


~9q-1 » € aX Xr 1) 9 Kola) XH 2)» [Xota)» ois ]> + °° 


sees <xRa) » [Xotaq—2) » Xo(2q—1)] > 


oy Re Verry Xe Xq1) V [Xac2ys Xoay] V-** 
oe 


Pe [Xat2q—2) > Xo(2q—1)] >. 


Hence for Ye VIE*, 


—1)?-(q — 1)! 
PP (x, 6-5 Xeq—-1) = oa py EP (Xe)» [%or2)» Xoisy]) +++)» 
Q.E.D. 


Corollary: The linear map @: (V?E*)o.9 — (A3E*)guq Of sec. 5.7 
satisfies 
Qe —2or. 


§3. The distinguished transgression 
In this article E denotes a reductive Lie algebra with primitive space 
Py c (AtE*)s_9. We shall construct a linear map 
tz: Py > (VtE*)oW0, 
homogeneous of degree 1, such that 
Op otg=t. 


6.9. The space W(E); 9. Fix an element a ¢ (A°E)o_o, p = 1, and 
consider the operator iz(a) in W(E) (cf. sec. 6.2). Since @ is invariant, 
the relations of sec. 5.1 yield 


in(a)Oy(x) = Oy-(x)tz(a), xeé E, 


Moreover, dualizing formula (5.8), sec. 5.4, and observing that a is 
invariant we find that 


iz(a)bg = —i(Oga) + (—1)?dztz(a). 


Since E is reductive and hence unimodular, dga = 0 (sec. 5.10) and so 
the formula above becomes 


ty(a)Oz = (—1)?dztx(a). 
Clearly, 


ip(a) oh = (¢ @ te(@)) oD) es(e*)ix(e,) = (—1)Ph o tg (a). 
Now define a graded subspace W(E);,.9, of W(E) by 
W(E) spon = {2 € W(E)| ig(a)Q = 0, a € (A*E)pa0}- 


The relations above imply that 6, restricts to a representation of EF in 
W(E);,-0, and that the space W(E);,-» is stable under 6; and h. Hence 
the invariant subspace 


W(E)i,-0,0-0 = W(E)i--0 O W(E)o-0 
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is stable under dg and h. Since dy coincides with h — 6g in W(E)»5 
(cf. sec. 6.4) it follows that W(E);,5,4-9 is stable under dy. 


Proposition V: Let E be a reductive Lie algebra. Then the inclusion 
map j: (VE*)».. > W(E);,-0,0~-0 induces an isomorphism 


fe (VE*)o-0 => H( W(E);,-0,0=0 , OW). 


Lemma IV: The inclusion map (VE*),_, > W(E);,-0,9-0 induces an 
isomorphism 


(VE*)y-.0 —+ H(W(E);,~0,0-05 5x): 
Proof: Let (AE*);,_, be the subspace of AE* given b 
z P 8 y 


(AE*),-0 =  () _ ker tp(a). 


ae(ATE)gug 


Since 02(x)iz(a) = ig(a)0g(x), xe E, the representation of E in AE* 
restricts to a representation 9 in (AE*);,_). Moreover, since the operators 
in(x), O2(x), and 6g commute (up to sign) with 7,(a) for an invariant 
element a, the relations 62(x) = ip(x)dz +- dgt”(x) restrict to (AE*);,~0 
and imply that 6# = 0. 

Hence, applying Theorem V, sec. 4.11, and observing that the restric- 
tion of dg to (AE*);,-0,9-0 is zero, we find that the inclusion map induces 
an isomorphism 


(VE*)5-9 © (AE*);,-0,0-0 —+ H(W(E)i,-0,0-01 5): 
But, in view of Lemma IX, sec. 5.22, 
(AE*);,-0,0-0 a T, 


and so the lemma follows. 
Q.E.D. 


Proof of the proposition: Set 
M? = [(VE*)? & NE*),,-0,0-05 
and filter W(E);,-,0.0 by the subspaces F? = 3\;., M’. Then 


bg: M? — M? and h: M? — M?+}, p=o. 
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Hence, in view of formula (1.6), sec. 1.7, the E,-term of the corre- 
sponding spectral sequence is given by 


E, = H(W(E);,-0,6-0+ 5z): 
Next we filter (VE*),.) by the subspaces fF? = ¥j.,(VE*)-0- 


Then, giving (VE*)s.9 the zero differential operator, we obtain a 
spectral sequence with 


EB, = (VE*)pa0- 


Finally, observe that the inclusion map (VE*)9.9 > W(E);,-0,9=0» 38 
filtration preserving. The induced map £, — E, is precisely the iso- 
morphism of Lemma IV (cf. sec. 1.7). Thus the proposition follows from 
Theorem I, sec. 1.14. 

Q.E.D. 


6.10. The map t;. Lemma V: Let ®e Pz. Then 


dr (1 © ®) € WE);j,-0.0-0- 


Proof: Since 1 ©@ is invariant, we have for a € (A°E)g.o, p = 1, 
that 


ip(a)oy(1 © ®) = ig(a)(h — dz)(1 © D) = (—1)?dy(1 © ig(a)®). 

On the other hand, since P,(E) generates (AE) -. (cf. Theorem II, 
sec. 5.16) Proposition VI, sec. 5.21 implies that 7g(a)® € I’. Thus 

dw(1 © tz(a)®) = 0. 
Q.E.D. 
In view of Lemma V, a linear map 
B: Pp > Z(W(E);i,~0,0-0 Sw) 
is given by 
B(P) = o¢(1@H), Ge Pz. 

Let B*: Pg + H(W(E);,-0,0-0, Ow) be the induced map, and define 


Tr: Pr = (VE*)oW6 
by 
te = (j*) + 0 B*, 
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where j*: (VE*)5_) —> H( W(E),;,-0,0-0 5) is the isomorphism of Propo- 
sition V, sec. 6.9. 


Definition: t, is called the distinguished transgression for the reductive 
Lie algebra E. 


Proposition VI: Let E be a reductive Lie algebra. Then the dis- 
tinguished transgression has the following properties: 


(1) It is homogeneous of degree 1. 
(2) For each ®eé Py, there exists an 2 € W+(E);,~0,9-0 Such that 


dy(1 @ @ + Q) = 14(%) @1. 
(3) egote=t 


Moreover, tg is uniquely determined by these properties. 


Proof: (1) and (2) are immediate from the definitions. To prove (3), 
recall that W(E);,.9 = VE* © (AE*);,-0, and so 


W*(E)i,-0,0-0 = [V*E* © AE*];,-0,0-0 


(because (A+E*); ~o,9-0 = 0—cf. the proof of Lemma IV, sec. 6.9). 
Now let ®e Py and write 


TO ®1 = bw(1 & @ + 2), Q E W*(E);,-0,0-0- 
Our calculation above shows that 7,2 = 0. Thus 
Oxtx(P) = aze(1 © ®) = @. 


Finally, suppose t: Pg — (VE*)»_. is any linear map satisfying prop- 
erties (1)-(3). Then, for Be Pr, 


[x(#) — re(®)] @1 = 570, De W*(B)i,-0,9-0- 


Now Proposition V, sec. 6.9, implies that 1(®) = tz(®). 
Q.E.D. 


6.11. Homomorphisms. Let y: F > E be a homomorphism of re- 
ductive Lie algebras and consider the induced maps 


Yoo: Py <— Pg and —@-: (VF*)p-0 <— (VE*)o-0- 
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Then, in general, the diagram 


TE 


Py (VE*)o-0 
%hn0 Pho 
Pp——— (VF*)p-0 


does not commute (cf. Example 3, sec. 6.16). 


(6.9) 


Proposition VII: If g: F — E isa surjective homomorphism of reduc- 


tive Lie algebras, then the diagram (6.9) commutes. 


Proof: We have the relations 


Ow(y) ° ow = Pw ° Oy(vy) and tp(b) °o py = vw °tn(y,b) ye Fi be MF. 


Since @ is surjective, ¢, maps (AF),_. into (AE),-9. It follows that the 


map gy: W(F) <— W(E) restricts to a homomorphism 


(Pw) i,-0,0-0° W(F)i,-0,0-0 = W(E);,-0,6-0- 


The diagram 


~ bE 
(VE*)5_9 —=—+ H(W(E)i,-0,0-0) “-—— Px 


v 
PG—0 


(VF*)5W0 


H(W(F);,-0,0-0) 


= 


clearly commutes, and the proposition follows. 


J 
(om); 7700=0 


Q.E.D. 


§4. The structure theorem for (VE*),-o 
In this article E denotes a reductive Lie algebra. 


6.12. The filtration of W(E),.,. Consider the ideals 


F?(W(E)o-0) = py [(VE*)) © AE*]o-0- 


They make W(E),_) into a graded filtered differential algebra (cf. sec. 
1.18). 
Since in W(E)_9, 6y = A — dz, and since 


bp: [((VE*)? © AE*]o29 > [(VE*)? © AE* Joo 
and 


h: [((VE* @ AE*]¢-0 > [(VE*)?? © AE*Jo-05 


it follows that the spectral sequence associated with the filtration begins 
with 
(Eo, do) = (W(E)o-0, — 9x) (6.10) 
(cf. sec. 1.7). Hence 
E, = H(W(E)o-0, —5z)- 

As an immediate consequence of Theorem V, sec. 4.11, we have 

Lemma VI: The inclusion map (VE*)9.9 © (AE*)o.9 > W(E)o-o 
induces an isomorphism 

(VE*)o29 @ (AE*)o-0 —+ H(W(E)o-05 — 52): 


6.13. Transgression. A transgression in the filtered differential algebra 
W(E) 20 is a linear map 


t: Py > (VE*)o2o 


with the following properties: 
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(1) + is homogeneous of degree 1. 
(2) For every ®e€ Py, there is an element 2 € W+(E)g_) such that 


byQ=1@1 and 1QG—~—Ne F\(W(E)o-»). 


Lemma VII: (1) A linear map +t: Py — (VE*),.., homogeneous 
of degree 1, is a transgression if and only if it satisfies eg 01 = t. 


(2) The distinguished transgression tg defined in sec. 6.10 is a 
transgression. In particular, a transgression always exists. 


Proof: (1) follows from the relation 
ker (tp)ae0 = F(W(E)o-0) 


(cf. sec. 6.7). (2) is a consequence of Proposition VI, sec. 6.10. 
Q.E.D. 


Theorem I: Let E be reductive and let +: Pg >~(VE*)o_. be a 
transgression. Let Pz be the evenly graded space defined by Ph = Pk. 
Then the induced homomorphism 


t,: VPg > (VE*)o<o 


is an isomorphism of graded algebras. 
In particular, (VE*)o_) is a symmetric algebra over an evenly graded 
vector space whose dimension is the rank of E. 


Proof: Consider the Pz-algebra ((VE*)»_,; t). In view of Theorem I, 
sec, 2.8, it is sufficient to show that 


(ty @ «)*: H(VPx @ APg) > H((VE*)o-0 © APz, Vi.) 
is an isomorphism. But 
A(V Pg ® APg) = H(VPz @ APz) =I 
(cf. sec. 2.6), and so we are reduced to proving that 
H+((VE*)ong &® APz,V,) = 0. (6.11) 


Since t is a transgression there is a linear map a: Pp > W(E) 0, 
homogeneous of degree zero, such that 


dya() = (G)@1_—s and —s a(G) —1 @ GE F(W(E)puo). (6.12) 
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Extend @ to a homomorphism a,: APg > W(E)o_), and define a 
homomorphism 


o: (VE*)5_9 © APg > W(E)o-05 
by setting 
o(¥ © ®) = (¥ @1) - a(9). 


A straightforward computation, using (6.12), shows that 
a0 OV, = dbyoo, 
Thus o induces a homomorphism 
o*: H((VE*)y9 © APz, V,) > H(W(E)o-0, Sw): 
Now filter (VE*)9.) © APg by the ideals 
Fe — a (VE*)3_, @ APg. 


J2P 


The corresponding spectral sequence starts off with 
(Eo, do) = ((VE*)o-0 ®@ APz, 0). 


Moreover, o is filtration preserving with respect to the filtration of 
sec. 6.12 and the filtration above. To compute the map oy: £, > Ey, 
first write it in the form 


G9: ((VE*)o-0 © APx, 0) + (W(E)o-01 — 5x) 


(cf. formula (6.10), sec. 6.12). Use the isomorphism xg of Theorem III, 
sec. 5.18, to identify APz with (AE*),_,. Then, in view of formula (6.12), 


o(¥ © 6) = ¥@@, Pe (VE*)5.9, OE (AE*)oW0. 
Thus gy is simply the inclusion map 
(VE*)o-0 © (AE* Jono > W(E)omo » 


and so, by Lemma VI, sec. 6.12, of is an isomorphism. Hence, by the 
comparison theorem (sec. 1.14), o* is an isomorphism. 
Finally, observe that, since o* is an isomorphism, 


At+((VE* Jog © APs, V,) = Ht(W(E)o-0; Ow) = 0 


(cf. Proposition I, sec. 6.6), and so (6.11) is proved. 
Q.E.D. 
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Corollary: If face) = Tlie: (1 + #) is the Poincaré polynomial of 
(AE*)-o, then the Poincaré series of (VE*)s.9 is given by 


Tr 
fiver. = [[] 1 — te). 
jel 


6.14. The image and kernel of p,. Theorem II: Let EF be reduc- 
tive. Then the image and the kernel of the Cartan map are given by 


ker og = (VtE*)o-p * (VtE*)o-9 and = Im og = Py. 


Proof: We first show that 
(VtE*)o.9 - (VtE*)o.0 © ker og. (6.13) 


Let ¥,, %, € (V+E*)o_,. Choose 2, € W+(E)p-9 so that by2, = Y, © 1. 
Then since dy(¥, © 1) = 0, 


Oy (Qy - (Vs 2) 1)) =v, @®1, 
whence 


n(Y,v Po) = mpQy A rg(Y, & 1) = 0. 


This proves (6.13). 
Next let + be a transgression in W(E)s.9. Then Lemma VII, sec. 
6.13, and Theorem I, sec. 6.13, yield respectively the relations 


Og OT =t and (VtE*)oig = t(Pr) ® (VtE* Jono: (VTE*)o~0- 


Theorem II is an immediate consequence of these relations and formula 
(6.13). 
Q.E.D. 


Corollary: A linear map t homogeneous of degree 1 is a transgression 
if and only if 
‘~~ TR: Pr > (VtE*)o20 * (VtE*)o-05 


where t, is the distinguished transgression (cf. sec. 6.10). 


Proof: Since ker og = (VtE*)o_9 - (V+E*)o-9, the condition of the 
corollary is equivalent to 


Oxt = OrtE = b 


Now apply Lemma VII, sec. 6.13. 
Q.E.D. 
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6.15. Homomorphisms, Proposition VIII: Let g: F-+ E be a ho- 
momorphism of reductive Lie algebras. Then the following conditions 
are equivalent: 


(1) o*: H*(F) — H*(E£) is surjective. 

(2) Pino? (AF*)o-9 <- (AE*)o-9 is surjective. 

(3) pp: Pp< Px is surjective. 

(4) Gao: (VF*)o-0 <— (VE*)g29 18 surjective. 

(5) ‘There are transgressions o and t in W(F)5_) and W(E),_) such 
that 


Poa 0T = FOYH- 


Proof: (1) = (2) < (3): This follows from Corollary I to Theorem 
III, sec. 5.19. 
(3) => (4): Choose a linear map «: Py ~» Pg, homogeneous of degree 
zero, so that 
ypra=t. 


Let t be any transgression in W(E),_9 and define a linear map 
o: Pp-> W(F Jono by 


o = Yun 9 TOD. 
Then o is homogeneous of degree 1, and by Proposition II, sec. 6.7, 
Or °F = Fup ° OR OT OA = Ypoa= tL. 


Thus, by Lemma VII, sec. 6.13, o is a transgression in W(F)9_o. 
It follows from Theorem I that o(P,) generates (VF*),_,. Since 


o(Pr) c Im go, 


this shows that gj > is surjective. 
(4) => (3): Observe that, by Proposition IJ, sec. 6.7, 


Po=-0 ° CE = OF ° Pb~o- 


Since ¢}uo is surjective and Im og = Pg, Im ef = Py» (cf. Theorem II, 
sec. 6.14), it follows that 


gr(Pr) = Y-0(Pz) = Pr. 


Thus gp is surjective. 
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(4) = (5): Let +t, be any transgression in W(E)g_,. Then, for 
@e ker gp, 


OrFi-ot1(P) = Fi-08et1(P) = F0-0(P) = 0. 
Hence, in view of Theorem I], sec. 6.14, 
Ybuo ° T: Ker pp > (V*F*)o_9 - (VtF*)o20. 
Since ¢j-o is surjective, it follows that there is a linear map 
B: ker gp > (V*+E*)o_9 - (VtE*)o-0, 
homogeneous of degree 1, and such that 
¢b-0(71(P) + B(P)) = 0, Deker gp. 
Now choose a graded subspace P < Py so that 
P, = P@ker gp. 
Define t: Pg > (V+E*)o_9 by 


t(®) = 1,(®), Ge P, 


and 
t(®) = 1,(®) + B(®), @e ker gp. 


Then, in view of the corollary to Theorem I], sec. 6.14, 7 is a trans- 
gression in W(E),_). Moreover, by the definition of 8, 


t: ker pp — ker ojo. 


On the other hand, since (4) = (3), yp is surjective. Thus gp restricts 


to an isomorphism P—+ P;. Let a: Py —» P denote the inverse iso- 
morphism. Define o: Py > (VF*)g_. by 


Oo = Ppug 9 TOFD. 


Then oy 0° o = « (as in the proof that (3) = (4)) and so o is a trans- 
gression in W(F) 5. 
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Finally, since 


(Yo 0 T)D = O, (o © Yo) = 0, ® € ker yp 
and 


(Gao 0 TP = (Ph.9 0 1) 0 (ao GP)P = (7° Gh), DEP, 


it follows that gj ot = 0° Gog. 

(5) = (4): Suppose t and o are transgressions satisfying (5). Then 
Im o c Im gj_). But by Theorem II, sec. 6.14, Im o generates (VF*) 52. 
Hence jo is surjective. 


Q.E.D. 


6.16. Examples. 1. Let E be the Lie algebra of linear transforma- 
tions with trace zero in a 2-dimensional vector space. Then, with respect 
to a suitable basis, h, e, f, of E, 


[h, e] = 2e, [h, f] = —2f, fe, f] = h. 


Since E is semisimple, it follows from Proposition V, sec. 5.20, that 
Py is a 1-dimensional subspace of degree 3. Moreover, if K denotes the 
Killing form of E, then eg(K) = — 40(K) 4 0 (cf. sec. 6.8 and Proposi- 
tion I, sec. 5.7). Thus, by Theorem I, sec. 6.13, (VE*)ga9 consists of 
the polynomials in K; i.e., 1, K, K®,..., K?,... is a basis for (V*E)»W9. 


2. Let F be the abelian subalgebra of E (cf. Example 1) spanned 
by A. Then F is reductive in E. Moreover, 


(AF*) 9-9 = AF* = A(h*) 9 and (VF*)p29 = VF* = V(h*). 


Thus (VF*),.. consists of the polynomials in h*. 
Now consider the inclusion map gy: F + E. Then, since Pz = P} and 
Py; = P}, it follows that the restriction of yjy to Pg is zero, yp = 0. 
On the other hand, let e*, f*, h* be the basis for E* dual to e, f, h. 
Then 
K= 4(h*v h*® + e*v f*), 
and hence 


Pb-0(K) = 4(h*)?. 


Note that in this case none of the conditions of Proposition VIII, 
sec. 6.15, can hold. 
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3. Consider the Lie algebra L = E @ F, where E and F are the Lie 
algebras of Examples | and 2. Define y: F > L and a: L > F by 


vwyy=oy@Oy, yeF and xwaAx@O@y)=y, we k, ye, 


Then xoy = and so yhig Mug = L. 

In particular, pj.5 is surjective. Hence, Proposition VIII, sec. 6.15, 
shows that, for appropriate transgressions t and o in W(L)o.. and 
W(F)o~0; 


Pb-0 °T = FO Yo. 


Nonetheless yj_, 07, A tp° Yio, where tz, and tp, are the distin- 
guished transgressions. Indeed, write 


P, = Pg @ Pr and (VE* Jong = (VE*)o.0 © (VE*)o-0- 
Then it follows immediately from the definitions that 
t(D, © ®,) = te(P1) @1+1@©rxr(P,), Oe Pe, D,€ Pr. 


Hence 
(Y$-0 S t)(®, op) ®,) = (P30 © Tz)®, + tp(®,). 


On the other hand, 
(tro Yo-o)(P1 OD Pz) = (tro Gh-0)P1 + tr(P,) = tr(P,). 
Thus, if ®, 40, it follows from Example 2 that 


(pou0 © tr (Pi DB Pe) F (tr > ho) (Pi © Py). 


§5. The structure theorem for (VE),-9, and duality 
In this article E denotes a reductive Lie algebra. 


6.17. The structure of (VE)g_9. Recall from sec. 6.1 the representa- 
tion 6° of E in VE. 


Theorem III: Let E be a reductive Lie algebra. Then the graded 
algebras (VE) _) and (VE*) 9 are isomorphic. In particular, (VE) _o 
is a symmetric algebra over an evenly graded vector space, whose di- 
mension is the rank of E. 


Proof: By Theorem II, sec. 4.4, there is an inner product (, ) in E 
such that 


(Ixy) 2)+ (2) =9, sy 2E B 
Denote the corresponding linear isomorphism by a: E —+ E*, 
<a(x), > = (x,y), x, ye E. 
Then a@oad x = —(ad x)* oa, whence 
a, ° O5(x) = Os(x)oa,, xe FE. 


Thus qa, restricts to an isomorphism (VE) 9.9 —+ (VE*) 5. Now the 
theorem follows from Theorem I, sec. 6.13. 


Q.E.D, 


6.18. Duality. In this section it will be shown that, in contrast with 
the results on exterior algebra (cf. article 6, Chapter V), it is in general 
impossible to choose dual generating subspaces U* c (VE*)o_) and 
U c (VE) 29 such that the isomorphisms 


VU* =. (VE*)).. and VU —+(VE)p.o 
preserve the scalar products. 
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First recall from sec. 5.9 that the diagonal map 4:E—>EQ@E is a 
homomorphism of Lie algebras. Hence 4 induces a homomorphism 
dno: (VE*)o-0 <— (VE* og © (VE*)o-0- 
In view of the duality between (VE*)o_. and (VE)o_» there is a dual map 


(4p-0)*: (VE)ono => (VE)o-0 © (VE )ono- 


Proposition IX: Let E be.a reductive Lie algebra. Assume that there 
are subspaces U* < (VE*)o_, and U c (VE),_,. such that the inclusion 
maps induce isomorphisms 


yp: VU* =+(VE*).9 9 and = gy: VU => (VE Jono, 


which preserve the scalar products. Then the map (4j_,.)* is a homo- 
morphism. 


Proof: The diagonal map D: U->U @ U and its dual D* extend 
to dual homomorphisms 


Dy:VU>VU@VU and DY: VU*<—VU* @ VU*. 
Moreover, since D*(u* © v*) = u* v v*, u*, v*¥ € VU*, it follows that 
y(u*) v y(v*) = pD(u* © v*). 

On the other hand, for ®, Y € (VE*),_5, 
Ov ¥ = Aj_(P © ¥). 
Hence we have 
pD"(u* © v*) = Ap-o(pu* © yo*), 


and thus yD’ = Aj. o (y © y). 
Dualizing this formula and observing that y* = g-!, we obtain 


(Ag-0)* = (¢ @¢) oD og. 


This shows that (Aj.9)* preserves products. 
Q.E.D. 


Proposition X: If E is semisimple, then the map (Aj.9)* is not a 
homomorphism. 
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Proof: First observe that 


(Aj-o)* = x0 A, 


where 2: VE @ VE > (VE)o-9 © (VE)o-9 denotes the projection with 
kernel Og92(VE © VE). 

Next, since the Killing form of E is nondegenerate, it induces, as in the 
previous section, an E£-linear isomorphism 


a,: VE —+ VE*, 


In particular, @, restricts to an isomorphism (VE) 29 -—» (VE*)9.0- 
Let u € (V?E)g29 be the element given by u = a71(K), K the Killing 
form. A straightforward computation shows that 


A(u)=u@l+w+1@u, 


where wE E@EcVE@VE. Since E is semisimple, E = 6(E£). 
Hence 
E® E= Ozox(E ® E) Cc ker x, 


and so x(w) = 0. It follows that 
(Ageo)*(u) =u@®1+1@6u. 
On the other hand, since A, is an algebra homomorphism 


Afuvu)=(u@®l+w+1@uy 
= (u@141@u?4+ 2u@14+1@u)vwt w 


Applying x to this equation we obtain 
(Ajno)*(uV u) = (u@®1+1@u)?4+ xa(w?). 


Hence it remains to be shown that a(w?) 40; ie., that w? is not 
orthogonal to the space (VE)g-9 ® (VE)s-9 with respect to the scalar 
product (, ) induced by the Killing form. We shall prove that 


(u & u, w?) £0. 


In fact, let e,, e be a pair of dual bases of E (with respect to the Killing 
form). Then 


u=})e,ver, 
“ 
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and so 


w= +> (e, OX +e @Oe,) = DVe, Ber. 


It follows that 


w? = De, Er ON Es 
A, 


Finally, it follows from the definitions that (u, x vy) = (x, y). Hence 
(u®u,w?) = Y¥ (e,, e*)(e4,e,) = dim E40. 
BA 


Thus 2(w?) 40, and so (Aj_))* is not a homomorphism. 
Q.E.D. 


Corollary: If E is a semisimple Lie algebra, it is not possible to 
choose dual subspaces U* < (VE*),_) and U c (VE),.. such that the 
isomorphisms VU* —+ (VE*),.) and VU —+ (VE)_9 preserve the scalar 
products. 


§6. Cohomology of the classical Lie algebras 


6.19. The Lie algebra L(n). Let X be an m-dimensional vector space 
and consider the Lie algebra L(n) of linear transformations of X. Ac- 
cording to Example 1, sec. 4.6, L(m) is reductive. 

In sec. A.2 and sec. A.3 the invariant, symmetric p-linear functions 
Cy, Trp € (V?L(2)*)o-9 (P = 1, ..., 7), are introduced. On the other 


hand, consider the invariant skew symmetric functions 
P.,-1 € (APAL(2)*)pno (p = 1, ..., 2) 
defined by 


Dyy_1(1, veey Qep-1) = by ‘ Eq tl Wy) 0 + Oo Agana)» a, L(n). 
aeS?P— 


It follows directly from Proposition IV, sec. 6.8, and the definition of 
Tr, that 
\(p — 1)! 
Crm (TTp) = (—1)? fea P41, Lopsn, (6.14) 
where @;,,) is the Cartan map for L(n). In particular (cf. Theorem II, 


sec. 6.14) the ®,,_, are primitive. 
Using that same theorem, and Proposition III, sec. A.3, we see that 


—1 
ere é P Try € (VAL(n)*)or0 « (V#L(2)*)oc0 = Ker Quin 


It follows that 


_ (=D) g 


Orin (Cp) aad (2p __ 1)! 2p-1° (6.15) 


We shall show that the ®,,_, are a basis for the primitive space of 
L(n) (cf. Theorem IV below). First we need 


Lemma VIII: @®,,.,40,1<p<n. 


Proof: Let e*‘, e; be dual bases for X* and X. Define a, f;, y; € L(n) by 
a(x) = <e™, x>e,, B(x) = <e¥*1, 0 >e,, p(x) = <e™, ee, 2 St <p. 
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Then the only nonzero products of these transformations are given by 
B,oa, ay, Biro Bi, vicBis YieVinr, Bicvie (6.16) 


Now consider a nonzero product of these 2p — 1 transformations (each 
occurring once) with « the pth factor. In view of (6.16) it must be 


By & Bp1 9 +++ OB, 0G OYZO +++ OY,, 


It follows that, in the formula for ®,, (8), ...,@,+++5p), the only 
terms that occur come from cyclic permutations of this order. 

Since cyclic permutations of an odd number of elements are even, 
and since the trace is unaffected by a cyclic permutation, this implies that 


Dey (Boy oy Gy oe Vp) = (2p — 1) tr By o-+-a--- oy, = 2p— 1. 


Hence ®,,_, 4 0. 
Q.E.D. 


Assign (VL(n)*)y-9 the even gradation of sec. 6.1. 


Theorem IV: (1) The elements 9,,, (1<p<_) form a basis 
for the primitive space of L(n). In particular, L(m) has rank n. 

(2) (VL(n)*)s2o is the symmetric algebra over the graded subspace C 
spanned by the elements C,,...,C,. Similarly, (VL(n)*)s-9 is the 
symmetric algebra over the subspace T spanned by the elements Tr,, 

i LT i 

(3) The Poincaré polynomial for H*(L(n)) and the Poincaré series for 

(VL(7)*)o29 are given, respectively, by 


Th 142) and [[ (1-2) 


Proof: (1) Since the ®,,_, are nonzero (cf. Lemma VIII) and have 
different degrees, they are linearly independent. Since they are primitive, 
and since 


¥. deg Dyp.= ¥ (2p— 1) =n? = dim Ln), 
pel p=l 


they form a basis of the primitive space. 
(2) In view of (1), formulae (6.14) and (6.15) show that there are 
linear isomorphisms, homogeneous of degree 1, 


= & 
To: Prin) —, C and Tre Pray —_ T, 
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such that @;;,,°T = ¢ and o;,.,)° Ty = t. Lemma VII, (1), sec. 6.13, 
implies that these maps are transgressions. Now apply Theorem I, 
sec. 6.13. 


(3) This follows immediately from (1) and (2). 
Q.E.D. 


Example: The primitive space of L(2) is spanned by the elements 
@, and ®,, where 


O(a) = tra and ®,(a, 8, y) = tr(«o [B, y]), a, B,y € L(n). 


Thus the Poincaré polynomial for H*(Z(2)) and the Poincaré series for 
(VL(2)*)o29 are given by 


(i++ é8@=14+1+8+# 
and 
Q— fy — #)y2= 14 & + 2f + 226 4 38 4 BO 4+ ee, 
It follows that 


dim(V2?L(2)*)y-9 = p + 1 = dim(V2#1L(n)*)p.0. 


6.20. The Lie algebra Ln). Let L°(n) be the Lie algebra of linear 
transformations of X (dim X = n) with trace zero. Denote the restrictions 
of Tr,, C,, and ®,,_, to L°(n) by Tr}, C2, and ®3,_,. Then the direct 
decomposition L(n) = (1) @ L°(n) together with Theorem IV, sec. 6.19, 
yields (with (VL°(m)*),_) graded as in sec. 6.1) 


Theorem V: (1) The elements ®},_, (2 <p <n) form a basis of 
the primitive space of L°(). In particular, L°(m) has rank n — 1. 

(2) (VL°(n)*)o-0 is the symmetric algebra over the graded subspace 
spanned by the elements C$, ..., C2. It is also the symmetric algebra 
over the graded subspace spanned by Tr, ..., Trz. 

(3) The Poincaré polynomial for H*(L°(n)) and the Poincaré series 
for (VL°(n)*)5-9, respectively, are given by 


Tate) and [JT Q—2y. 


p=2 


Corollary: The Lie algebra L°(m) is simple. 
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Proof: Apply Proposition V, sec. 5.20. 
Q.E.D. 


6.21. The Lie algebra Sk(n). In this and the next two sections we 
consider Euclidean spaces. The results obtained, however, (and the 
proofs) are valid for any inner product space over an arbitrary field of 
characteristic zero. (Although, in that setting, the Lie algebra depends 
on more than the dimension of the space!) 

Let (X, <, >) be an n-dimensional Euclidean space, and denote by 
Sk(n) the Lie algebra of skew linear transformations of X. According to 
Example 2, sec. 4.6, Sk(”) is reductive. 

Let j: Sk(m) + L(m) be the inclusion map, and write (cf. sec. 6.19) 


CH? = jono(Cy), Trp? =foeo(Trp), Pips = fo-o(P1), 1opsn. 


(We use the superscript SO because Sk(m) is the Lie algebra of SO(n) 
—cf. sec. 6.29.) Since jg.9 maps primitive elements to primitive elements 
(cf. sec. 5.18), the ®3?, are primitive. 


Remark: Let K € (V? Sk(n)*),_) be the Killing form of Sk(m). An 
easy computation yields 


K = —(n — 2)C$9. 


Lemma IX: (1) If p is odd, then C}° = 0, Tr$° = 0, and O30 , = 0. 
(2) @89,40,3<2p+i<n. 


Proof: (1) Since for odd p, C,(y) = 0 and tr gy? = 0 (vy € Sk(n)), 
it follows that C$° = 0 and Tr$? = 0 in this case. Now Proposition II, 
sec. 6.7, and formula (6.15), sec. 6.19, imply that O37? , = 0. 


(2) Choose an orthonormal basis e), €;, ..., €,-; of X. Define skew 
transformations a; and f, by 


a(x) = <x, €; €o >a <x, lo ei» t= 1; easy 2p, 
and 


Bix) = (x, €4>€) — <x, €,€2, ye 2p. 


We show that D3? ,(a,, ..., 2p, Bo, --+ 5 Bop) #0. 
First observe that for distinct (2, j,k) and distinct (A, yn, ), 


a, °a;°a, = 0, B.° By © B, = 0, and Buca, of, = 0. 
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Now let @ be a transformation obtained by composing all the a; and all 
the B, in some order, and assume that tr g + 0. Then all the transforma- 
tions obtained by cyclically permuting the given order, and then com- 
posing, have the same trace, and so are nonzero. Hence it follows from the 
relations above that y is obtained from a product of the form 


y= Qi, ° hin 2 Ba, ® Bi, 0 ay, Oa, ° Ba, ° Ba, OS a5 O Minna O Bian 2. Pagsas 


by a cyclic permutation. Since tr y = trg <0, it follows that py 40. 
Next observe that 


a,°8,=0=f,°a;* unless t=2 or i=1, 


whence @;°8,°0,=0 unless 7=1, R= A or i= 2, R= 1. Thus y 
must have one of the following forms: Either 


Y= Py = 0 24; 2 Bi, ° By, 9 i, 9 Aj, 9 Bi, 9° o Minn ° Hay OB iy» 
or 
Y= Po = Aig, ° Li, © Bi, 0 Big Hi, Oo o ign ° M1 0 B;,,. 
But tr y, = 1, and y, is obtained from a@,, ..., Gop, Ba, -+-5 Bop by an 
even permutation; while tr y, = —1, and y, is obtained from a, ..., 
Gop, Bo, »»», Bey by an odd permutation. 


Now write Bj = @y94;-, (2 <j < 2p). Our arguments above show that 
for every permutation o, 


tf Gg) 0 7 OAs ayp—1y =O Or Eg. 
Hence, since tr yp, 4 0, 


SO 
Dip 1(@y press O4p-1) = ye Eg tf Og) 0 8 O Agiap—1y F 0. 
Co 


Q.E.D. 


6.22. The skew Pfaffian. Let (X,<, >) be a 2m-dimensional Eu- 
clidean space. An isomorphism a: Sk(2m) —» A2X is given by 


<a(p), *AV> = <pxX,y>, pEeSk(2m), x, ye X. 


It is inverse to the isomorphism f defined in sec. A.5. 

Now fix an orientation in X and let e be the unique unit vector in A?".X 
which represents the orientation. Then the skew Pfaffian is the invariant 
skew symmetric (2m — 1)-linear function Sf e (A?"-! Sk(2m)*)5_o, 
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given by 
Sf(Q15 - ++ > Yam—1) = baie 566, (Parry) AM [Par2» Paral) A ->* 


oeS 


ee a([Pot2m—2) ’ Pot2m-1)}) >» 


On the other hand, consider the Pfaffian Pf € (V"™ Sk(2m)*)5_o, of 
the oriented Euclidean space X defined in sec. A.7. It follows directly 
from Proposition IV, sec. 6.8, that 


(—1)"-"(m — 1)! 


Osktam(PF) = “31m — 1) Sf. (6.17) 


In particular (cf. Theorem II, sec. 6.14) Sf is primitive. 
Lemma X: Sf is nonzero, and linearly independent of G32 _,. 


Proof: Write X = (x9) ® Y where x, #0 and Y is the orthogonal 
complement of x. Let x,,..., %2m-1 be a basis of Y and define 
g; € Sk(2m), i= 1, ...,2m—1, by 


Pi = BX A x})- 
Then a simple computation shows that 
a( [pir Pi]) = <Xor Xo >*i A Hj. 
It follows that 
S£(Q1, +++) Pom—1) = (2m — 1)! <x, Ho >™ 2KE, KoA HA ++ A Kemi 


Hence Sf + 0. 

To prove the second part of the lemma choose the x; (¢=0,..., 
2m — 1) mutually orthogonal. Then ,(x;)=0 if 747 (j= 1,..., 
2m — 1). It follows that for distinct 7,7, k, py; ° 9; ° vy, = 0. Thus 


OF-1(P1 9 vepenets Gem-1) = 0 


and so Sf is linearly independent of @39_,. 
Q.E.D. 


6.23. The cohomology of Sk(n). Assign (VSk(7)*),.. the even gra- 
dation of sec. 6.1. 
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Case I: n= 2m-+ 1. Lemma IX, together with a word by word 
repetition of the proof of Theorem IV, sec. 6.19, yields 


Theorem VI: (1) The elements Of, (1 <p <™m) are a basis of 
the primitive space for Sk(2m + 1). In particular Sk(2m + 1) has 
rank m. 

(2) (VSk(2m + 1)*)>-9 is the symmetric algebra over the graded 
subspace spanned by the elements C$? (1 <p< m). It is also the 
symmetric algebra over the subspace spanned by the elements Tr3? 
(l<p<m). 

(3) The Poincaré polynomial for H*(Sk(2m + 1)) and the Poincaré 
series for (VSk(2m + 1)*)o_9, respectively, are given by 


Th +e) and JJ (@Q— 17), 
p=1 p=1 
Corollary: Sk(2m + 1) is simple. 


Proof: Apply Proposition V, sec. 5.20. 
Q.E.D. 


Case IT: n = 2m. In view of Lemmas IX and X, the same argument 
used to prove Theorem IV, sec. 6.19, establishes 


Theorem VII: (1) The elements ®72, (1<p <m) and Sf are 
a basis of the primitive space for Sk(2m). In particular, Sk(2m) has 
rank m. 

(2) (VSk(2m)*),_» is the symmetric algebra over the graded subspace 
spanned by the elements C3? (1 < p < m) and Pf. It is also the symmetric 
algebra over the subspace spanned by Tr3? (1 <p < m) and Pf. 

(3) The Poincaré polynomial for H*(Sk(2m)) and the Poincaré 
series for (VSk(2m)*),_-9 are respectively given by 


m—1 m—-1 

(isp eet) fp ai ee) and (a — #)-! [] (2 — )7. 
p=1 p=1 

Corollary: If m > 2, then Sk(2m) is simple. 


Proof: Apply Proposition V, sec. 5.20. 
Q.E.D. 
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Examples: 1. Sk(3): The Poincaré polynomial for H*(Sk(3)) is 
1 + #3, and (VSk(3)*)»_9 is a polynomial algebra in a single indeterminate 
of degree four. Thus, in view of sec. 5.20, a basis element of (VSk(3)*)$-o 
is given by the Killing form: 


K(x, y) = trad x oad y, x, y € Sk(3). 


A straightforward computation shows that (cf. sec. 6.21) 
K= —Cf. 


2. Sk(4): The Poincaré polynomial for H*(Sk(4)) is 1 + 223 + #8, 
Thus (cf. Proposition V, sec. 5.20), Sk(4) is the direct sum of two ideals 
I, and 7J,. 

Identify R* with the space of quaternions (cf. sec. 6.30). Then ac- 
cording to [4; p. 248] every skew transformation, y determines unique 
quaternions p, q € (e)4+ such that 


Qx = px — xq. 
The ideals J, and J, consist respectively of the transformations of the form 
Qx = px and yx = —xq. 


Now the adjoint representation of J, defines an isomorphism of Lie 
algebras I, = Sk(3). Moreover, since Sk(4) =, @J,, 
(VSk(4)*)o-0 = (VIS)o-0 ® (VIP )o-05 
whence 
(VSK(4)* 50 = {(VIF)o-0 © 1} @ {1 © (VIF)5-0} 
= (K,) © (A). 


(K, is the Killing form of J,.) 
A straightforward computation shows that 


4Pf= K,—K, and 2C$° = —(K,+ K,). 


6.24. The Lie algebra Sy(m). Let (X, <, >) be a symplectic space 
(cf. sec. 0.1). Then dim X is even, dim X = 2m. The Lie algebra Sy(m) 
of skew symplectic transformations is the Lie algebra of those linear trans- 
formations of X which are skew with respect to ¢ , >. Note that dim Sy(m) 
= m(2m-+ 1). It follows from the example in sec. 4.8 that Sy(m) is 
reductive. 
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Let j: Sy(m) — L(2m) be the inclusion, and set 


CY = Jo-o(Cy); Tr’ = Jo-o(T ry); 


and 
Dy = Jo-0(Pop-1); 1<p<2m. 


As in sec. 6.21, it follows that the ®§y 
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/, are primitive elements. 


Lemma XI: (1) C$Y, TrS¥ and @§¥_, are zero if p is odd. 


(2) @%,40,1<p<m. 


Proof: (1) This follows in exactly the same way as Lemma IX, 


(1), sec. 6.21. 


(2) Choose a basis a,,...,@m, b,, -.., 5m, of X so that 


{a;,4> = 0, <b;, b;> = 0, and <a;, b;> i 5i5- 


Define @, a;, 8;,7;, 6; € Sy(m) by 
w(x) = (x, bya, + <x, a,b, 
a(x) = <x, b:da;_1 + <x, a-1)8;, i= 2, 
B(x) = — (%, 4;>a;, P= Lies 
yi(x) = <x, b;>b;, Ya Pee 
and 
6;(x) a «x, bia; + Xx, a;>b;_4 ’ i= 2, eae 


We show that 


ae 


»P 
Pp 


sPs 


xe xX, 


D3) (a, Bi, V15 O25 Bb, V2» Oo, Sees » Ap, Bo» Vp 5») #0. (6.18) 


In fact, denote these transformations (in this order) by ¢,, 


and, for each permutation o € S*?-1, write 
Po = ay 0 +++ 2 Sotap—1)- 
We show by induction on p that 


trg,=€& or 0. 


trey apis 


(6.19) 
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If p=1, £,= 0, &=8;, &;=y,, and (6.19) is clear. Assume 
p = 2 and that (6.19) holds for p — 1. 

First observe that following a permutation o by a cyclic permutation 
changes neither try, nor ¢, (since 4p — 1 is odd). Now choose any o 
so that tr ¢, 34 0. In view of this remark we may assume that £4(4) 5) 
= y,. Because ¢, 40, the relations 


unless §;=f, and é;= 4,, 


Pe) Oo a 0, 
€; Yp é; or &= 5y and gE; a f., 


imply that 
€ ocap—3) = Bp, §¢ap—1) =z om or Espa) — 5p, Esap-1) = By. 


Consider the first case. (The second case is treated in the same way.) 
Among the remaining &; the only one which satisfies £8, 40 is a,. 
Hence 


Fotap—4) = Ap» 
and so ¢, is of the form 
Pa = Fray 0 +++ © Extap-s) 9p 9 Bp %_°5,, some TE S*P-5, 
Write % = a, 0B, °y,°6,. Then 
M(@Qp1)= 41, Xa)=0, t4p—1 and X(b;))=0, all j. 


On the other hand, write y, == &)° +++ © €:4p-s). Because p, = , ° %, 
the relations above for % show that 


Y(Ap_1) = (tt Po)ay-1- 


Finally, observe that rank y, < 1 (because each £; has rank 1). Since 
tr g, 0, it follows that 


y(a;)=0, tA~Ap—1 and y,(b;) = 0 all 7. 


This gives 
Y,(4p-1) = (tr co 


Thus, in view of our induction hypothesis, 


trg,=—try,= Ey = Eg, 
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which proves (6.19). Formula (6.18) follows since 
tr M,o+ss © 42° B, OY, 9 WO, 0--- oO, #O, 


where 9; = B;,° y;° 4- 
Q.E.D. 


Now assign (VSy(m)*)o_9 the even gradation of sec. 6.1. In view of 
Lemma XI word by word repetition of the proof of Theorem IV, sec. 
6.19, yields 


Theorem VIII: (1) The elements fy. ,, 1<p<m, are a basis 
of the primitive space for Sy(m). In particular Sy(m) has rank m. 

(2) (VSy(m)*)o- is the symmetric algebra over the subspace spanned 
by C3¥(m), 1 <p<m, and over the subspace spanned by Tr$¥(m), 
l<opsm. 

(3) The Poincaré polynomial for H*(Sy(m)) and the Poincaré series 
for (VSy(m)*),9 are given respectively by 


{[@+ 0) and fT Q—2)-. 


p=1 p=l 


Corollary: The Lie algebra Sy(m) (m > 1) is simple. 


Proof: Apply Proposition V, sec. 5.20. 
Q.E.D. 
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6.25. Complexification of a real Lie algebra. The complexification 
of a real Lie algebra E is the complex vector space E° = C ©® E, together 
with the Lie product 


[A@x,u Oy] = Au © [x,y], AmeC, x yek. 


Evidently, dim, E° = dim E. The symbols (E°)*, AE°, VEC will denote 
the dual space, the exterior algebra, and the symmetric algebra over the 
complex space E°. 

Regard the elements of (E°)* as complex linear functions in E°; 
by restricting them to E we obtain a linear isomorphism 


(E°)* = L(E; C). 
On the other hand, there is a canonical isomorphism 
L(E; C)=C®@ E*, 
(cf. sec. 0.1). Combining these yields an isomorphism 
C @ E* = (E°)*. 


It identifies E* with the set of elements in (E°)* taking real values in E. 
This isomorphism extends to the isomorphisms of graded algebras 


a: C @ AE* = A(EC)* and 8: C@ VE*—=- V(E°)*, 
given by 
a(A @ x A+++ A ot) = Axia +++ Ao 
and 


B(A © xB V ++ Ve) = Ax¥v --- v xe, AEC, x¥e E*. 


Thus A(E°)* (respectively, V(EZ°)*) is identified with the skew symmetric 
(respectively, symmetric) complex p-linear functions in E, 
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Since 0(1 @®x)oa@=aoO(x) and 6(1@®x)of = fo A(x) (xe B), 
a and £ restrict to isomorphisms 
Gano: C ® (AE*)on0 = (A(E°)* ono 
and 
Bono: C © (VE*)o-0 —> (V(E°)*)o-o- 
Further, we have a o (t © 6g) = dye oa, and so @ induces an isomorphism 


at: C @ H*(E) = H*(E°). 


In particular, H*(E) and H*(E°) have the same Poincaré polynomials. 
Now assume that E is reductive. Then @»_» restricts to an isomorphism 
of graded vector spaces 


Ap: C ® Pr = Pre 
as follows immediately from the definitions. Clearly, the diagram 
C® (VtE*)ong "+ (V#(E°)*)o-0 


'@en Cgc 


C@® Ps = Pre 


commutes. 
Finally, let Q be a graded subspace of (VE*) _9 and use # to define 
an inclusion C ® Q > (V(E°)*)9_.9. Then the induced homomorphism 


VO — (VE*)on0 
is an isomorphism if and only if the homomorphism 
V(C @ Q) > (VE) ono 


is. (This follows from the fact that By, is an isomorphism.) 


6.26. Linear groups. In this section J/'= R or C. Recall from sec. 
2.5 and sec. 2.6 (volume II) that GL(n; J’) is the Lie group of linear 
automorphisms of an n-dimensional vector space J” over I. 
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The Lie algebra of GL(n; I) is the Lie algebra L(n; I’) of linear 
transformations of J". Since (obviously) GL(n; I’) is an open submanifold 
of L(n; I’), the tangent bundle of GL(n; I) is given by 


Totinry = GL(n; [)x L(n; 1). 


With this identification, left translation in Tgz(,,r, by an element t in 
GL(n; I) is given by 


L,(o, a) = (t° 0, T°), oE€GLl(n; I), ae Lin; I), 


(cf. Example 2, sec. 1.4, volume II). 

A closed subgroup of GL(n; I’) (which, by Theorem I, sec. 2.1, volume 
II, is a Lie group) is called a linear group. Let G be a linear group with 
Lie algebra E < L(n; I’), Then the tangent space of G at 1 is given by 


T.(G) = L,(E) = 10 E. 


Hence if ® € A’E*, the corresponding left invariant form tz!(®) in 
G (cf. sec. 5.29) is given by 


(tz'®) (rt; 0, ...,@,) = P(t oa, ..., tT oa,), 


teG, a,¢T(G). (6.20) 


In particular, if ® € (A’E*),.,, then the corresponding p-form on G 
is biinvariant and hence closed. 


6.27, The group U(n). Consider the compact, connected Lie group 
U(n) of isometries of an n-dimensional complex vector space C” with 
Hermitian inner product (, ). Its Lie algebra Sk(n; C) is the real Lie 
algebra consisting of the complex linear transformations a of C" which 
satisfy 


(ax, y) + (x, ay) = 0, “ye Cr 


For simplicity denote Sk(n; C) by E. 

Next recall the elements C,, Tr,, ®,,_, defined in sec. 6.19. Observe 
that the restrictions of these multilinear functions to E take only real 
(respectively, only purely imaginary) values if p is even (respectively, 
odd). Hence elements 


C2,Tr2 € (V?E*).., and GY, (A? E*),_, 
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are defined by 


1 
Coa, Sas » My) = sp Cr(%» eee ihe) 
1 
Tr(a, repay me) = so Tp(% eee) py), 
and 
U 1 
Pop a(O1, - ++» Cops) = a Depo (j 540 Bap) 


a,€ E, pHl,...,” 


The element ®Y,_, extends to a unique closed, biinvariant form on 
U(n). We denote this form by ®¥,_, as well; it is given explicitly by 


OY (tT; Ary srry Oop-1) 
1 
= Yl egte(t oa gay) 0 +++ 0 (171 oh aap—1))s 
uP oeS?P-1 


re U(n), aj € T(U(n)) (6.21) 


(cf. sec. 6.19 and formula (6.20), sec. 6.26). The cohomology class 
represented by ®Y_, is denoted by [®¥_,]. 

Let Pyi,, denote the primitive subspace of H(U(n)) (cf. sec. 4.12, 
volume II, and sec. 5.32). Recall that E = Sk(n; C). 


Theorem IX: (1) The elements ©, (1 <p <n) are a basis of 
Py, and so (AE*)5_) = A(®Y, ..., ®Y,_4). 

(2). (VE* gg = VICE ne g CRS VEEP, oot 188). 

(3) The cohomology classes [6%_,] (1 <p<2) are a basis of 
Py ny, and so 


A(U(n)) = A([Pr], «-- > [Pin-1])- 
(4) The Poincaré polynomial for (AE*),5_,, H*(£), and H(U(n)) is 
fa +, 
p=i 
Proof: (1) Observe that an isomorphism of complex Lie algebras 
C@E=- L(n; C) 


is given by 1 @gpr> dg, Ae C, pe E. This isomorphism induces an 


268 VI. The Weil Algebra 


isomorphism (as described in sec. 6.25) 
Aeu0: C © (AE*) o_o ae (AL(n; C)*)o~0 5 
which restricts to an isomorphism 
ap: C ® Pa Prinscy: 


But by definition, 


1 
A-(1@ Pya)= Ppa 1SpSn. 


Now it follows from Theorem IV, (1), sec. 6.19, that the ®Y , are a 
basis of Pz. 

(2) ‘This follows in exactly the same way as (1) from Theorem IV, 
(2), sec. 6.19 (as described in sec. 6.25). 


(3) According to sec. 5,32, the isomorphism 
ayn? (AE*) go —» H(U(n)) 


restricts to an isomorphism from Pg to Pyi,y). Since @y(n)(P%-1) = 
[®¥,1], 1 <p <n, (3) follows from (1). 
(4) This follows at once from (1) and (3) (cf. sec. 5.32). 
Q.E.D. 


6.28. The Lie group SU(n). Recall from Example 4, sec. 2.6, volume 
II, that SU(m) is the closed subgroup of U(n) consisting of the isometries 
with determinant 1. Denote its Lie algebra by E. 

Let 37 , denote the restriction to E of the element ®Y,_, of sec. 6.27, 
and let @$7, also denote the corresponding biinvariant form on SU(n). 
The latter is the restriction to SU(m) of the biinvariant form ®¥_, on 
U(n). 

Let C§Y and Tr3¥ denote the restrictions of CY and Tr¥ to E. 
Then the argument of the previous section, applied to Theorem V, 
sec. 6.20, yields 


Theorem X: (1) The elements O37, (2<p<n) are a basis of 
Py, and so (AE*)o.9 = A(®3Y, ..., $24). 


(2) (VE*)s.9 = V(C8%, ..., C87) = V(Tr8¥, ..., Tr”). 
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(3) The cohomology classes [®$2,] (2<p< 7) are a basis of 
Psyin)» and so 
A(SU(n)) = A([@$"7], ..., [P$2,]). 


(4) The Poincaré polynomial for (AE*),_,, H*(E), and H(SU(n)) is 


I] a4 2). 
p=2 


6.29. The Lie group SO(n). Recall from Example 3, sec. 2.5, volume 
II, that SO(n) is the compact connected Lie group of proper rotations 
of Euclidean n-space. Its Lie algebra is the Lie algebra Sk(n) described 
in sec. 6.21. 

Recall the primitive elements Df? , € Psy) (3 < 2p + 1 <n) intro- 
duced in sec. 6.21. Their extensions to biinvariant closed forms on 
SO(n) (also denoted by ©}? ,) are given explicitly by (cf. sec. 6.26) 


Die (1; Ay, ee, O4p-1) = Y Eg tr(t o (1) SS (<= 2 Og(4p—1))s 
ae S4p-1 


ré SO(n), a;€T,(SO(n)). (6.22) 


Moreover, if n = 2m, the skew Pfaffian Sf defined in sec. 6.22 extends 
to a biinvariant form (also written Sf) on SO(n). We may use sec. 5.32 
to translate Theorems VI and VII, sec. 6.23. This yields 


Theorem XI: The cohomology classes [®7?,] (1 <p <m) are a 
basis of Pso(om41)- Thus 


H(SO(2m + 1)) = A([®$°], ..., [934]), 


and the Poincaré polynomial of H(SO(2m + 1)) is 


(1 + 14-3), 


3 


1 


Dp 


Theorem XII: The cohomology classes [®}?,] (1 <p <m) and 
[Sf] are a basis of Pso(om). Thus 


A(SO(2m)) = A([®$°], ..., [79-5], [Sf]), 
and the Poincaré polynomial of H(SO(2m)) is 


(1 +e TT (1 $e), 
p=1 
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6.30. The Lie group Q(n). Let H denote the algebra of quaternions. 
Recall from sec. 0.2, volume II, that H is an oriented 4-dimensional 
Euclidean space with a multiplication defined as follows: Choose a unit 
vector e and give the Euclidean 3-space (e)+ the induced orientation (ie., 
a basis e,, €,, 3 of (e)4 is positive if and only if the basis @, @,, é2, és 
of H is positive). Now set 


pe=p= 4, pe 
and 


Pg= —<p,me+pxqa fp 7€ (e)4, 


where X denotes the cross product in (e)+. 

Observe that every quaternion p is uniquely of the form p = de + p, 
(Ae R, p, € (e)+); the conjugate of p is defined by p = de — p,. The 
identity element of H is e. 

Now choose a fixed unit vector 7€ (e)1. Then 7? = —e and so the 
subspace of # spanned by e and 7 is a subalgebra of H, canonically iso- 
morphic to C. We identify this subalgebra with C and write 


H=C@C.. 
Note that C is stable under left multiplication by elements of C and 
hence it is a (1-dimensional) complex vector space. 

Next, let (R", <, gx) be an n-dimensional Euclidean space and 
consider the quaternionic vector space X = H ®p R* with scalar mul- 
tiplication given by 

PI@*)=pg@x, p,qeH, xe R. 


Define a quaternionic inner product in X by setting 


(P@O%x,q9 OY = PX m, 7,96, x, ye R* 


Since C c H, restriction of scalar multiplication to C yields a 2n- 
dimensional complex vector space X¢. Use the decomposition H = 
C @ C* to write 


{uy v= <u, We + «4, Vets u,ve X. 


Then <, >¢ is a Hermitian inner product in Xg. 
Finally, fix a unit vector 7 € C+. Then the complex bilinear function 


(,) given by 
(u, v) aa <u, J0>oy u,v € Xe, 


makes Xy into a complex symplectic space (cf. sec. 0.1). 
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Now recall from Example 4, sec. 2.7, volume II, that the quaternionic 
group O(n) is the compact connected Lie subgroup of GL(X¢) consisting 
of those transformations t which satisfy 


t(pu) = pr(u) and (tu, TVY = KU, Vd, uve xX, ped. 


Its Lie algebra Sk(n; #) is the real subalgebra of Ly,, consisting of the 
transformations @ such that 


a(pu) = p(au) and <au,v> + tuav»=0, ped, uve X. 


Denote this Lie algebra by E. 
Next observe that the inclusions O(n) > GL(X,) and E > Ly, are 
in fact inclusions 


O(n) — U(2n) and E — Sk(2n; C) 


(with respect to the Hermitian inner product <, >¢). Thus we may 
restrict the elements OY, , (1 <p <2) in Pypien.c) to E; the resulting 
primitive elements will be written 


3.,6¢Py, 1l<p<n. 


Moreover, the extension of ®%,., to a biinvariant (4p — 1)-form 
2,_, on Q(n) coincides with the restriction to Q(m) of the biinvariant 
form ®Y,, on U(2n). 

Finally, let C$, and Trg, (1 <p <x) denote the restrictions of C¥ 
and Tr¥, to E (cf. sec. 6.27). 


Theorem XIII: (1) The elements O2,,, 1<p<x, are a basis 
of Py; in particular, (AE*)s-9 = A(®8, ... , ®2-1). 

(2). WE* og = ViCe von CS) = VTE, ca’, T tae) 

(3) The cohomology classes [6%,,] (1<p<7) are a basis of 
Pam, and so 


H(Q(n)) = A([@3], .--, [Pf-1])- 
(4) The Poincaré polynomial of (AE*)).9, H*(E), and H(Q(n)) is 
i (1 + 1-2), 


Proof: (1) First observe that if y ¢ Ly,, then ¢ is in E if and only if 
y is skew with respect to both <, dg and (, ); i.e. 


E = Sk(2n; C) a Sy(n; C). 
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It follows that we have a commutative diagram 


C@E = Sy(n; C) 


| | 


C ® Sk(2n; C) L(2n; C) 


=~ 


in which the vertical arrows are the obvious inclusions, while the hori- 
zontal arrows are the isomorphisms of complex Lie algebras given by 


AQyr dg. 
This leads (cf. sec. 6.25) to the commutative diagram 


4 


C@Py 


Pyyin;oy 


- 


C © Poxien;c a Prian;oy+ 


v1 


Thus (cf. sec. 6.27 and sec. 6.24) 


1® S41 =yi(1 @ Py, 1) 
= y1€2((—1)?Dyy_1) 
= &,((—1)?®3-1). 
Now, since ¢, is an isomorphism, (1) follows from Theorem VIII, (1), 
sec. 6.24. 
(2) This follows from Theorem VIII, (2), via the isomorphism 


C ® (VE*)o-0 = (VSy(a; C)*)o-0, 


(as described in sec. 6.25). 
(3) and (4): In view of sec. 5.32, these assertions are immediate 


consequences of (1) and (2). 
Q.E.D. 


Example: G = Q(1). In this case E is the Lie algebra of pure 
quaternions, and a simple calculation shows that the Killing form K 
satisfies K = 4C. 

Now in Example 2, sec. 6.23, we have I, 2% EF, A== 1,2. Let 
C? € (VI#),~-0 correspond to C2, under these isomorphisms. Then 


PF=C2—CP and C$ = —2(CM + CP. 


Chapter VII 


Operation of a Lie Algebra 
in a Graded Differential Algebra 


§1. Elementary properties of an operation 


7.1. Definition. An operation of a Lie algebra in a graded differential 
algebra is a 5-tuple (E, 7, 0, R, 6) where: 

(1) E is a finite dimensional Lie algebra, and (R, 6) is a graded 
anticommutative differential algebra R = SY, R?. 

(2) 6 is a representation of E in the graded algebra R; that is, for 
each x € E, 0(x) is a derivation in R, homogeneous of degree zero, and 


A([x, ¥]) = O(x) o O(y) — O(y) 0 Ox), = mye E. 


(3) 72 is a linear map from E to the space of antiderivations of R, 
such that each 7(x) is homogeneous of degree —1. 
(4) The following relations hold: 


i(x)? = 0, (7.1) 
1([x, ]) = 9(x) o(y) — a(y) © A(x), (7.2) 

and 
6(x) = (x) ob + 6 of(x), x, yeEE. (7.3) 


Suppose (E£, 7, 6, R, 6) is an operation of a Lie algebra EF in a graded 
differential algebra (R, 6). Applying 6 on the left and on the right hand 
sides of formula (7.3) we obtain 


6 0 A(x) = A(x) o 6, xek. (7.4) 
This relation shows that 6 is a representation of E in the graded dif- 
ferential algebra (R, 6). Moreover, condition (7.3) implies that 8 induces 


the zero representation in the cohomology algebra H(R). 
If (£, 1, 6, R, 6) is an operation of E, it follows from formula (7.1) 


273 


274 VII. A Lie Algebra in a Graded Differential Algebra 


that 7 extends to a unique linear map 
i: AE > L(R; R), 
such that i(aab) = i(b) o7i(a), a,be AE, and i(1) = +. In particular, 
U(x A+++ AXy) = U(X) oO +++ 0 2(%), x, € E, 


so that 7(a) is homogeneous of degree —p when a € AE. 
Assume that operations of F in graded differential algebras (R, dz) 
and (S, 6g) are given. Then a homomorphism of operations 


y: (E, iz, 9p, R, bp) > (E, ts, Og, S, bs) 


is a homomorphism g: (R, dp) > (S, ds) of graded differential algebras 
such that 
P°OR(x) = Oe(x)op and = poig(x)=is(x)og, xe E. 
Clearly 
y cig(a) =is(a)og, ae AE, 


Observe that we define only a homomorphism of operations of a fixed 
Lie algebra. 

Clearly the composite of two homomorphisms of operations is again a 
homomorphism of operations. 


7.2. Important formulae. In this section we obtain some relations 
connecting the operators (a), 6(x), and 6 in R (for an operation (F, 2, 9, 
R, 5)). They generalize formulae developed in article 1, Chapter V. 

Recall the representation 6% of EF in AE (sec. 5.1) and the differential 
operator Oy (sec. 5.2). The relations to be established are 


6(x) o7(a) — i(a) o O(x) = i(04(x)a), xe E, ae NF, (7.5) 
1(%y A+++ AXp_) od + (—1)P-16 0 2(xy A +++ AX_) 


= ¥ (1p ilay)o ++ oF) 2H) eB a)o-s ci), EE, 
oe (7.6) 


i(a)d + (—1)?-*6i(a) = —i(Oza) + ¥° O(e,)i(ig(e*e)a), ae AE, (7.7) 
and 


i(a)d + (—1)?-16i(a) = i(Oza) + V i(iz(e*)a)O(e,), ae APE. (7.8) 


(Here e*e, e, denotes a pair of dual bases for E* and E.) 
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Proof of (7.5) and (7.6): Use formula (7.2) to obtain 
A(x) 0 1(%, A +++ AXp) — 1(%, A+++ A Xy)O(X) 
= > t(xp) 0 +++ 08(%,41) © [0(x)a(x,)—a(x,)O(x)] 0 2(%,-1) 0 +++ 09(%1) 
= 1(6¥ (x) (x1 A +++ A Xp). 
Formula (7.6) is proved in exactly the same way, with the aid of (7.3). 


Proof of (7.7): Without loss of generality we may assume that 
a= X,AN +++ Ax, x,€ E. Then, in view of formula (7.6), we have only 
to prove that 


—1(0ga) + ¥ O(e,) ° t(tx(e*?)a) 
=F (-1)-fay) © +++ 0 BCH) 0 +++ ola). 
But formula (7.5) yields 


Y (1) tap) 0 +++ 0 O(x,) 0 «++ 0 F(x.) 


y=1 
os. 


— = (—1)’40(x,) © i(xp) 0 +++ f(x) 0 +++ 0 i(%,) 
= > (—1)-1(04(x,) (X44 Kotecn Xp)) ° i(x,_1) o +++ 08(2,) 


= » O(e,) 0 t(ig(e*e)(x, A +++ AXp)) 


— = (—Vp(xpas-+ & +++ a [%,, x] A+++ AX), 
y<p 


It remains to be shown that 


Op(¥1 A+++ AX) = Yo (—1) tay anes: Be A [H,, Hy] oes AX. 
p<p 
But this follows at once from formula (5.6) sec. 5.3. 
Proof of (7.8): Formula (7.5) and formula (5.5) of sec. 5.3 yield 


», [9(ec) © #(tu(e*?)a) — t(tn(e*e)a)O(e,)] = d, #(07(¢,)éx(e**)a) 


== 21(0,a). 
Now (7.8) follows from (7.7). 
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7.3. The invariant, horizontal, and basic subalgebras. Let (£, 7, 6, 
R, 6) be an operation. Since @ is a representation of # in the graded 
differential algebra (R, 6), the invariant subspace 


Roo = () ker 6(x), 
zek 


is a graded subalgebra, stable under 6. It is called the invariant subalgebra. 
The inclusion map Ry2p > R induces a homomorphism 


A(Ro-o) > H(R). 


Since 6 induces the zero representation in H(R), Theorem IV, sec. 
4.10, gives 


Proposition I: Let (E, 7, 6, R, 6) be an operation of E such that the 
representation 6 is semisimple. Then the homomorphism 


H(Ro-o) > H(R) 
is an isomorphism. 


Next consider the subspace 


Rio = () ker (x). 
reE 


Since the operators 1(x), x € E, are homogeneous antiderivations, R;_5 
is a graded subalgebra of R. Moreover, it follows immediately from for- 
mula (7.2) that R,;_, is stable under the operators 6(x), x € E. Hence 6 
restricts to a representation of EF in Rj9. Rj is called the horizontal 
subalgebra of R. It is simple to verify the formula 


t(a)(u - v) = (t(a)u) - 2, ac NE, uceR, ve R,Wo. (7.9) 


Observe that the horizontal subalgebra is, in general, not stable under 0. 

Finally consider the subspace (Rj2o)g29 (= Rjao A Ro-o). It will be 
denoted by Rj-9,-9. Since the operators @(x), x € E, are homogeneous 
derivations in R;29, Rj=o,e-0 is a graded subalgebra of R. It is called the 
basic subalgebra. 

The basic subalgebra is stable under 6, In fact, let z € Rjoo,ea9- Then 
formulae (7.4) and (7.3) yield 


O(x)dz = 60(x)z = 0 and = i(x)dz = O(x)z — di(x)z = 0, 


whence 62 € RjW9,9<0- 
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The inclusion map ep: Rj~0,6-0 > Re-o induces a homomorphism 
et: H(Ri-o,020) + H(Ro-o)- 


Now let ¢: (E, ig, 9p, R, Or) > (E, ts, 8g, S, 6s) be a homomorphism 
of operations. Then ¢ restricts to homomorphisms 


Po-0: Roun > Sono» Pino: Ring > Si-05 


and 


Pi=0,0=0° Rj~-0,9-0 > Si=o,6=05 


as follows from the definitions. Moreover, @p-o and @j<o,e=20 are homo- 
morphisms of graded differential algebras. Thus we have the commutative 
diagram 


+ 
Pi—0,0=0 


A(Rj-0,0-0) A(S;~0,0-0) 
H(Ro-0) H(S).0). 


%§=0 


§2. Examples of operations 


7.4. Examples. 1. Actions of Lie groups: Let MxG—M (or 
Gx M — M) be a smooth action of a Lie group on a manifold M. This 
action induces an operation of the Lie algebra of G in the algebra of 
differential forms on M. This particular example is discussed in detail 
in article 6. 


2. The operation on AE*: Let E be a Lie algebra and recall the 
definition of the operators iz(x), g(x), and dg in AE* (cf. secs. 5.1, 5.2). 
Then formulae (5.1) and (5.3) imply that (EZ, ig, 6;, AE*, dz) is an 
operation of EF in AE*. In this case we have 


(AE*);~o = (AE*) ;-0,0=0 = TI. 


3. Restriction: Let (E, i, 6, R, 6) be an operation of a Lie algebra E. 
Let F be a subalgebra of E. Restricting i and 6 to F, we obtain an operation 
(F, ip, Op, R, 6) of F in (R, 6), which will be called the restriction of 
the original operation to F. The invariant, horizontal, and basic sub- 
algebras for (F,iy, 67, R, 6) will be denoted by Ro,-0, Rip-o, and 
Ripm0,6p=0° 

A homomorphism of operations : (E, 1, 0, R, 6) > (E, i, 6, R, 6) may 
be considered as a homomorphism of operations of F. 


4. Subalgebras: Let F be a subalgebra of a Lie algebra E. Then 
the restriction of the operation (E, iz, 0g, \E*, 6g) to F is denoted by 


(F, ip, 07, AE*, 6z). This operation will be studied extensively in Chap- 
ter X, 


5. The tensor product operation: Let (E,ipz, Oz, R, dr) and (EF, is, 


65, S, 6g) be operations of EZ. Then an operation (E£, 7, 6, R @ S, 6) is 
defined by 


i(x) = ip(x) Mt + op © ts(x), 6(x) = Op(x) Mt + ¢ © 4g(x), 


and 
6= dr @t+ or ® ds, xe E, 
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(where wp denotes the degree involution in R). It is called the tensor 
product operation. 


6. The operation in the Weil algebra: Let W(E) be the Weil algebra 
of a Lie algebra E. Then (E, t, Oy, W(E), dw) is an operation of E (cf. 
formula (6.5), sec. 6.4). The horizontal and the basic subalgebras are 
given by 


W(E)i0 =VE*@1 and — W(E)ino,000 = (VE*)ou9 @ 1. 


7. Let 67 be a representation of E in a graded anticommutative algebra 
T and let 6 denote the induced representation in T ® AE* 


A(x) = Op(x) Oe + ¢ @ Gg(x), xe E, 


Define a differential operator 6 in T @ AE* by 6 = 6g + 5g (cf. sec. 
5.25). Then (E, iz, 6, T® AE*, 6) is an operation, as follows from 
formula (5.17), sec. 5.25. In this case we have 


(T © AE*) 20 = T @ 1 and (T & AE*); 20,000 = Too © 1. 


7.5. The associated semisimple operation. Let (E, 7, 9, R, 6) be an 
operation of a reductive Lie algebra. We shall construct a graded sub- 
algebra Ry of R with the following properties: 

(i) Rg is stable under the operators i(x), 6(x) (x € E), and 0. 

(ii) If 6s(x) denotes the restriction of 6(x) to Rs (x € E), then 65 

is a semisimple representation of E. 


A subspace X c R will be called admissible if 
(i) dim X <0, 
(ii) X is stable under 6(x), x € E, and 
(ili) The restrictions 6y(x) of (x) to X (x € X) define a semisimple 


representation of F in X. 


Given two subspaces X < R and Y c R we shall denote by X - Y 
the subspace spanned by the products u-v (ue X, ve Y). 


Lemma I: (1) If X and Y are admissible subspaces of R, then so 
are X + Yand X - Y. 


(2) If X is an admissible subspace of R, then so is e?(X), p= 0, 
1, ..., where o?: R — R? is the projection with kernel )j,, R’. 
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Proof: (1) Addition and multiplication define surjective linear maps 
X@®Y-X+Y and X®@®Y-X.-Y. 


Moreover, these maps are E-linear with respect to the representations 
6vey and Oye@y determined by 6, and 6y (cf. sec. 4.2). 

But it follows from Theorem III, sec. 4.4, that 6xay and Oygy are 
semisimple representations, since 6, and 6y are, and E is reductive. 
Hence X + Y and X - Y are admissible. 

(2) Observe that 9? restricts to a surjective Z-linear map from X to 
e(X). 

Q.E.D. 


Lemma II: Let X c R be an admissible subspace. Then X + 6(X) 
is admissible. 


Proof: Apply the argument of Lemma I to the linear map X © X 
—» X + 6(X) given by 


u@Gvrut dys, u,ve X. 
Q.E.D. 


Lemma III: Let X < R be an admissible subspace, and suppose 
B: E@®X-— R is the linear map given by 


B(x © u) = 1(x)u, xek, ueX. 
Then Im # is admissible. 


Proof: Use formula (7.2), sec. 7.1, to show that 
Bo(adx @e+ te @ 4(x)) = O(x) o B, xek 


and apply the argument of Lemma I. 
Q.E.D. 


A vector z € R is called admissible if there exists an admissible subspace 
X c R such that ze X. 


Proposition II: The admissible vectors form a graded subalgebra 
Rg of R. This subalgebra is stable under the operators 1(x), 6(x) (x € E), 
and 6. 
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Proof: It follows immediately from Lemma I that the admissible 
vectors form a graded subalgebra Rs of R. Clearly, Rg is stable under 
the operators (x) (x € E). Lemmas II and III show that Rg is stable 
under the operators 6 and 7(x). 


Q.E.D. 


It follows from Proposition II that the representation 6 restricts to a 
representation 0, of E in Rg. 


Proposition III: The representation 65 is semisimple. 


Proof: Let X < Rs be any stable subspace. Choose a subspace 
Y c Rg which is maximal with respect to the properties 


XAY=0 and 6s(x(Y) CY, ¥ek. 


We shall show that X @ Y= Rg. 

Let z€ Rg and choose an admissible subspace, Z < Rg, such that 
zé€Z. Then Z (X @ Y) is an E-stable subspace of Rs. Since 6z is 
semisimple, there is an E-stable subspace U such that 


Z=ZA(X@Y)OU. 


This implies that (X @ Y) M7 U = 0, and hence the maximality of Y 
yields U=0. 
It follows thatz€ Zo X@/Y, and so Rg = X@ Y. 
Q.E.D. 


Definition: Let is(x), 93(x) (x € E) and dg denote the restrictions 
of i(x), 60(x), and 6 to Rs. Then the operation (EF, 7s, 6s, Rs, ds) is 
called the semisimple operation associated with (E, 1,6, R, 6). 


Since every element z€ Ry_) generates a 1-dimensional admissible 
subspace, we have Rp_o < Rg. This relation implies that 


Roo = (Rs)o-o and R;j~0,0-0 = (Rs)i-0,0-0- 


Because 6 is semisimple, the homomorphism H(R»..9) ~ H({Rs) induced 
by inclusion is an isomorphism (cf. Proposition I, sec. 7.3). 


7.6. Tensor products. Let (E,iz, 92, R, 6p) be an operation of a 
Lie algebra. Let 6, be a representation of E in a graded differential 
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space (M, 6y). Define operators 6(x) (x € £) and 6 in M@ R by 
A(x) = Ou(~) @e++@GOn(x) and b= dy @i+ oy © bg, 


where wy, denotes the degree involution in M. 


Proposition IV: Assume that EF is reductive and that at least one of 
the representations 6, and 64 is quasi-semisimple (cf. sec. 4.3). Then 
the inclusion map 


8: Moco © Ronn > (M © R)ono 
induces an isomorphism 


g*: H(Mo.9) @ H(Roas) —> H((M © R)p.0)- 


Proof: We show first that 
(M @ Ryouo = (M @Rs)o-0, (7.10) 


where (E, is, 6s, Rs, 6p) denotes the associated semisimple operation 
(cf. sec. 7.5), In fact, clearly 


(M ® Rs)o-0 © (M @ R)ouo- 


On the other hand, let ¥ € (M @ R)o.. Then Proposition I, sec. 4.3, 
shows that there is a finite dimensional subspace Z < R, stable under 
the operators 6;(x), and such that Ye (M @Z)o_9, and the induced 
representation 67 of EF in Z is semisimple. Thus Y € (M @® Rs)o-o, 
and so (7.10) is proved. 

Since also (Rg)g.0 = Ro.o, we may replace R by Rs. Thus in view of 
Proposition III, sec. 7.5, we may assume that the representation 6, 
is semisimple. 

On the other hand, the equations 


Ox(x) = in(x)on + Opin(x), ve, 
imply that each @;(x)* == 0. Now the proposition follows from Theorem 


V, sec. 4.11 (with M= Y and R= X). 
Q.E.D. 
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Corollary: If E is semisimple, (Z,7g, 02, R,6R) is any operation, 
and 0,, is a representation of E in a graded differential space (M, dy), 
then the map 


&*: (Moo) © H(Ro-) > H((R © M)o-0) 
is an isomorphism. 


Proof: Observe (via Theorem I, sec. 4.4) that every representation 
of a semisimple Lie algebra is quasi-semisimple and apply the propo- 
sition. 


Q.E.D. 


§3. The structure homomorphism 


In this article (E, tp, 0p, R, dp) denotes an operation; wp denotes the 
degree involution in R. 


7.7. The structure operation. Consider the (skew) tensor product 
of graded algebras R ® AE*, and define operators izez(x), Orex(x) 
(x € E), and dpee in R ® AE* by 


tron(X) = Wp © ig(x), Grex(*) = On(x) © e+ ¢ © Og (x), xe &, 


and 
Sroz = Op Ot + bo + wr © Oz. 


Here 6, is the operator defined in sec. 5.25 (with R = M); ie., 
bo = DY MnDR(e,) © u(e*’). 


Lemma IV: The 5-tuple (F, iroz, 9rez, R © AE*, bree) is an op- 
eration. 


Proof: Clearly Ore, is a representation. Relations (7.1), (7.2), and 
(7.3) follow from an easy computation (cf. sec. 5.1 and sec. 5.25). Thus 
we have only to verify that den = 0. 

Evidently 63 = 0. Next, observe that the equations 


bp9n(x) = On(x)dp, xe E, 
imply that 
(bn @ ¢) o (bo + Op © 5x) + (60 + Op © Sz) © (dz @ 4) = 0. 
Moreover, in sec. 5.25 it was shown that 
(8) + on @ bp)? = 0. 


Hence, dken = 0. 


Q.E.D. 
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The operation (E, tpor, Orez, R © AE*, dpez) is called the structure 
operation for (E,irz, 6p, R, bp). 
On the other hand, form the tensor product operation for 


(E, tr, Op, R, dp) and (E, tz, 92, AE*, 5g) 
(cf. Example 5, sec. 7.4). It is given by (E, i, 6, R ® AE*, 56), where 
i(x) = tp(x) Me + wp © tx(x), 6(x) = Op(x) @e +e @ Oz(x), 


and 


d= bp Bt + Op © Oz. 
We shall construct an isomorphism of operations 
(E, i, 0, R @ AE*, 6) = (E, troz, Ono, R © AE*, bzex). 
First, define a derivation a homogeneous of degree zero in R ® AE*, by 


a=) wpip(e,) © u(e*’), 


where e*”, e, is a pair of dual bases of E* and E. Since a? = 0 (p > dim £), 
we can form the map 


It is an automorphism of the graded algebra R @ AE*. 
The following explicit form for f will be useful: For a € A?E, define 
j(a): R>R by 
jla)(z) = (—1)P*-i,(a)(z), ze RY 


Then an easy computation yields 
j(a.nb) = j(a) °5(6). (7.11) 


Lemma V: (1) Let ©’, a, be a pair of dual bases for AE* and AE. 
Then 
p= 2X J(a1) © u(®"). 


(2) Let » be a linear transformation of a finite-dimensional vector 
space X, and let x,, x*4 be a pair of dual bases for X and X*. Then 


> px, & x¥A = »: x, & p¥x*. 
7 7a 
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In particular, if X == AE, then 
Lea) © a(P) = Vilas) @ uly"). 


Proof: (1) First observe that the expression },j(a;) © u(@*) is 
independent of the choice of dual bases. Now fix a basis e,, ..., @, of E 
and extend it to the basis {e,, 0 -++ re}, 4 <-+++ <i, of AE. The 
dual basis is {e*2a--- ve*'>}, 1) << +--+ <i,, where <e™, e;> = df. 

Evidently 

«= jle,) ® wle*). 


It follows (via formula (7.11)) that 


QP? = Lier, Aaa KR ey) ® b(e* Aes wep e*r), 


where the sum is over all p-tuples (»,...,%,) with 1<», <7, 
i=1,...,p. Thus 
1 : 
Sr = LHe ne e,,) @ ales n +++ neh), 
Pp: BS <0 Srp sit . 


and so (1) follows. 


(2) This is obvious. 
Q.E.D. 


Proposition V: With the notation above f is an isomorphism of 
operations 


B: (E, i, 0, R @ AE*, 6) = (E, izor, Gran, R © AE*, dpgn): 


Proof: We must check that f converts the operators i(x), 6(x), and 6 
into zpez(x), Frez(x), and dreg, respectively. 


(1) The operator i(x): Observe that 
(Mp ®@ tx(x)) oa — ao (Wp @ tg (x)) 
= 2 tn(e,) ® [tn(*)u(e**) + w(e*)iz(x)] 
= p(x) © &. 
It follows by induction on p that 


(Op © tx(x)) oa? = a? o (wp © tz(x)) + par o (tn(x) ®t), pol. 
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Hence 
inox(#) B= (wn @ ia(s)) oY Spa? 
= (3 or) ° (ip(x) e+ wy & iz(x)) 
=p oiln), 


(2) The operator 6(x): Observe that 0(x) = Oren(x) = Opn(x) @e 
+ t@® 62(x). Moreover 


(Onl) @ + 6B Og(H)) oa — a0 (Opl(x) @e + «@ On(4)) 
=F otal 1) @ ae) + ¥ oninle,) ® a(Osla)e) 
= 0 
(by Lemma V, (2) with X= FE and g =adzx). Hence 
Onox(*) 0B = Bo O(x), 
(3) The operator 8: Recall from sec. 7.2 that 
inla)bn-+ (—1P Spi) = ~in(Oua) +5 Onleulin(eta), ae NE 
It follows that 
jla)n — dnjla) = —enj(Opa) + onPalepdilin(et)a), ae NE. 
Now apply Lemma V, (1) and (2), to obtain 
Bo dn — dp 08 
= ~F conse) @ uO) + Fonda) linler)e,) @ a) 
=F oniles) © H(b5") + ¥ onPaleeilen) @ wer yu() 
On the other hand, Lemma V, (1); also yields 
fo (on @ bs) ~ (on @ bs) 08 = ~ ¥ onjles) @ w(x) 


and 


50° B = — ¥, wnbelee)i(ar) © wle*?)u(P"). 
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Adding these three relations, we find that 


Bo (dx @t + Op @ Jz) = (bn O + 49 + OR & Sg) 0B. 
Q.E.D. 


7.8. The structure homomorphism. Define a homomorphism 


yr: R— R @ AE* 
by 
yr(z)=B(2@1), zeER. 
Proposition V, sec. 7.7, shows that the map 


vr: (E, tr, On, R, dr) > (E, tron, 9rex, R © AE*, Oren) 


is a homomorphism of operations. It is called the structure homomorphism 
for the operation (E, tp, Op, R, dp). 
If y: R + S is a homomorphism of operations, then the diagram 


9 


R S 
YR - 
R@® AE* S @ AE* 


eer 


commutes, as follows from Lemma V, (1), sec. 7.7. 


Examples. 1. The operation (E,iz, 0x, AE*, dx): Let pi: EQ@E 
— E be the addition map 


H(x,y) = a+ y, x, ye E. 


Then yp induces a homomorphism pu’: AE* + AE* @ AE*. 
It follows from the definitions that 


Br(xe*) = x*® © 14 1 © x* = yage(x*), x* eG E*, 
Since E* generates AE*, this implies that 


LS = Yage. 
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2. The homomorphism yrerage: Consider the structure homomor- 
phism 
Vresgs: R ® AE* > R @ AE* © AE*. 
Since 
tren(x) = Op © tg(x), xe E, 


it follows that 
Yrovgee = '@OYrare=t@ pw 


(cf. Example 1). Thus the commutative diagram above, applied with 
Y =yrand S= R@AE*, yields the commutative diagram 


R ad R@ AE* 
YR Ie 
R@® AE* R @AE* @ AE*. 


Y p@e 
This diagram shows that yp makes R into a comodule over the co- 


algebra AE*. 


7.9. The cohomology structure homomorphism. In this section we 
assume E to be reductive. Since the structure homomorphism is a 
homomorphism of operations, it induces a homomorphism 


(Yr)i-o? H(Ro-0) > A(R © AE*)o-0 Srez)- 


On the other hand, we have the inclusion g: Roy © (AE*) 9-9 > 
(R © AE*)5_9. Since E is reductive, Proposition IV, sec. 7.6 (applied 
with R= M and AE* = R), implies that g induces an isomorphism 


g*: H(Ro-o) @ (AE*)o-0 —+ H((R @ AE*)o-0, Sree) 


of graded algebras. (Note that dpee reduces to dg ®t — wr ® dg in 
(R © AE*) 20.) 


Thus we may compose (g*)~! with (yz)j-» to obtain a homomorphism 


Pr: H(Ro-o) > H(Ro-0) © (AE*)o_. 


Definition: $, is called the cohomology structure homomorphism for 
the operation (E, tz, Oz, R, dp). 
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Suppose gy: R > S is a homomorphism of operations of E. Then the 
diagram 


H(Ry-») a H(Sy-0) 
op on (7.12) 
H (Roos) ® (NE*)oco e+ H( Sona) © (NE) 


commutes, as follows from the analogous property for yr and yg (cf. 
sec. 7.8). 


Proposition VI: Let g: H(Ro-o) © (AE*)o-0 ~ H(Ro-o) be the pro- 
jection with kernel H(Roio) © (AtE*)s-9. Then go fp = t. 

In particular, /z is injective. 

Proof: Consider the projection 

p:R@AE*—R 
with kernel R © At+E*. Then p induces a homomorphism 
Pi=o: H((R © AE*)o-0; Sroz) > H(Ro-o). 

Since (clearly) poy, =, it follows that 


Pé=o ° (Yr)o=o = & 
Thus 


9° Pr= 9° (g*)* © (yR)b=0 = Pa=o ° (YR)i=0 = 4 


and the proposition is proved. 


Q.E.D. 


Example: The operation (E,iz, 6;, \E*, 62). The cohomology 
structure homomorphism for this operation coincides with the comul- 
tiplication in (AE*),_5 as defined in sec. 5.17, 


Pane = yu? (NE*)ono > (AE*)on0 ® (AE*)ono: 


To see this, let 7: AE* @® AE* — (AE*)o.9 © (AE*)o29 be the pro- 
jection with kernel 


Onon(NE* © AE*) = 0(AE*) @ AE* + AE* ® 0(AE*). 


Then yg = 7° pj-9 = 7 © (Yaze)oxo (cf. Example 1, sec. 7.8). 
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On the other hand, note that 
no (6x ®t) = 0, no}, = 0, and n © (Wg © bg) = 0. 
Hence 7 induces a linear map 
nt: H((AE* @ AE*)oga0 Satan) > (NE*)o-0 © (AE*)ou0- 
Moreover, because 7 © g = 4, it follows that 7* = (g*)-. Thus 
Prue = 1* 0 (yaze)ieo = [1° (Yaze)o-0]* = 7x- 


Remark: This example provides a second proof that the comul- 
tiplication yy is an algebra homomorphism (cf. sec. 5.17). 


§4. Fibre projection 


In this article (E, ig, 82, R, 6g) denotes an operation of a reductive 
Lie algebra. The algebra H(Ry.9) is assumed to be connected. 


7.10. Definition. Recall from sec. 7.9 the cohomology structure homo- 
morphism 


fri H(Ro-o) > H(Ro-0) © (AE*) 0-0. 


Since H(Ro-9) is connected, we have the canonical projection H(Rpo~) 
+I’; it induces a homomorphism 


stp: H( Roo) © (AE*) 5-0 > (AE*)o~0- 
Hence a homomorphism 
Or: H(Ro-o) + (AE*)o-0 


is given by op = 7p ° fp. It is called the fibre projection for the operation. 
Since 


yroen(2) = Az @I =z @l=ge@!), 2 Ri-o,e-0 


(cf. Lemma V, (1), sec. 7.7), it follows that op o (e#)* = 0. 
If yg: RS is a homomorphism of operations (with H(S,.9) con- 
nected), we have 
Os ° Pio = OR 


(cf. sec. 7.8 and 7.9). 


7.11. Projectable operations. The operation of E in R will be called 
projectable if there is a linear map gq: R-> I (not necessarily an algebra 
homomorphism) which satisfies the conditions 


(i) g(z) = 0, ze Rt, 
(ii) g(1) = 1, 
and 
(ili) go6(x)=0, xe E. 
Thus the operation is projectable if and only if 1 € 6(R°). 


292 


4. Fibre projection 293 


In particular, the operation is projectable if one of the following three 
conditions holds: 


(1) R°= Rog © O(R); 
(2) the representation of E in R° is semisimple; 
(3) & is connected; ic., Ro= I. 


Now assume the operation (£,ip, 4p, R, 5) is projectable, with 

projection g: R-+ J’. Consider the linear map 

gq @u: R@ AE* > AE*., 
It satisfies 

9x(x)° (qq ®t) = (¢@+)° Grox(x), xek 
and 
6n°(9@') = (4 @4)° bree. 

Hence it induces a linear map 


(¥ © eo: H((R © AE*)o-05 Sroz) > (AE*)o..0- 


Proposition VII: The fibre projection of a projectable operation is 
given by 
Orn = (4 & “ozo ° (YR)aeo- 


Proof: Observe that g restricts to a linear map qox9: Roop > J, and 
that 
Rr = Q=0 @t. 


Hence er = (9-0 © 4) ° (8*)* © (vr)éim0- 
On the other hand, clearly 


(¢ © ¢)o-0 °F = Yoro &) 4, 


whence (¢ © t)i0 = (Gio © +) 0 (g*)!. This in turn implies that 


Or = (¢ © "oxo ° (YR) é=0- 
Q.E.D. 


Example: The operation (E, iz, 9g, AE*, dz). Since AE* is con- 
nected, this operation is projectable. We show that its fibre projection 
is the identity map 


Onze — E: (AE*)o~0 xl (AE*)o20- 
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In fact, let g: AE* — I be the projection. Since (cf. Example 1, sec. 7.8) 
Vare = ue’, we have 


(© +) oyaze = ¢. 
Now Proposition VII implies that e,ge = ¢. 
7.12, The operators ip(a)*. Fix an element a € (A?E),.. and consider 
the operator ip(a) in R (cf. sec. 7.1). In view of formula (7.5), the in- 


variant subalgebra is stable under this operator. Moreover, formula (7.8) 
implies that 


tp(a)dx(z) + (—1)?-dztp(a)(z) = 0, z€ Rog. 
Thus #p(a) induces an operator 
tp(a)*: H(Ro.0) > H(Ro-o); 
homogeneous of degree —p. 


Proposition VIII: (1) The cohomology structure homomorphism 
Jp satisfies 


Pro tp(a)* = (MR © ix(a)) o Pr, ae (AE)p~0 


(cf. sec. 7.9). 
(2) The fibre projection satisfies 


Or © tp(a)* = ty(a) © oR. 


(3) If a is primitive (ie., if ae P,(E)—cf. sec. 5.14), then zp(a)* 
is an antiderivation. 


(4) tp(a)* o ek = 0, ae (A*E)o20. 


Proof: (1) Since yz: R— R @ AE* is a homomorphism of opera- 
tions, we have 


Yr ° tr(@) = tron(@) oYR = (Mp & tx(@)) ove, ae (AE)o~0- 
On the other hand, the inclusion g: Ry.p ® (AE*)o.9 > (R & AE*) 6-0 


commutes with wp ®iz(a), and so (1) follows. 


(2) This follows from (1), and the relation ep = mp° Pp (cf. sec. 
7.10). 
(3) This is an immediate consequence of (1), together with the fact 
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that z2(a) is an antiderivation (cf. Lemma VIII, sec. 5.22) and the fact 
that fz is injective (cf. Proposition VI, sec. 7.9). 
(4) This follows from the relation ip(a) o en = 0. 
Q.E.D. 


7.13. The Samelson subspace. Identify APz with (AE*),_) under 
the canonical isomorphism x, of sec. 5.18. Then the fibre projection 
for the operation (EF, iz, 6x, R, dz) is a homomorphism 


Or: H(Re-o) > APz. 


Definition: The graded subspace Pp < Py given by 
Pp = Pr © Im On 


is called the Samelson subspace for the operation (E, in, 6p, R, dp). 


Theorem I: Let (E, 7p, 6z, R, dp) be an operation of a reductive 
Lie algebra, with H(R,_,) connected. Then the subalgebra Im gp is the 
exterior algebra over the Samelson subspace 


Im op = APg. 


Proof: Let ip(a): \Pg > APz (a€ P,(E)) be the substitution op- 
erator. In view of Lemma IX, sec. 5.22, and Proposition VIII, sec. 
7.12, we have 


OR? tp(a)* => ip(a) ° OR,» ae Py, (E). 


Thus the subalgebra Im gz is stable under the operators zp(a). Now it 
follows from Proposition I, sec. 0.4, that 


Im ep = A(Im eg 0 Pz) = APp. 
Q.E.D. 


7.14. Basic factors. A graded subalgebra A < H(RoWo) will be called 
a basic factor for the operation (E, iz, Oz, R, dz) if it satisfies the following 
conditions: 


(1) Imef cA. 
(2) There is an isomorphism of graded algebras 


f: A @ APr = H(Ro-o); 


where A © APp denotes the skew symmetric tensor product. 
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(3) The diagram 


A@APy Pp 


H(Roao) —2—+ APg 


commutes. 


Two basic factors A, and A, will be called equivalent if there is an iso- 
morphism of graded algebras A, —+ A, which restricts to the identity in 
Im ef. 

It follows immediately from the definition that such an isomorphism 
extends to an automorphism of H(Rp.»), which makes the diagram 


H(Ro-o) 
y IN 
F(R;-0,0-0) = (AE*)o0 
ch er 
H(Ro-0) 


commute. 


Theorem II (reduction theorem): Let (E, ip, On, R, dp) be an 
operation of a reductive Lie algebra E with H(R,o-9) connected. Then 
the operation admits a basic factor, and any two basic factors are 
equivalent. 


Proof: Existence: Identify AP, with Im op via xg, so that og be- 
comes a surjection onto AP. Let P < P,(E) be a graded subspace dual 
to Pp (cf. sec. 5.21). Then it follows from Proposition VIII, sec. 7.12, 
that 


(1) ep: H(Ro-o) > AP is a surjective algebra homomorphism, and 
satisfies 


Op ° tp(a)* = tp(@2) ° OR, aeP. 
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(2) The operators ip(a)* (a¢ P) are antiderivations and satisfy 
(in(a)*)? = 0. 

(3) Ime# < Naep ker ip(a)*. 

Thus the hypotheses of Proposition X, sec. 7.16, in article 5 below 
are satisfied. It follows that the subalgebra 


A = () ker ip(a)* 


aeP 
is a basic factor. 


Uniqueness: Suppose A, and A, are two basic factors. Then we have 
the commutative diagram 


A, @MPp 


y 
A, 

a 

H(Rj-0,0=0) H(Re-0) 

Sg 

‘ 


A, @ Pr 


APR 


= 


which yields the commutative diagram 


A, @ Pr 


H (Rj0,e-0) = AP R 


A, ® APR 


Now the equivalence of A, and A, follows from Proposition XI, sec. 
7.18, in article 5, below. 
Q.E.D. 


7.15. The cohomology structure homomorphism. In this section we 
express the homomorphism #, (cf. sec. 7.9) in terms of the operators 
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in(a)*. Recall from sec. 5.22 that the canonical isomorphisms 
tu: APY(E) + (AE)ono and gz APg => (AE*)p~0 


preserve scalar products. As in sec. 7.7 define a derivation & in the algebra 


H(Ro-0) © (AE*) e209 by 


6 =Y ofin(a,)* @ nla”), 


where a*’, a, is a pair of dual bases of Py and P,(E). Then an auto- 


morphism # of H(Rp-o) @ (AE*)o-0 is defined by 


Proposition IX: With the notation above, the cohomology structure 
homomorphism is given by 


Pa(0) = B(E@1), 6 € H(Ro-0). 


Proof: A simple computation (as in the proof of Proposition V, sec. 
7.7) shows that 


(wk ® tx(a)) o B(E @ 1) = Blin(a)*l @ 1), 
ae Py(E), 6¢ H(Ro-o). 


On the other hand, by Proposition VIII, (1), 
(of © t2(2)) ° Pa() = Pro tn(a)*(6). 

Now let ¢ € H?(Ry-9). We proceed by induction on p. For p = 0, 
the proposition is obvious. Assume now that it holds for 7 € H*(Ro-0), 
s <p. Then, for ae P,(£), 

(o# @ in(a))(B(E @ 1) — Fa(2)) = Bln(a)*E @ 1) — Falin(a)*o) = 0, 


whence 


B(E @ 1) — Fall) € H*(Roo) @ 1. 
It follows that 6(£ @ 1) — fa(S) = 9(B(6 © 1) — Fa(S)), where 
q: H(Rono) © (AE*)o.0 > H(Ro-o) 
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is the projection with kernel H(R»p_9) © (AtE*)s-9. Since (clearly) 
g(B(C @1)) = € and (by Proposition VI) 9(f20) = ¢, it follows that 


A(C @ 1) — o2(2) = €@1—C6@O1=0. 


This closes the induction and completes the proof. 


Q.E.D. 


§5. Operation of a graded vector space on a graded algebra 


7.16. Operation of a graded space. Let X = ), X* be a finite- 
dimensional graded space satisfying X* = 0 for even k, and let M be a 
graded anticommutative algebra. An operation of X tn M is a linear map 


t: xX = Inu 
such that 


(1) i(x) is an antiderivation, homogeneous of degree —k (x € X*), 
and 
(2) i(x)?=0, xe X. 


An operation of X in M determines, as in sec. 7.1, the operators 
i(a) (a € AX) in M given by 


t(%, A+++ AX) = t(Xp) 0 +++ O1(%,), x,E X. 
Given an operation of X in M, set 


Mino = () ker i(x). 


reM 


Since, for a homogeneous element x, (x) is a homogeneous antiderivation 
in M, it follows that M,_, is a graded subalgebra of M. 

Next, consider the dual graded space X* = ¥,(X*)* and let zy(x) 
(x € X) denote the substitution operator in AX*. 


Proposition X: Suppose X operates in a connected positively graded 
anticommutative algebra M. Assume that there is a surjective homo- 
morphism of graded algebras 9: M > AX*, satisfying 


@ 01(x) = tx(x)° 9, xe X, 
Then there is an isomorphism of graded algebras 
f: Mig @ AX* =, M, 
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which makes the diagram 


Mj29 © AX* 
M0 a Jed \ AX* 


commute. 


For the proof we first establish 


Lemma VI: Assume in addition to the hypotheses of Proposition X 
that all the vectors of X are homogeneous of some degree k (k odd). 
Then the conclusion of Proposition X is correct. 


Proof: Choose a linear map %: X* — M* such that go X = 1, Since 
M is anticommutative and k is odd, X extends to a homomorphism 
%,: AX* > M. Define 

FT: Myon © AX* + M 


by 
f(z @ G) = z+ X(H). 


Then the diagram of Proposition X certainly commutes. 
It remains to show that f is an isomorphism. First observe that, since 
M° = I'and X = X*, i(x) o X maps X* into J’. Hence 


U(x) X(x*) = ot(x)X(x*) = ty(x)(x*) = <x*, x), x*eX*, xe X. 


(7.13) 
Since z(x) is an antiderivation, it follows that 
fo (om @ix(x)) = uUx)of, xe X, 
where wy denotes the degree involution. This yelds 
fo (wk @ix(a)) =i(a)of, ae NX. (7.14) 


(1) f ts injective: Choose a nonzero element 2 € M,_) © AX*. 
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Then, for some p > 0 and some a é A?X, 
(oh @ix(a))2=2z@l, 240. 
Hence, in view of (7.14), 
i(ayf(Q) = f(z @1) = 2 £0. 


This shows that f(2) 4 0 and so f is injective. 
(2) f is surjective: Define an operator Y: M — M by setting 


Y(z) = ¥° X(e*") - i(e,)z, zeM, 


where e*’, e, is a pair of dual bases for X* and X. Use (7.13) to obtain 
(x) Y — Yi(x) = i(x), xe X, 

Conclude that 

i(a)¥Y — Yi(a) = p - i(a), ae NX, (7.15) 

Next, define subspaces F? < M by 
Fr = {ge M |i(a)z = 0,a€ APX}. 
Then 
Mo = Pi co FP co--s co PM=M (n = dim X). 
Moreover, 1(x): F?+! + F?, x € X. It follows that 
Y: Fret! +Imf - F?, 


On the other hand, relation (7.15) implies that 


= Y —: Fet) — Fe, 
p 


These equations yield 
Fel clmf- F? + FP =Imf- F?, pal, 


whence F"+1 < Imf.- F'. But F™+1 = M and F} = M,_, < Imf. Thus 
f is surjective. 


Q.E.D. 
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7.17, Proof of Proposition X: We proceed by induction on dim X. 
Let & be the least integer such that X* 4 0. Write 


Y = X* and Z= yi XxX. 


ok 
Then X = ZQ@ Y and X* = Z* @® Y*, whence 
AX =AZ@®AY and AX*® = AZ* @AY*, 
Let p: AX* — AY* be the corresponding projection. Then 
peix(y)=ty(y)op, ye Y. 
Finally, define a graded subalgebra N < M by 
N= {ge M|i(y)z=0,ye Y}. 


Then, applying Lemma VI, sec. 7.16, to the action of Y on M, we obtain 
an isomorphism of graded algebras 


g:N@AY*—=- M, 


which makes the diagram 


N @AY* 


Zo 


«| ¢ AY* (7.16) 


commute. 
Since @ o7(x) =i;(x)° 9, @ restricts to a homomorphism N —> 
(AX*);,-03 Le., 
o: N -> AzZ*. 


Moreover, since (AX*)* = Y*, 


oog(1 @y*) = (poe)og(l @y*)=y*%, ye Y*. 
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These equations together with (7.16) imply that the diagram 


eB: 


N@AY* AZ* © AY* 
me all = 
M AX* 


commutes. 

In particular, the hypotheses of the proposition are satisfied for the 
operation of Z on N. Thus, by induction hypothesis, there is an iso- 
morphism 


h: Myon @ AZ* = N. 
(Note that M;.9 = N;,,~o.) Now define an isomorphism 
f: Mjug @ AX* = M, 


by f=go(h@z). It follows from the construction that f makes the 


diagram of Proposition X commute. 
Q.E.D. 


7.18. Proposition XI: Let A,, A,, B, S be connected positively 
graded anticommutative algebras and suppose 7,: B + A, (A = 1, 2) are 
homomorphisms homogeneous of degree zero. Assume that 


A,@S 


«|¢ Ss (7.17) 


aN /> 
A,® S 


is a commutative diagram of homomorphisms of graded algebras in which 
01, @2 are the obvious projections, and ¢ is an isomorphism. Then there 


is an isomorphism p: A, —+ A, of graded algebras such that y 07, = ig. 
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Proof: Define a homomorphism of graded algebras 
9::4,@S—>A,@S 
by setting 
pi(a®z)=e7(a®@l1)-(1@z), aeA,, zeS. 


Then the diagram (7.17) still commutes if ¢ is replaced by 9,. 
Now we show that 9, is an isomorphism. In fact, write 


2 = 9 1099,:4,@S>4, OS. 


Then 9,(a®1)=a@1, ae Aj. 
Moreover, 0, ° 9, = 0,, and so 


g(1@z2)—1@z€At@S, zeS. 
It follows that for ae A?, z€ S, 


PAE EOE NEO) el Oat @aye 2 AI ®@S. 


=zpt1 
Now set F? = 3, A] ®S. Then the relation above shows that 


Yo — t: FP — Feri, 


Thus ¢, is a filtration preserving map and induces the identity in the 
associated graded algebras. Hence, Proposition VII, sec. 1.14, implies 
that gy, is an isomorphism. Thus so is 9, = 9 ° G2. 


Finally observe that 
A, © S+ = (4, @S)- (1 @St+),  A=1,2. 


Since 9,(1 ® 2) = 1 @2, z€S, it follows that g, restricts to an iso- 
morphism 


G1: Ay ® S+ = A, © St. 


Thus it induces an isomorphism between the factor algebras. Now the 
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proposition follows from the commutative diagram 


at 


A, (Ai © S)/(Ai © S*) 


x 


ty 
IR 


A, ——> (A, @ S)|(Az ® S*), 


where j, (A = 1, 2) denotes the isomorphism induced by the inclusion 
map A, 4, @S. 
Q.E.D. 


§6. Transformation groups 


7.19. Action of a Lie group. Let G be a Lie group with Lie algebra 
E. Suppose Mx G > M is a right action of G on a manifold M. Recall 
from sec. 3.9, volume II, that this action associates with every vector 
he E the fundamental vector field Z, on M given by 


Zi(N(e)= 4 fle exp tho, eM, fe FM), 


Moreover the map E —.2(M) given by 


hw Z, 


is a homomorphism of real Lie algebras (cf. Proposition IV, sec. 3.9, 
volume II). 

Now consider the algebra A(M) of differential forms on M and define 
operators i(h), 6(h) in A(M) by 


i(h) = i(Z,), 4(h) = O(Z,), 
where i(Z,) (respectively, 6(Z,)) is the substitution operator (respectively, 
Lie derivative) in A(M) associated with the vector field Z,. In sec. 3.13, 
volume II, we established the formulae: 
i(h)? = 0 
1([h, k]) = O(h)e(k) — 2(R)9(h) 
8([h, &]) = 0(h)9(k) — 6(R)O(h) 
and 


O(h) = i(h)d + di(h), hy REE. 


Moreover, i(k) (respectively, 6(h)) is an antiderivation of degree —1 
(respectively, a derivation of degree zero) in A(M). 

It follows that (E, 2, 0, A(M), 6) is an operation of E in the graded 
differential algebra (A(M), 4). It is called the operation of the Lie algebra 
associated with the action of G on M. 
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Next, let NxG— WN be an action of G on a second manifold N. 
Suppose y: M — N is a smooth equivariant map: 


(z+ a) = (pz) - @, zéEM, aeéeG. 


Then the induced homomorphism y*: A(M) < A(N) is a homomor- 
phism of operations (cf. sec. 3.14, volume II). 


7.20. The invariant subalgebra. Let 7: @xG-— M bea smooth ac- 
tion of a Lie group G on a manifold M, and let (E, ty, 84, A(M), by) 
be the associated operation of the Lie algebra E of G. Recall from sec. 
3.12, volume II, that the invariant subalgebra of A(M) is given by 


A,(M) = {®€ A(M)| T#@ = ©, ae G}. 


Proposition XII: A;,(M) < A(M)_». If G is connected, then A;(M) 
= A(M)o-0. 


Proof: This is Proposition VI, sec. 3.13, volume II. 
Q.E.D. 


Proposition XIII: If G is compact, then the inclusion map A(M)o.5 
— A(M) induces an isomorphism 


H(A(M)o-9) — H(M). 


Proof: Let G° be the 1-component of G; then A(M)p»_» is the algebra 
of differential forms invariant under G°. Now apply Theorem I, sec. 4.3, 
volume II, to the action of G® on M. 

Q.E.D. 


7.21, Example: Consider the multiplication map ug: Gx G > G of 
a Lie group as a right action of G on itself. Then the fundamental vector 
field corresponding to a vector he E is the left invariant vector field 
X, generated by h. Let (E, tg, 9g, A(G), 5g) denote the corresponding 
operation of E. 

Now consider the algebra A;(G) of left invariant differential forms on 
G. According to sec. 4.5, volume II, the algebra 4,(G) is stable under 
the operators 7(X,) and 0(X;,). Thus restricting these operators to A;(G), 
we obtain a second operation of E, called the left invariant operation 
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and denoted by (E£, 7,, 6,, Az(G), 6,). Clearly the injection 
Ig: Ay(G) > A(G) 


is a homomorphism of operations. 

On the other hand, as we observed in sec. 5.29, an isomorphism 
t,: Ay(G) —+ AE* is defined by 1,(®) = ®(e). Moreover, under this 
isomorphism 7,(h), 0,(h), and 6, correspond respectively to zz(h), 9x(h), 
and 6,; thus 


TL: (E, th, 61, A,(G), 6,) Bias (E, tz, On, AE*, bz) 


is an isomorphism of operations. 
In particular, the homomorphism eg = Ig o tz! (defined in sec. 5.29) 
is a homomorphism 


Eq: (E, te, 6s, AE*, 6x) = (E, tg» 8g ’ A(G), dg) 


of operations. Thus we obtain the commutative diagram 


(AE*)s-9 <7 H(A(G)one) 
“| ~ | (7.18) 


H*(E) H(G) 


° 


(cf. sec. 5.29). 


Proposition XIV: If G is a connected Lie group with reductive Lie 
algebra E, then the map 


(€@)é-0: (AE*)o-0 > H(A(G)o-0) 


is an isomorphism. 


Proof: Since G is connected, and since 6(h) = 6(X,) where X, 
denotes the fundamental field associated with the right action of G on 
itself, we have 


A(G) oo = Ar(G) 


(A;(G) is the algebra of right invariant differential forms on G). 


310 VII. A Lie Algebra in a Graded Differential Algebra 


Consider the map v: G -+ G given by »(x) = x-!. The isomorphism 
y*: A(G) < A(G) restricts to an isomorphism 
A1(G) — Ax(G) 
of graded differential algebras. Clearly the diagram 


ao 


A,(G) A,(G) 
A,(G) A,(G) 


ye 


commutes, where 7 and j are inclusion maps and w is the degree involution 
(cf. Lemma V, sec. 4.9, volume IT). 

Since A(G)s_-) = Ar(G), we may pass to cohomology in the com- 
mutative diagram above to obtain the commutative diagram 


t 


Ay(G) —— AG) —2— (AE*)o-0 
H(A(G) 100) —2— H(Ax(G)) —S— H™(E). 


Because F is reductive, zz is an isomorphism (cf. Theorem I, sec. 5.12); 
it follows that so is 7*. But (€g)gio = 1* 0 tyI. 


Q.E.D. 


Remark: If G is compact and connected, then all the maps in dia- 
gram (7.18) are isomorphisms (cf. diagram (5.19), sec. 5.29). 


7.22. Fibre projection. Let MxG-— M be a smooth action on a 
connected manifold M. Let A,: G— M be the smooth map given by 
Afa)=z-a  aeéG, 


where z is a given point in M. According to sec. 4.2, volume II, the 
homomorphism 


A*: H(G)<— H(M) 


is independent of the choice of z. 
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On the other hand, we have 
Lemma VII: The graded algebra H(A(M),_,) is connected. 


Proof: Observe that 
F°(A(M)o.0) < Z2°(A(M), 5) = HM). 


Since M is connected, H°(M) = R (cf. p. 177, volume I). It follows that 
H°(A(M)o-o) = R. 
Q.E.D. 


Now assume the Lie algebra E of G is reductive. Then, in view of the 
lemma, the fibre projection 


acm): H(A(M)o0) + (AE*)o-0, 
is defined. 
Proposition XV: Let MxG-M be a smooth right action of a 


connected Lie group on a connected manifold M. Assume the Lie 
algebra E of G is reductive. Then the diagram 


H(A(M)omo) 2+ (AE*)ono 
H(M) ——— H(G) 


commutes. 


Remark: Suppose G is also compact. Then (cf. Theorem I, sec. 4.3, 
volume II, and sec. 5.29) the vertical arrows of the diagram are iso- 
morphisms. 


Proof: Since A,(ab) = A,a)-b, a,beG, it follows that A, is 
equivariant with respect to the actions of G on M and on itself (by right 
multiplication). Hence, according to sec. 7.19, A* is a homomorphism 
of operations 


Ak: (E, tg, 9¢, A(G), 6¢) <— (E, ty, Ox, A(M), 564). 
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On the other hand, eg: AE* — A(G) is also a homomorphism of opera- 
tions (cf. sec. 7.21). Thus it follows from sec. 7.10 that the fibre projec- 
tions satisfy 


041G) ° (Eg)é=0 = Oaze and 041@) ° (AF io = Cam: 


Since G is connected and E is reductive, Proposition XIV, sec. 7.21, 
shows that (€¢)é» is an isomorphism. Moreover, according to the example 
of sec. 7.11, 

Onze = ¢: (AE*)5.9 > (AE*)o-0. 


Thus the first equation above yields 94.¢) = [(€¢)é0]~?. Substituting 
this in the second, we find 


[(e@)e=0]* ° (AF eo = Caan: 
The proposition follows from this, and the commutative diagram 


(AD) Bo (&q)Gu0 


H(A(M)o.0) ——> H(A(G)o~0) 


es 


H(G) 


(AE*)o_0 


H(M) 


A? 


Q.E.D. 


7.23. The main theorem. Let MxG-— M be a smooth action of a 
compact connected Lie group G on a connected manifold M. Let 


Ag 0 HR: AP p< H(G) 
be the canonical isomorphism (cf. sec. 5.29 and sec. 5.32), and let 
A#: H(M) — H(G) 


be the homomorphism defined above. 
Then we have as an immediate consequence of Theorem I, sec. 7.13, 
Theorem II, sec. 7.14, and Proposition XV, sec. 7.22: 


Theorem HI: Let MxG-— M be a smooth action of a compact 
connected Lie group G on a connected manifold M@. Then the isomor- 
phism ag ° xg identifies Im A# with AP where P is a graded subspace 
of P. E: 
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Moreover, there is a graded subalgebra A < H(M) and an isomorphism 
of graded algebras 


A@AP-& H(M) 


which makes the diagram 


A@AP AP 
H(M) —,,— H(G) 


commute. 


Chapter VIII 


Algebraic Connections and Principal Bundles 


In this chapter (R, 6g) denotes a positively graded anticommutative 
differential algebra. wp denotes the degree involution in R. 


§1. Definition and examples 


8.1. Definition: An algebraic connection for an operation (E, tp, Op, 
R, dp) is a linear map %: E* — R' which satisfies the conditions 


tp(x)X(x*) = <x*, x>, x*ek*, xe&k, 


and 
Op(x) °° X = Xo g(x), xe E, 


(Here, as usual, 6, denotes the representation of FE in AE*.) 

If gv: (E, iz, On, R, 6x) > (E, ts, 8s, S, 5s) is a homomorphism of 
operations, and if %p is an algebraic connection for the operation of E 
in R, then 

Xs =GoOkp 


is an algebraic connection for the operation of E in S. 
In fact, for x* € E* and x € E, we have 


ts(x)Xs(x*) = gia(x)Xa(x*) = <x*, x), 
while 
O5(x) © Xs = Yo OR(x) o Xp = Xz 0 Ox(x). 


Examples: 1. Let (P,2, B,G) be a principal bundle. Then there 
is a principal action Px G — P. The corresponding operation of the Lie 
algebra of G on the algebra of differential forms on P admits an algebraic 
connection (cf. article 5 at the end of this chapter). 
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2. The identity map E* > E* is an algebraic connection for the 
operation (E, ig, 6g, AE*, dg) (cf. Example 2, sec. 7.4). 


3. The inclusion map %: E* — W(E) given by X(x*) = 1 @ x* is the 
unique algebraic connection for the operation (E, 7, 0y, W(E), dy) of E 
in the Weil algebra W(E) (cf. Example 6, sec. 7.4). 


4. Subalgebras. Let F c E be a subalgebra of a Lie algebra E. 
Recall from Example 4, sec. 7.4, the definition of the operation (F, ip, 
6p, AE*, dz). Let %: F* —> E* be an algebraic connection for this opera- 
tion, with dual map %*: F< E. Then: 

(i) E=ker %* OF. 
(ii) %* is the projection onto F induced by this decomposition. 


(iii) ker X* is stable under the operators adz(y), y € F. (adg denotes 
the adjoint representation of E—cf. sec. 4.2). 


Conversely, assume a direct decomposition E = H @ F, where H is 
a subspace stable under the operators adzg(y), ye F. Let 2: E> F 
denote the corresponding projection. Then the dual map 


€ 
a*: F* —+ E* 


is an algebraic connection. 
To establish these statements, let % be any algebraic connection. ‘Then 
for ye F, y* e F* 


<y*, ry) = <dy*, y> = tl(y)ty* = <y*, >. 


Hence %*y = y, y € F, and so (i) and (ii) follow. Since % o 6”(y) = 
67(y) ° %, y € F, we can dualize this relation to obtain 


adp(y)o %* = X* o adx(y). 


It follows that ker %* is stable under the operators adg(y), yé F. 
Conversely, assume that E = H @ F satisfies the conditions above, 
and let 7: E -» F be the projection. Then for y* € F* and y € F, 


ip(y)aty* = <y*, ay> = <y*, yD. 


On the other hand, since H is stable under each adg(y), y € F, we 
have 
moadg(y) = adyon, yeF., 
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Dualizing we obtain 
Op(y)onm*=2¥ Gry), yer. 


Hence, x* is an algebraic connection for the operation (F, 7p, 6p, 
AE*, dz). 


5. Let E be a reductive Lie algebra and let (£,7, 6, R, 6p) be an 
operation. Recall from sec. 7.5 the definition of the associated semisimple 
operation (E, is, 0s, Rg, 5s). We shall show that an algebraic connection 
for (E, 7, 8, R, dz) is also an algebraic connection for (E, 7s, 85, Rs, 4s); 
and conversely. 

In fact, let X: E* —+ R' be an algebraic connection. Since E is reductive, 
the representation 6, is semisimple. Moreover, % is an E-linear iso- 
morphism of E* onto Im %. It follows that the restriction of 6 to Im % 
is semisimple and so Im % c R4. Thus % can be regarded as a linear 
map of E* into R¥ and so it is an algebraic connection for (E, is, 05, 
Rg, 5s). The converse is trivial. 


8.2. Surjective fibre projection. Let (E, 72, 0z, R, dp) be an opera- 
tion of a reductive Lie algebra and assume that H(Ro_o) is connected. 


Proposition I: If the fibre projection gp (cf. sec. 7.10) is surjective, 
then the operation admits an algebraic connection. 


Proof: Choose nonzero elements B € H"(Ry..) and Pe (A"E*),_5 
(n = dim E) so that ep(f) = ®. Let z € Z*(R5_9) be a cocycle represent- 
ing B, and let a € (A"E) 25 be the unique element such that <®, a) = 1. 
Define a linear map %: E* - R' by 


X(x*) = (—1)"-Up(te(x*)a)z, x* € E*, 
Since a and g are invariant, the formulae of sec. 7.2 show that 
% 0 G(x) = Op(x) o %, xe E. 
Moreover, since an x= 0 (xe E) we have 
tp(x)X(x*) = ig(x A ig(x*)a)z = <x*, x>ip(a)z, xeEk, x*e E*, 


Thus to show that % is an algebraic connection, we must show that 
in(a)z = 1. 
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But the formulae of sec. 7.2 show that z7,(@)z is an invariant cocycle 
of degree zero. Since H(Ro-) is connected it follows that, for some 
aed, 

ip(a)z = A. 


It follows that 


A = tp(a)*(B) = orntr(a)*(B) = tx(a)on(8) 
= ip(a)P = (D,a>= 1 


(cf. Proposition VIII, sec. 7.12). Hence zp(a)z = 1. 
Q.E.D. 


8.3. Transformation groups. [Let G be a compact Lie group acting 
smoothly from the right on a manifold M. Consider the induced operation 
(E, i, 8, A(M), 6) of the Lie algebra E of G in the algebra of differential 
forms of M (cf. sec. 7.19). We shall show that this operation admits an 
algebraic connection if and only if the action of G is almost free (for 
the terminology cf. sec. 3.4, volume I1). 

In fact, assume that %: E* — A'(M) is an algebraic connection. Fix 
he E (h0) and let Z, denote the corresponding fundamental vector 
field on M. Choose h* € E* so that <h*, > 0. Then for ze M, 
we have 


X(h*) (a5 Zy(z)) = (H(h)X(A*))(2) = <A¥, hy AO, 


whence 
2Z(z) #9, he E, ze€M. 


This implies (cf. sec. 3.11, volume IT) that the action of G is al- 
most free. 

Conversely, assume that the action of G is almost free. According to 
sec. 3.11, volume II, we can form the fundamental subbundle Fy, of t,. 
Since G is compact, it follows from Example 1, sec. 3.18, volume IT, that 


™m =O Fy, 


where 7 is a subbundle of t4,, stable under the action of G. 
Now let 0: ty —> Fy be the strong bundle projection induced by the 
decomposition above and let 


Oy: 2 (M) — Sec Fy 
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be the induced map of cross-sections. Since Fy, and 7 are G-stable, it 
follows that 
On ((Z,, 2]) = [Zn, Cn Z]; he E, Ze2(M). (8.1) 
On the other hand, according to sec. 3.11, volume II, a strong bundle 


isomorphism 


a: Mx E> Fy, 
is given by 
a(z,h)=Z,(z) 26M, hel. 
Moreover, 
a(z, [h,k]) = [2Z,,Z,](z), 26M, hkeE. (8.2) 
Now define a linear map %: E* + A!(M) by setting 
(4A*)(2; Z(2)) = <h¥, az* 0 0(Z(2))), 26M, Ze2(M). 
Then 
i(h) X(h*)(z) = X(A*)(z; Z,(2)) 
= <h*,h), zeM, he, h*e E*, 
Finally, it follows easily from formulae (8.1) and (8.2) that 
O(h) o X = Xo Og (h), he E. 


Hence % is an algebraic connection for (E, i, 6, A(M), 6). 


§2. The decomposition of R 


8.4. The decomposition of R as a tensor product. Let % be an al- 
gebraic connection for an operation (E, iz, 82, R, dz). Since Im % c R} 
and since R is anticommutative, we have 


X(x*)? = 0, x*e E*. 
Hence % extends to a homomorphism of graded algebras 
%,: AE* — R. 
It satisfies the relations 


ip(a)°o X, = %,°ig(a), ae AE, and 97(x)o %, = %,0Og(x), we E. 
(8.3) 


In fact since ip(x,A +++ A Xp) = tp(Xp) o +++ 0 tp(%,) (cf. sec. 7.1), it 
is sufficient to show that 


ip(x) o %, = %, 0° tp(x), xek, 


in order to establish the first relation. Now the operators on both sides 
are %,-antiderivations. They coincide by definition in E*; hence they 
are equal. 

On the other hand, 0,(x) o %, and %, 0 02(x) are both %,-derivations, 
and they coincide by definition in E*. Hence these operators are equal. 


Theorem I: Let (E,ip,0n,R, 5p) be an operation admitting an 
algebraic connection %. Then an isomorphism of graded algebras 


f: Rip @ AE* —R 
is given by 
f(z @®)=2-%(G), ze Riu, Be AE*. 
(Rj-p ® AE* is the skew tensor product.) 
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This isomorphism satisfies 


fo (wk @ig(a)) = ina) of, ae NE. 
and 


f° (Or(x) e+ 6 © Og(x)) = O7(x) of, xe E, 


Proof: The commutation relations are immediate consequences of 
the definition and the analogous formulae for %, (cf. formula (8.3)). 

To show that f is an isomorphism, we proceed as in Lemma VI, sec. 
7.16. 


(1) fis injective: Choose a nonzero element 2 € R;9 ® AE*. Then 
for some ae A?E (p > 0), 


(MR © tz(a))2Q = 2z@1, 

where z 4 0. It follows that 
in(a)f(2) = f(z @ 1) = 2. 

Hence f(2) 40 and so f is injective. 

(2) f ts surjective: Define an operator Y: RR by 

¥(2) = Yo X(e*) - in(e,)2, 

where e*’, e, is a pair of dual bases for E* and EZ. Then 

in(x)¥ — Yin(x)=in(x), xe E, 


as follows from the relation tp(x)X(x*) = <x*, x>. Now an induction 
argument gives 


in(a)Y — Yip(a) = pig(a), ae APE. (8.4) 
Next define subspaces F? <‘R by 


Fr = {z€ R| ip(a)z = 0, ae AE}. 
Then 
Ro=PicPc---cFt=R (n = dim E). 
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Since, clearly, zp(x): F?+! + F?, p= 1,2, ...,m, it follows that 
Y: Fet1 + Imf - F?. 
On the other hand, formula (8.4) implies that 


(+ y= i) Fes, Fo, 
? 


The last two equations yield 
Fett) cImf-. F?+ Fe cImf: F?, p=l,...,”. 


It follows that F"+1 c Imf - F', Since F*+? = Rand F! = R;_, < Imf, 
f must be surjective. 


Q.E.D. 


Corollary I: The homomorphism %,: AE* — R is injective. 
Corollary II: R is generated by the subalgebras R;.. and Im %,. 


Corollary II: R is the direct sum of the subalgebra R;_, and the ideal 
generated by %,(A*+E*): 


R= Ryn OR - X(AE*). 
Corollary IV: R is the direct sum of the subalgebra R®°- Im %, 
and the ideal generated by Rito: 
R=R.- RE. @®R°- Im X,. 


Corollary V: / restricts to an isomorphism 
ono: (Ring ® AE*)o-0 —+ Ro-o- 


Finally, let y: (E, tp, 9x, R, dx) > (E, tg, 69, S, 6g) be a homomor- 
phism of operations. Assume that Xp is an algebraic connection for the 
first operation and let %s = yo Xp be the induced algebraic connection 
in the second operation (cf. sec. 8.1). Then the induced isomorphisms 


fri Ring ®@ AE* =+R and fist Sing @ AE* = S 
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make the diagram 
IR 


R 


Ryo © AE* 


nue 


Sig ®@ AE* —=— S 
fs 


commute, as follows from the definitions. 


8.5. Covariant derivative. Let (E,ip, On, R, 5p) be an operation 
with an algebraic connection %. Then the direct decomposition 


R= Ri. @R- X,(AtE*) 
(cf. Corollary III to Theorem I, sec. 8.4) induces a linear projection 
Ny: R > Ry20- 
ty is*called the horizontal projection associated with X. 
Since Rj.) is a subalgebra of R while R - %,(At+E*) is an ideal, it 
follows that zy is a homomorphism of graded algebras. Evidently, 
n(x) ony = 0 and Op(x) o my = My ° Op(x), xe E, 
Now consider the operator V: R > R given by 
V = Ay? On- 
It is called the covariant derivative in R associated with x. It follows 
from the definition that V is homogeneous of degree 1 and that it satisfies 
the relations 
in(x) oV = 0 and Op(x) oV = V o 62(2%), xeEE, (8.5) 
Since 6g is an antiderivation, V is a 2q-antiderivation 


V(z + w) = Vaz - ayw + (—1)?ayz - Va, zeR?, wer. 


In particular, the restriction of V to R;_» is an antiderivation; it is denoted 


by Vi-0- 
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Proposition II: The covariant derivative has the following properties: 
(1) Vz = dpz, x © Rju0,0-0- 

(2) Vz = dgz — DX, X(e*) - On(er)z, x © Ryo- 

(3) Vox)G=0, GE dj, NE*. 


Proof: (1) If z€ Ryoeuo, then dgz € Rj-o0-0 (cf. sec. 7.3). It 
follows that 


Vz = mybpz = Ope. 
(2) Let ze Rio. Then Op(e,)z € Rj» and so 
in(*)( One —Y x(e*) - Bx(e,)2] = On(x)z — Oa(x)e = 0, xe E. 


It follows that 
bpz — Y, X(e**) - On(e,)z € Rino- 
Thus 
Bx) — Y) He) « Onley) = ara( Bue — Y He) - Ox(e,)2) 
= Vz. 


(3) Since V is a xq-antiderivation and since zy o X = 0, it follows 
that for 7 > 2 


(Vo X,)(x¥ n+ A xF) 
= > (—1) ay X(xP) a eee V x(x*) 8 A iy X(x¥*) 


= 0. 
Q.E.D. 


8.6. Curvature. The curvature of an algebraic connection % is the 
linear map 


%: E* + Ri, 
given by 
%4=V 0%, 


where V is the covariant derivative associated with %. 
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Thus (cf. sec. 8.1 and sec. 8.5) 
in(x)o %¥ = 0 and O2(x)°o % = %o Ox(x), xe FE. 


Proposition III: The curvature of an algebraic connection % satisfies 
the following identities: 


(1) #=6p°%— %, 0d, (equation of Maurer and Cartan). 
(2) Vx = 0 (Bianchi identity). 
(3) V?x= —yd, #e*) - Oz(e,)2, 2 € Ring. 


Here e*’, e, is a pair of dual bases for E* and E. 
P 
Proof: (1) Let xe E, x*e E*. Then 
tn(x) © (dno X — , 0 dg)(x*) 
= [6p(x) 0 X — bp otpg(x)o X — Xo Og(x) + % 0 bg O tp(x)](x*) 
= (Op(x) 0 4 — Xo Gz(x))(x") 
= 0. 
It follows that (6p ° X — X, 0 dg)(x*) € Rj... Hence 
6p°X— X,06g = mq °° bp OX — My X, 0° OR 
=Voxr= h. 
(2) Apply V to both sides of (1) to obtain 
V2 => My ORX = Vion = —Viibg. 


Since dg: E* + A?E*, Proposition II, sec. 8.5, implies that V %,d_ = 0. 
(3) Proposition II, sec. 8.5, yields 


Vis = (7 © ba)(e) — FV(ae™) » On(e,)2) 
— LHX e%) - Onle,de + F auk(et) - 7 (Onle,)2) 


_ py k(e**) - On(e,)z. 


I 


ll 


Q.E.D. 


8.7. The operation of E in R;.» © AE*. Let (E,ipz, 42, R, dz) be 
an operation with an algebraic connection %. Denote the curvature and 
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the covariant derivative by % and V, respectively. We shall construct an 
operation (E, 1, 6, R;.o © AE*, d) in Rj. @ AE*. 
First we define 7 and 6 by 


i(x) = Wr ®in(x) and A(x) = Op(x) e+ ¢ & Gg(x), xe E. 


To define d we introduce four antiderivations in R;_) © AE*, all homo- 
geneous of degree 1. 
First we have the operator 


Opn © dp = op @ $Y wle*’)Ox(e,), 


where e*”, e, is a pair of dual bases for E* and E. Next, recall from sec. 
5.25 that the representation 9, of E in R;_9 induces an antiderivation 
6 in R;-9 © AE*. It is given by 


bo = Y orOn(e,) © u(e*’). 
The third operator, denoted by h,, is defined by 
h(z @®1)=0 


and 
hz @® xf n-++ 0x3) 
“N 
= (—1)2 . (—1)'24(x*) : 2 © xt Acre x* state toe 
i= 


zé€RL,, xe E*. 
In particular, 


h(1 @ x*) = &(x*) © 1. 
In terms of a pair of dual bases for E* and E we can write 


h, =) opu(he*) © tx(e,). 


¥ 


Finally, the fourth operator dy is defined by 
by = Ving Bt 


Now set 


d= wp @ 6g + 69+ h, + Op. 
Recall from sec. 5.26 that in (Rj.9 @ AE*)o-0 
2@p © 6g+ 65 = Q. 
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Hence, the restriction of d to this subalgebra is given by 
do—o = —OWp ® Og + h, + On. (8.6) 


Theorem II: Let (£, 72, 62, R, dz) be an operation admitting an 
algebraic connection x. Then (in the notation just defined): 


(1) (Rio © AE*, d) is a graded differential algebra. 

(2) (E, 2, 6, Rig © AE*, d) is an operation. 

(3) The isomorphism f: R;-9 © AE* —» R of Theorem I, sec. 8.4, 
is an isomorphism of operations. 


Proof: Since f is an isomorphism of algebras, the entire theorem will 
follow once it has been shown that 


for(x)=i(x)of,  foO(x)=Or(x)of, xe 8k, 


and 
fod= bpof. 


The first two relations are proved in Theorem I, sec. 8.4. It remains 
to establish the third. 
Since d and 6d, are antiderivations, we need only show that 


(fod— drof)(l © x*)=0= (fod — dz of)(z © 1), 
x*eE*, 2z€ Rio. 
But Proposition III, sec. 8.6, yields 


Ox f(L © x*) = dpt(x*) = U(x*) + L.0n(%*) 
= f(K(x*) @1+ 1@ dz(x*)). 


Since 6y(1 @ x*) = 0 = 6,(1 @ x*), it follows that 
Or f(1 © x*) = fo (hy + on © 4z)(1 © x*) = (fod)(1 © x*). 
On the other hand, Proposition IJ, sec. 8.5, shows that 
drf(z © 1) = Va + Yl x(e*) - Onle)2 = fe (dx + 40)(z @ 1) 
=(7° a(z © 1). 


This completes the proof. 
Q.E.D. 
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8.8. Homomorphisms. Let »: (E, zz, 62, R, bz) > (E, ts, 95, S, bs) 
be a homomorphism of operations. Assume that %, is an algebraic 
connection for the first operation and let %5 = yo Xp be the induced 
connection for the second operation. Recall from sec. 8.4 the com- 
mutative diagram 


= 


Rj @ AE* R 
“ae eg 
S29 © AE* S. 


It follows from this diagram that 
Pi=o ° MH = MHP, 


where 2, denotes both horizontal projections. Hence the covariant 
derivatives Vp,V5 and the curvatures %p, ¥5 are related by 


Pi-0°Ve=Vscop and = 9-9 ° Ar = hs. 
These relations imply that 


(Gino  t) 0 (OR @ Oz) = (Ws @ 4x) ° (Pino © ¢); 
(Pi-o © ¢) ° bg = 55° (Yj~0 ® #); 
(Pi-0 W 4) © h, = h, 2 (Pi-0 © 4), 


(Pi-0 © +) 0 On = Sy © (Pi-0 © #). 


(Here we have used 65, 4,, and dy to denote the appropriate operators 
both in R;.5 @ AE* and S,-5 ® AE*, cf. sec. 8.7.) 


and 


8.9. Examples: 1. The Weil algebra: Consider the operation of a 
Lie algebra E in its Weil algebra W(E) (cf. Example 6, sec. 7.4). Let % 
be the algebraic connection given by x*+> 1 @ x*, x* © E*. 

The horizontal subalgebra is VE* @ 1 and the horizontal projection 
is induced by the direct decomposition 


W(E) = (VE* @1) © (VE* @ AtE*). 
In particular, the curvature is given by 
A(x*) = nydy(1 @& x*) = ay(x* ©14+ 1 & bgx*) = x* © 1; 


i.€., 
M(x*) = x* © 1, x* e E*, 
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The restriction V,_, of V to VE* @1 is zero. Hence the operators 
h, and dy are given by 
h,=h and by = 0. 
Thus the decomposition 


Ow = 1 @ 6g + b+ h, 


used to define dy in sec. 6.4 coincides with the decomposition given in 
sec. 8.7. 
Now Proposition III, sec. 8.6, implies that 


0 = Pt = w(He™)) 0 O5(6,). 
Since W(E),-9 = VE* © 1 and 4(e**") = e* © 1, we can rewrite this as 


L Hs(e*)Os(¢,) = 0, (8.7) 


where ys(e*’) denotes multiplication by e* in the algebra VE*. 


2. Let E be a Lie algebra and let F be a subalgebra. Assume that the 
operation (E, zp, 07, AE*, 6) admits an algebraic connection %: F* — E* 
(cf. Example 4, sec. 8.1). We shall compute the corresponding curvature 4%. 


Let e,, ..., &, be a basis of F, and let e,,,, ..., €, bea basis of ker X*. 
Then e,, ...,é, is a basis of E. If e*!, ..., e*" denotes the dual basis 
of E*, then e*!, ...,e*”" is a basis of Im %, while e*™+1, ..., e*" is a 


basis for F1. It will now be shown that the curvature is given by 
H=4 Y mle) 0 Ox(e,) 0% 
In fact, by Proposition III, sec. 8.6, we have for y* € F*, 
4(y*) = 5eX(y*) — 4,5r(y"*) 


= HY ef nOe(e,)A*) — 5 et  Onle,)X(9*)} 


n 


=4 Ye etn Gg(e,)X(y*). 


v=m+1 


8.10. The structure homomorphism. Let (E, iz, pn, R, 5p) be an 
operation which admits an algebraic connection %. Recall the definition 
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of the structure homomorphism 
YR: R—R (3) AE* 
(cf. sec. 7.8). On the other hand, we have the structure homomorphism 
VAE®: AE* — AE* (3) AE*, 


for the operation (£, iz, 0g, AE*, 6g) as well as the isomorphism 


f: Rig ® AE* =+ R of sec. 8.4. 


Proposition IV: The isomorphism f makes the diagram 


Ryog ® AE* = R 
(OY, pe YR 
Rio ® AE* @ AE* ——- R © AE* 


I@: 
commute. 


Proof: Since all the operators are algebra homomorphisms, we need 
only check the diagram for elements of the form z © 1 (z € R;-9) and 
1 @& x* (x* € E*). 

Recall from sec. 7.8 that yp(z) = B(z @ 1), z€ R. This implies (in 
view of Lemma V, sec. 7.7) that 


yr(2) = 2@1, 2€ Rio, 
whence 
(yaf)(z @ 1) = yal?) = = @1 = (fF @ 4) 0° (¢ © ynae)(2z @ 1), 
ze Rio. 
On the other hand, Lemma V, sec. 7.7, shows that 
ya(X(x*)) = B(X(x*) © 1) = A(x*)@14+1@x*, x¥e EX. 
It follows that 
(yrf)(l @ x*) = X(x*) © 1+ 1@ x* 
= (f@4)1 @xe* ©14+ 161 2*) 
= (Ff @#)° (¢ W yaze)(1 @ x*), 


f. E le 1, sec. 7.8). 
(cf. Example 1, sec ) OED. 
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Corollary: If @e AE*, then 
(yn © %,(®) — 1 @@e Rt @AE*. 
Proof: It follows from Example 1, sec. 7.8 that 
Yaz(P) — 1 @ Pe AtE* & AE*. 
Hence, 
(t @ yaze)(1 © ©) — 1 © 1 OPE Ryg WS AtE* @& AE*. 
Applying f ® to this relation and using the proposition, we find that 
(yr f)(1 © ®) —1@ Pe Rt @AE*; 


i.e, (yp%,)(®) — 1@ Ge R* @ANE*. 
Q.E.D. 


§3. Geometric definition of an operation 


8.11. Assume that (E, ip, 82, R, dp) is an operation with an algebraic 
connection Xp. In articles 1 and 2 we constructed the following “geo- 
metric” objects: 


(1) The horizontal subalgebra R;_, and the restriction of the rep- 
resentation of E to R;Wo. 
(2) The covariant derivative (restricted to R,.9) and the curvature 


Vi29: Rion > Rizo and 4p: E* — Rio. 


In sec. 8.5 and sec. 8.6 it was shown that the following properties hold: 

(1) U,.9 is an antiderivation in R;..., homogeneous of degree 1. 

(2) 4p u(x) = Op(x) op, and Vigo On(*) = n(x) Vino, x € E. 

(3) Vio 4 = 0. 

(4) Veo = —DL,u(Ar(e*’))On(e,), where e*’, e, is a pair of dual bases 
for E* and E. 


The purpose of this article is to reverse this process; in particular we 
shall establish 


Theorem II: Let 67 be a representation of a Lie algebra F in an 
anticommutative positively graded algebra 7. Assume that linear maps 


Vr: TT and 4: E* > T? 


are given, subject to the following conditions: 

(1) Vp is an antiderivation, homogeneous of degree 1. 

(2) %0 On(x) = O7(x) o %, and Vp o Op(x) = O7(x) oVp, xe E. 

(3) Vro%=0. 

(4) Vi = —X, ur(he*’)07(e,) (where e*”, e, is a pair of dual bases 
for E*, E, and u7(z) denotes left multiplication by z in T). 

Then there is a differential operator d in T @ AE* and an operation 
(E, 1, 6, T @ AE*, d) such that 


(i) (T@AE*).0 = T@1. 
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(ii) The restriction of 6 to T@ 1 is Gr. 
(iii) The inclusion map %: E* — 1 © E* is an algebraic connection 
for the operation. 
(iv) % is the curvature of the connection 2%. 
(v) The restriction of the covariant derivative to T@ 1 is Vp. 
Moreover, the operators i(x), 9(x) (x € E), and d are uniquely determined 


by conditions (i)-(v). 


Remark: If (E,iz, 02, R, 6x) is an operation with a connection Xp 
and we apply Theorem III with 


T = Ryo, Vr = V;-05 Op = Op, and 4= br 


then the resulting operation coincides with the operation defined in sec. 
8.7, as will be obvious from the definition. Hence, in view of Theorem II, 
sec. 8.7, the operation obtained from Theorem III in this case is iso- 
morphic to the original operation. 


8.12. The differential algebra (T © AE*,d). In this section we use 
the notation of Theorem III. It is assumed that the algebra 7 and the 
operators 67(x) (x € E), Vp, and % satisfy the hypotheses of the theorem. 

We wish to construct an antiderivation of degree 1, 


d: T @ AE* + T @ AE*, 


such that d? = 0. To do so we introduce four antiderivations in T @ AE*, 
all homogeneous of degree 1 precisely as in sec. 8.7. 
First we have the operator 


wr © dg = wr @ FY ule*)Gx(e,), 


where e*’, e, is a pair of dual bases for E* and E, and w, denotes the 
degree involution in 7. Next recall from sec. 5.25 that the representation 
67 of E in T induces the antiderivation 6, in T @ AE* given by 


bq = yy wpOr(e,) & u(e*’). 


Thirdly, define an antiderivation h, of degree 1 by 
hfz@l)=0, ze 7, 
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and 
hz @ xf a --+ axp) 
Pp . “N 
= (—1)? Y (—1)°“(xF) - ze © akan xh ee ack, 
i=1 
ge 7, ahek* = 1, i2.5p)- 
In particular, 


h,1 @ x*) = HX(x*) © 1, x*e E*, 
If e**, e, is a pair of dual bases for E*, E we can express h, in the form 
h,= » opr (Xe*) (© ig(e,). 
Finally, since Vp is an antiderivation of degree 1 in 7, the operator 
64 = Vp &t 
is an antiderivation of degree 1 in T @ AE*. Now we define d by 
d= wr © bg + 65 + h, + dy. 
Proposition V: (7 (& AE*, d) is a graded differential algebra. 


Proof: Clearly d is an antiderivation homogeneous of degree 1. 
Thus we have only to show that d? = 0. 
According to sec. 5.25, 


(or © bg + 59)? = 0. (8.8) 
Moreover, it is immediate from the definitions that 
hi(z © 1) = 0 = R(1 ®& x*), zeET, x*e E*, 
Since A% is a derivation, it follows that 
= 0. (8.9) 
Next we show that the equation Vp o % = 0 implies that 


by oh, +h, 0 by = 0. (8.10) 
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In fact, dy 0h, + h,°o dy is a derivation. Moreover, 


(duh, + h,dy(z @1)=h(Vpz @1)=0, ze T, 


and 


(6yh, + hyby)(1 @ x*) = 5y(¥x* @ 1) = (Vp¥x*)@1=0, x* e EX. 


Hence (8.10) is correct. 
Now we shall use the relations 


Vir = — ¥ ppl he*’)07(e,) and #0 On(x) = O7(x) © 4, xe E, 


to prove that 


ho (wp © bg + 56) + (wp @ 6g + 65) oh, = —Oy. (8.11) 


In fact, denote the left-hand side by o. Then o is a derivation, as is 
— Oy. 


Moreover, for ze€ T°, 
o(z @ 1) = bol @ 1) = h((—1)'Y Orle,)= @ e*) 
= ¥ pal te™)Or(¢,)¢ @ 1 = —dh(z ® 1). 
On the other hand, for x* € E*, 
o(1 © x*) = h(1 @ bax) + ,(H(x*) @ 1) 
=F He™) @isle,)dax* + Y On(e,)H(x*) @ em 
= ¥ Het) @ Oale,)w* + Y, H(Ox(,)s*) @ 
= (F@I[¥ e% @ Sale,)* + ¥ Oale,)x* @ em). 


But if x, ye E, then 


(et @ Oale,)u* + D bxle,)x* Oe, x @y) 
= (4n(x)x*, y> + Ox(y)x*, x> 


= <x*, —[x, y] — [y, x)> 
= 0. 
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This yields 
¥ ef @ Gs(e,)x* + Y Oxle,)x* @ e” = 0, 
and hence 
o(1 @®x*) =0 = —d4(1 @ x*). 


Formula (8.11) follows. 
Finally, we use the equations 


Vp 3 67(x) = 6(x) ° Vr, xeE E, 
to show that 
On ° (wp ® Og + be) + (wp (3) Og + 6o) ° On = 0. (8.12) 


Denote the left-hand side by +. Then t is a derivation. For ze T@ 
we have 


t(z © 1) = Yi (—1)"VrGr(e,)z) © e* + Y (—1) (Or(e, Wrz) © e*” 
= 0, 


On the other hand, clearly 
t(1 @ x«*) = 0, x* € E*, 


and so (8.12) follows. 
Now adding relations (8.8)—(8.12) yields d? = 0, and so the proof of 
the proposition is complete. 


Q.E.D. 


8.13. Proof of Theorem III: We first construct the operation (£, 2, 
6, T ® AE*, d). Recall the definition of the graded differential algebra 
(T & AE*, d) in sec. 8.12. 

Now define operators i(x) and 6(x), x € E, by 


U(x) = wp © tg(x) and A(x) = Op(x) Oe +t & Og(x). 


Then each (x) is an antiderivation of degree —1, while 6 is a represen- 
tation of EF in the graded algebra T @ AE*. Moreover, 


a(x)? = ¢ & tp(x)? = 0, xek 
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and 
O(x)i(y) — t(y)O(x) = wp & (82(x)ix(y) — t2(y)8x(*)) 
= wr © iz([*, y]) 
=i[x,y]), ye &, 
(cf. sec. 5.1). 


Finally, it is evident from the definitions that 


U(x) 0 (wr © dz) + (wr © dz) 0 t(x) = ¢ @ O5(x), 
i(x) o dg + 89 02(x) = O7(x) ©, 
i(x) oh, + h, o1(x) = 0, 
and 
1(x) 0 by + dy 01(x) = 0, xe E. 


These relations imply that 
i(x)d + di(x) = 6(x), xeE. 


Hence, (E, i, 6, T ® AE*, d) is an operation. 

Next it will be shown that this operation satisfies conditions (i)-(v) 
of Theorem III. The first three are immediate consequences of the 
definitions. To verify (iv), observe that the horizontal projection my 
corresponds to the decomposition 


T © AE* = (T @©1) @ (T @ AtE*). 
Hence we have 


ViX(x*) = (ay 0 d)(1 & x*) = (aq 0h,)(1 © x*) 
= Hx*) © 1, x* € E*; 


ie., % is the curyature for X%. 
To prove (v) let ze T. Then 


whence V;_)5 = Vp. 


It remains to be shown that the operators 7(x), 6(x) (xe E), and d 
are uniquely determined by conditions (i)-(v). Let (E, 4, 6, T @ AE*, d) 
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be a second operation which satisfies these conditions. Then 


i(x\(z@1)=0, wzeT, xek, 
and 


i(x)(1 @ x*) = i(x)X(x*) = <x*, xd, x*ek*, xek. 


It follows that i(x) = i(x), xe E. 

The same argument shows that 6(x) = 6(x), xe E. 

Finally, we prove that d= d. Let z ¢ T. Then Proposition II, sec. 
8.5, yields 


d(z @1) =Vpx @14+ TV X(e*) - O(e,)(z @ 1) 
= d(z @ 1). 


On the other hand, if x* € E*, Proposition III, sec. 8.6, yields 


d(1 @ x*) = (do X)(x*) = U(x*) + X,u(x*) 
= d(1@ x*). 


Since d and d are antiderivations, it follows that d= d. This completes 


the proof. 
Q.E.D. 


8.14. The algebra VE*(@®R. Let (E, ip, On, R, 5z) be an operation. 
Recall that E* is the graded space which coincides with E* as a vector 
space and all of whose elements are homogeneous of degree 2 (cf. sec. 
6.1). Recall further that each —(ad x)* (x € FE) extends to a derivation 
6s(x) in the graded algebra VE*, and that the map x+> 65(x) defines a 
representation of F in VE*. 

Now consider the graded anticommutative algebra T= VE* @ R. 
We can define a representation 67 of EF in this algebra by setting 
67(x) = O95(x) Me + ¢ & 62(x), xe EB. 

Next let hy be the antiderivation in VE* @® R given by 


hr = ¥ ws(e*’) © in(e,), 


where e*’, e, is a pair of dual bases for E*, FE, and ws(¥) denotes mul- 
tiplication by Y in VE*. Then 


hp ° 07(x) = 67(x) ° hr, xe E. (8.13) 
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In fact, the derivation property of 6s(x), together with the relations 
9n(x)tr(y) — tr(y)Oa(x) = te([x, ¥]), = ye E, 
yields 
(8s(x) © 4) chy — hr (8s(x) © 4) = » Ms(Ox(x)e*) © tr(e,) 
and 


(¢ © On(x)) ohn — kre (© @ Gn(x)) = DY ws(e*) @ ta([s ¢,])- 


A computation shows that )Y, (82(x)e*” ® e, + e* © [x, e,]) = 0, 
and so formula (8.13) follows. 
Finally, define an antiderivation Dp of degree 1 in VE* & R by setting 


Dp=t@® bp — hp. 
Then 
Dro O7(x) = O7(x) ° Dp, xe E, (8.14) 
and 


Di = — Yule @ 1) 0 Gy(e,). (8.15) 


In fact, the first relation follows at once from formula (8.13). To 
prove the second, observe that hz = 0 = 6%. Hence 


Dk = —hpo (« © br) — (¢ @ bz) ohp 
= — Y usle*’) © 82(2,) 


a py wle*” @ 1)Or(e,) + ps Ms(e*’)4s(e,) © & 


I 


But according to formula (8.7) in Example 1, sec. 8.9, ¥, ws(e*’)69(e,) = 0. 
Thus formula (8.15) follows. 
Now consider the graded algebra VE* ® R @ AE*. 


Proposition VI: There exists a unique differential operator d in 
VE* @ R © AE* and a unique operation (F, 7, 8, VE* © R @ AE*, d) 
satisfying the following conditions: 

(i) (VE* © R@AE*),.. = VE*¥ @©®RO1. 
(ii) The restriction of 6 to VE* ®R@1 is Gp. 
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(iii) The inclusion map %:x* +>1@1@-x*, x*e E*, is an al- 
gebraic connection for the operation. 

(iv) The corresponding curvature % is the inclusion map given by 
x*¥>x*@1 61. 

(v) The restriction of the covariant derivative to VE* © R is given 
by Dp. 


Proof: We shall apply Theorem ITI, sec. 8.11 with 
T = VE* ®R, 67 = 97, Vr = Dr 
and 
4(x*) = x* © 1, x* e E*, 


To verify that the hypotheses of Theorem III are satisfied, observe 
that (1) is obvious, (2) follows from formula (8.14), (3) is obvious, and 
(4) is relation (8.15). 

Q.E.D. 


§4. The Weil homomorphism 


8.15. Definition: Let (E,iz, 62, R,6,z) be an operation admitting 
an algebraic connection % with curvature 4: E* + R,_,. Regard % as a 


linear map 
4: E* > Ryo 


homogeneous of degree zero. 
Since RjW9 is a graded anticommutative algebra, it follows that 


H(x*) « U(y*) = ¥(y*) - (x*),  x¥, y* e E*. 
Hence % extends to a homomorphism of graded algebras 


4: VE* > RjWo. 
Recall that 
% o On(x) = On(x) o %, xe E, 


and that the extension of 0;(x) from E* to a derivation in VE* is denoted 
by 65(x). Evidently, 
%, 0° Og(x) = Op(x) o 4. 


In particular, %, restricts to a homomorphism 
(%,)on0: (VE*)e-0 > Ri-o,0=0- 


Next, recall that the Bianchi identity (cf. Proposition III, sec. 8.6) 
states that 
V0 ok= 0, 


where V,.) denotes the restriction of V to R;.9. Since V2» is an anti- 
derivation, it follows that 


Vio ve hy = 0. 


Finally, recall from sec. 8.5 that the restriction of Vio to Rj-0,o=0 
coincides with 6p. Hence the above equation restricts to 


Or ° (4, )e-0 = 0. 
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Thus composing (%,)s.9 with the projection Z(Rj9 9-9) > H(Rjo,0-0)s 
we obtain a homomorphism 


#*: (VE*)o_9 > H(R;~0,6-0) 


of graded algebras. It will be shown in sec. 8.20 that %# is independent 
of the connection. 

The homomorphism %* is called the Weil homomorphism of the opera- 
tion. The image of %*, which is a subalgebra of H(R;Wo,-0), is called the 
characteristic subalgebra. 

In the next section we give another interpretation of %,, (%,)o-0, 
and %*. 


8.16. The classifying homomorphism. Again, let (E, 7p, 92, R, dr) 
denote an operation with algebraic connection %. Then % determines the 
homomorphism of graded algebras 


Xp: W(E) +R 
given by 
tw(Y ® ©) = 4,(¥) - %,(®), Pe VE*, De AE*. 


Xw is called the classifying homomorphism of the operation (E, tp, 9p, 
R, 6p) corresponding to the connection %. 


‘Proposition VII: With the notation above %y is a homomorphism 
of operations: 


Xw: (E, i, Oy, W(E), dw) ms (E, tr, Or, R, 6p): 


Proof: The relations 


in(x) ty(1 © x*) = tn(x)X(x*) = <x¥, x) = Aypi(x)(1 @ x"), 
and 
in(x)Xy(x* @ 1) = in(x)¥(x*) = 0 = Ayi(x)(2* @ 1), 
xek, x*e E*, 
show that ip(x)%p coincides with %yi(x) in (E* © 1) © (1 @ E*). But 


this space generates the algebra W(E), and Xpt(x) and ip(x)Xp are %y- 
antiderivations. Hence, 


ino) %yy = Xyi(x). 
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Similarly the relations 
Op(x)o % = Xo Oz(x) and Op(x)°o % = % o O5(x), xe FE, 
imply that 
On (x) o Xyp = Ay o Ay(x), xe k, 


It remains to prove that dp 0° Xp = X%y-o dy. Proposition III, sec. 
8.6, yields 


Oxky(1 & x*) = dpX(x*) = U(x*) + %,(Ogx*) 
XwOw(1 @ x*). 


I 


On the other hand, Proposition I, sec. 8.5, and Proposition III, sec. 
8.6, imply that 


Op Xy(x* © 1) 


Sp H(x*) = V(x) + Y A(e%) » Opler) a4) 


two Y As(e,)x* & oe) = %ydy(x* © 1). 


Since dy%y and Xydy are X-antiderivations, these relations yield 


Op 1 Lyow . 
Q.E.D. 


Corollary: Xj induces homomorphisms (%y);-9, (%w)in0,e-0, and 
(%w)ixo,e-0- They are given by 


(%p)ino = 4: VE* > Rio, 
(47) i-0,0~0 = (%,)e-0: (VE*)o_6 —> Rin0,0-05 


and 
(Xv) £0,0=0 = *: (VE*)o-0 => A(R;.-0,6-0): 


Proposition VIII; Let (E, 2p, 6, R, dz) be an operation with a con- 
nection X and let eg: Rjo,9-0 ~ Rep denote the inclusion map. Then 


eno (%*)* = 0, 


and so the ideal generated by Im(%*)+ is contained in the kernel of ef. 
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Proof: Since the classifying homomorphism %y, is a homomorphism 
of operations, the corollary above yields the commutative diagram 


(VE*)p9 —-—> H(Rino,o-0) 
eh 
H(W(EB)o-0) > H (Ro) 


Thus the proposition follows from the relation H+(W(E)».o) = 0 (cf. 


Proposition I, sec. 6.6). 
Q.E.D. 


8.17. The differential algebra (VE* ® R)g-o- In this section we 
establish a theorem which will enable us to show that the Weil homo- 
morphism is independent of connection. 

Let (E, iz, 9p, R, 5g) be an operation. Recall that in sec. 8.14 we 
introduced the graded algebra T= VE* @ R, the representation 67, 
and the antiderivation Dp = t © 6p — hp. Moreover, it was shown that 


Dp ° Op(x) = 6(x) ° Dr, xe E 
and 


Dr = — ¥ w(e*’ @ 1) © Gr(e,). 


These relations imply that Dp restricts to an antiderivation Dp in 
(VE* @ R)o-o, and that in this algebra DR = 0. Hence ((VE* © R)po-0, 
Dp) is a graded differential algebra. 

Now consider the injection 


ER: Ri-0,-0 = (VE* @ R)o-0 


given by 
ép(2) = 1 ® 2, ZE€ Rj0,6=0+ 


Since hp = ¥, us(e*’) ® tg(e,) it follows that hp o ep = 0. Hence, 
Dro ep = (¢ © bp) ° x = Ep © OR; 


i.€., Ep is a homomorphism of graded differential algebras. 


344 VIII. Algebraic Connections and Principal Bundles 


Theorem IV: With the notation above, assume that the operation 
(E, iz, 02, R, dp) admits a connection. Then the map 
ef: H(Rj-,0-0) > H((VE* © R)o-0, Dr); 


is an isomorphism. 


Proof: Let % denote the connection and consider the corresponding 
operation (E, i, 9, Rj2o ® AE*, d) (cf. sec. 8.7). According to Theorem 
II, sec. 8.7, an isomorphism of operations f: Rj.» @® AE* =.R is 
given by 

Sf(z@@)=2-(%,G), wxreR, Be AE*. 


It follows that an isomorphism of graded algebras 
g: Ring ® VE* @ AE* = VE* @R 
is given by 
&(z ©¥ © @O)=V &©z-(%,9), zER 4, PeEVE*, Be AE*. 


Identify these algebras via this isomorphism. Then (cf. Theorem II, 
sec. 8.7, and sec. 8.14) 


Or(x) = On(x) Ot Qe + + @ Os(x) Oe + 1 Ot © Oz (x), 
tn(x) = Op Ot @iz(x), xe k, 
Op = Op &t®& 6g + »» Or(é,)Orn & ¢ & w(e**) 
f 2d Wp o w(He**) & ¢ © tale.) + bn @ + Ot, 


I 


and 


hp= » Or © Hs(e*’) © tz(e,)- 
Moreover, ép is given by 
ep(z)=2z@1@61, BE Rio 9-0- 
Now filter the algebra (R;.9 © VE* © AE*)o9 by the ideals 
Fe = Y" (Rho © VE* © AE*)o20- 


H2p 


The formulae above show that Dz (= 6, — hp) is filtration preserving. 
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On the other hand, filter R;_o 9.9 by the ideals 


fe — » RiWo,0=0- 


H2p 


Then eg is a homomorphism of graded filtered differential algebras. 
Hence it induces a homomorphism 


(er): (E;, dj) -+ (E;, dj), i> 0, 


of spectral sequences (cf. sec. 1.6). We shall show that (eg), is an iso- 
morphism; in view of Theorem I, sec. 1.14, this will imply that ef} is 
an isomorphism. 

Consider the operator, 


On ®t @ bz + Y Oxle,)On © + © w(e*”) — he, 


in R © VE* © AE*. It commutes with 67(x), x € E, and hence restricts 
to an operator 6p in (R @ VE* @ AE*),s_9. Moreover, the formulae 
above imply that 


Sn: (RRg @ VE* @ AE*) p29 + (Rho ® VE* ® AE*) p05 
p=0,1,..., 


while Dz — 6p: F? > F?*'. Thus it follows from sec. 1.7 that 6; = 0, 
and that there is a canonical isomorphism 


= 


H((Rioo @ VE* @ NE*)y-9) 5p) > Ey. 
Similarly there is a canonical isomorphism 
Rj-~0,6-0 => E, : 


Moreover, according to sec. 1.7, these isomorphisms identify (ez), with 
the homomorphism 


R;~0,6=0 -> A((Rj~o ey) VE*® AE*)o~0 ’ 6b) 


induced by ég. (It will be denoted by ef.) We have thus only to show 
that eX is an isomorphism. But this is an immediate consequence of the 
two lemmas in the next section. 


8.18. Observe that (Ri, @ VE* @ AE*)ag = (Rina © W(E))o-0- 
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Lemma I: The operator 67 is given by 
| ee ay ee 
Proof: In (Rjao @ W(E))o<0 we have 
¥ Oule,)on BB ule) 
© = =F on B Ogle.) @ ule) — Fon @ i @ ule*)Oale) 
= — Fon ® Os(6,) ® ule) — 204 © @ du, 


(cf. formula (5.4), sec. 5.3). Thus the lemma follows at once from the 
definitions of b7 and dy (cf. sec. 6.4). 
Q.E.D. 


Lemma II: The homomorphism «% (end of sec. 8.17) is an iso- 
morphism. 


Proof: Since 
(Ri-0 © W(E))o-0 = (Ri-o,0-0 @ 1) ® (Ri-o © W*(E)) ono; 
it is sufficient to show that 
H((Ri-o @ W*(E))o-0 On @ Ow) = 0. (8.16) 


In view of Lemma I, sec. 6.6, the map 4 == jk + Roy is a linear 
automorphism of W+(£). Evidently, « © A restricts to an automorphism 
v= (1 © A)geo Of (Ring ® Wt(E))o-9. It follows from the definition 
of A that y commutes with wp © dy and that 


p(ker(wp © 4y-)) < Im(wp & dy). 


Since y is an automorphism, these relations imply (8.16). 
Q.E.D. 


8.19. The inverse isomorphism. In this section we shall give an 
explicit expression for the isomorphism 


H((VE* ® R)p.9, Dp) —+ H(Ri-0,0-0) 
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inverse to e# (cf. Theorem IV, sec. 8.17), Define a homomorphism of 
graded algebras a,: VE* © R — R;_, by 

a,(Y & 2) = 4(P) - mx(z), WeVE*, zeR, 


where xy denotes the horizontal projection onto R;~9 (cf. sec. 8.5). 


Lemma ID: The homomorphism a, satisfies 
a, 0 O7(x) = On(x) oO, xeEk 
and 


a, ° Dp = V oay,. 


Proof: The first equation is immediate from the relations 
Ty 0 On(x) = Op(x) o my and % 0 Op(x) = O2(x) © 4, xek 


(cf. sec. 8.5 and 8.6). 
To prove the second, observe first that, in view of the Bianchi identity 
in Proposition III, sec. 8.6, 


a, 0 Dp(x* © 1) = 0 = (VV oa,)(x* © 1), x* e E*, 
Next, if ze R,_), then 
(a, ° Dg)(1 © 2) = a,(1 © dz2) = 2H(4r2) 
=0(z) = (Voa,)(1 ®z). 
Finally, if x* e E* then the definition of % in sec. 8.6 yields 
(a, 0 Dr)(1 @ X%x*) = a,(1 © bpX(x*) — x* © 1) 
= (x4 bR%)(x*) — U(x*) 
= (VX — &)x* = 0. 
Since 
a,(1 @& xx*) = ayX(x*) = 0, 
we obtain 


a, © Da(l @ xx*) = 0 = (Voa,)(1 @ Xx*). 


Now observe that VE* ® R is generated by E* ® 1, 1 @ Rj and 
1 @® X(E*). Since a, ° Dp and Voa, are a,-derivations, the relations 
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above imply that 
a,° Dp=Voca,. 


Q.E.D. 


In view of the lemma, a, restricts to a homomorphism of graded 
differential algebras 


(az Jono: ((VE* & R)o-01 Dr) > (Ri-o,0-05 5r): 


Proposition IX: Let (E,iz, 02, R, 6g) be an operation admitting 
an algebraic connection. Then the induced homomorphism 


(a,)g-9: H((VE* © R)oo) > H(Rix0,0-0) 


is the isomorphism inverse to ¢%. In particular, (a,)#-9 is independent of 
the algebraic connection. 


Proof: Clearly, (a,)s-9 ° €g = 4, whence (ay) jp 0 €# = t. By Theorem 
IV, sec. 8.17, s% is an isomorphism. Thus (a,)j9 must be the inverse 
isomorphism. 

Q.E.D. 


8.20. Independence of connection. Theorem V: The Weil homo- 
morphism 4% of an operation (E£, 7p, 62, R, dz) which admits a connec- 
tion Xp is independent of the connection. 


Proof: Let 
Ep: (VE*)o-0 > (VE* © R)o-0 
denote the inclusion map: 
&,(¥%) =? @1, We (VE*)s_0. 
In view of the definition of a,, we have the relation 
(a;)e-0 ° §r = (4r)v,0-0- 


Moreover, clearly Dp o &p = 0 and so &g induces a homomorphism of 
graded algebras 


ER: (VE*) o_o ima H((VE* C9) R)o-0, Dp). 
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It follows that 


(Gz )g-0 ° fh = MR. 


Since the maps (a@,)éo (= (e#)~') and &% are independent of the 
algebraic connection, so is ¥R. 


Q.E.D. 


Corollary I: Let 72: VE* ®R—R be the projection with kernel 
V+E* @ R. Then 


4r° Dp = 6r° OR, 


and the diagram 


H((VE* © R)g-0) 


H(R;-0,0-0) 


commutes. 


Proof: We have noted above that the left hand triangle commutes. 
Clearly np o €n = ep, and so the right hand triangle commutes too. 
Q.E.D. 


Corollary II: Let oy: (E, zp, On, R, bp) > (E, tg, 95, S, bs) be a ho- 
momorphism of operations which admit algebraic connections. Then the 
diagram 

H(Rio-0) 


(VE* )e-o Pi~0,0=0 


H(S;~0,0~0) 


commutes. 


Proof: Let %g be an algebraic connection for the first operation. 
Then % 3 = po Xp is an algebraic connection for the second operation 
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(cf. sec. 8.1). With this choice of connections we have 
ts = Pino? Br 
(cf. sec. 8.8). It follows that (45), = 9,20 ° (4z),, whence 
US == Fito.0e0 0 MR: 


Since ¥§ is independent of the connection, the proof is complete. 


Q.E.D. 


8.21. Cohomology sequence of a regular operation. Definition: 
An operation (£, tp, 62, R, dp) will be called regular if: 


(i) E is a reductive Lie algebra. 
(ii) A(R,e-o) is connected. 
(iii) ‘The operation admits an algebraic connection. 


Let (E, in, 62, R, dz) be a regular operation. Then there are homo- 
morphisms: 


Or: H(Ro.o) > (AE*)o=0 (fibre projection), 
er: H(Rj29,9-0) > H(Ro-o) (induced by the inclusion map), 
and 
tr: (VE™) 926 > H(Rixo,0-0) (Weil homomorphism). 
The sequence 
(VE*)oay he H(Rizo,on0) 2» H(Roco) <2» (AE*) ng 


will be called the cohomology sequence of the operation. 
According to Proposition VIII, sec. 8.16, and sec. 7.10, 


cho)’ =0 and —ppo (e8)* =0. 


Next, let oy: (EF, ip, 62, R, bp) > (E, is, 65, S, 6g) be a homomor- 
phism of regular operations. Then it follows from sec. 7.10 and Corollary 
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II to Theorem V, sec. 8.20, that the diagram 


H(Rj-0,020) —-—> H(Roao) 

7 x 
(VE*)20 ?=0,8=0 5x0 (AE*)o_9 
a5 es 
H(S;~0,0-0) — > H(So-0) 
es 


commutes. This diagram shows that a homomorphism of regular opera- 
tions induces a homomorphism of the corresponding cohomology se- 
quences, 


§5. Principal bundles 


This article will make consistent reference to Chapter VI, volume II. 
G denotes a connected Lie group with Lie algebra E. 


8.22. Principal connections. Let 7 = (P,2, B,G) be a principal 
bundle, with principal action, T: Px G — P, (cf. sec. 5.1, volume IT). 
Let Z, €.2(P) be the fundamental vector field generated by h (he E) 
(cf. sec. 7.19), and denote 7(Z,) and 6(Z,) simply by 7() and 0(h). Then 
(E, i, 0, A(P), 5) is an operation of E in A(P). It is called the operation 
of E associated with the principal bundle 7. 

The remark at the end of sec. 6.3, volume II, shows that the homo- 
morphism 2*: A(B) — A(P) can be regarded as an isomorphism 


n*: A(B) —+ A(P);-0,0=0- 


Now let V be a principal connection in. 7 (cf. sec. 6.8, volume II). 
Thus V is a G-equivariant strong bundle map in rp, which projects the 
tangent bundle onto the vertical subbundle. The bundle map H = 1 — V 
is the projection of tp onto the corresponding horizontal subbundle. 

In sec. 6.10, volume II, it was shown that principal connections are in 
one-to-one correspondence with the E-valued 1-forms w on P which 
satisfy 

i(hjo=h and O(h)w=—adh(w), hee€. 


The E-valued 1-forms on P satisfying these conditions will be called 
connection forms on P. The correspondence between connections and 
connection forms is given, explicitly, by 


Lewz:t) = V(e), ce TP), ze P. 


w is called the connection form for V. 
On the other hand, let w be a connection form, and define a linear map 


w*: E* + 4\(P) 
by 
w*(h*)(z; 6) = <h*, (2; 6), h*¥ e E*, CET AP), zeP. 


352 


5. Principal bundles 353 


The relations above for w imply that 


i(h)(w*(h*)) = <h*, w(Z,)> = <h*, hd 


and 


[O(A)(co*(A*))}(z5 6) = <h¥, (B(A)o)(z; C)> 
= (Og(h)(A*), o(z, €)> = [w*(Ox(h)h*)](2;5 ¢), 
heE, h*eE*, CeT{P), z6P. 


Hence w* is an algebraic connection for the operation of E in A(P). 
Conversely, if % is an algebraic connection for the operation, then a 
connection form w for the principal bundle is defined by 


ch*, w(z; C)> = X(h*)(z; 6), h*e E*, CeEeTyP) zeP.: 


Hence we have a bijection between algebraic connections for the operation 
of E in A(P) and principal connections in .?. 

In particular, since a principal bundle always admits a principal con- 
nection (cf. sec. 6.8, volume IT), the operation (EZ, i, 6, A(P), 6) always 
admits an algebraic connection. 

Finally, let V be a principal connection in.” with corresponding 
algebraic connection, w*. Then the isomorphism 


f: A(P)j29 ® AE* = A(P), 
induced by w* (cf. sec. 8.4) is given by 
SCE @ B)(zs Ca, «++ Sota) 
1 
el Y #oP(%5 Cotas sees Cop) )P(o(z; Catp+1)s +o (2; Cotn+gy))s 
pq: aegPra 
Pe A(P),0, PENE*, zeP, 6,6 TAP). 

8.23. Horizontal projections. Fix a principal connection V in 7 

with connection form @ and corresponding algebraic connection w*. 


Let H =1— V be the projection on the horizontal subbundle. In sec. 
6.11, volume II, we defined a corresponding operator 


H*: A(P) > A(P) jo 
by 
(H*Q)(z; ,,..., G) = O(2; HG, ..., Ho) 
Qe AP), 6,6 TAP), zéP. 


H* is called the horizontal projection associated with V. 
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On the other hand, in sec. 8.5 we defined the horizontal projection 
associated with the algebraic connection w*: 


ny: A(P) > A(P);-0- 
We show now that 
ty = H*. (8.17) 
In fact, both operators reduce to the identity in A(P);~). Moreover, 
by definition, 2° w* = 0, while 
H*(w*(h*)) = <h*, H*w> = 0, h* € E*, 
Hence H* 0 w* = 0 as well. Since (cf. Corollary II to Theorem I, sec. 


8.4) the algebra A(P) is generated by A(P);-5 and Im w*, formula (8.17) 
follows. 


8.24. Covariant derivative and curvature. Fix V, w, w* as in sec. 
8.22. In sec. 6.12, volume II, we defined the covariant exterior derivative 


Ve: A(P) > A(P) corresponding to V by 
Va = H* 06, 


On the other hand, in sec. 8.5 we defined the covariant derivative V 
corresponding to w* by 
V = 206. 


Since, in view of formula (8.17), 2 == H*, it follows that 
V =Ve. (8.18) 


Next, recall from sec. 6.14, volume II, that the curvature 2 € A®(P; E) 
for V is defined by 
Q= Vow, 


where Vz is regarded as an operator in A(P; EF). On the other hand, the 
“algebraic curvature” % of w* is defined by 


%=Vow*, 
Since V = Vz, it follows that 
<h*, 2) =Va(<h*, >) = (Vowt)(h*), — h*e EX. 
Hence 22 and % are related by 
MA*) = ch*, QO, h* & E*, (8.19) 
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8.25. The operator h,. Again fix V, w, w*. Recall from sec. 8.7 the 
definition of the antiderivation h, in A(P);.. © AE*. Under the iso- 
morphism f induced by w* this operator corresponds to an antiderivation 
(again denoted by h,) in A(P). It is given, explicitly, by 


(hy)(2; Co, ..- 5 Sp) 


= — &, (025 Zawstigs Cas the ey weav es eae), 
Pe AP), 6,6 TAP), ze P. 


In fact, let h**, h, be a pair of dual bases in E* and E. Then 
h,= 2H Hh*)e(h,). 
Moreover, for z € P and ¢,, ¢,€ TP), 
Zotesty.t) = 2 ch, 2(23 01, C2)>Zn,- 


These relations yield 


(h,®)(3; Goyieray Gp) 


1 
= Wo DI Bias €g( #h*) (25 Coton, S011) P(B3 Zp, » Saiays + +s Sotpr) 
x * aes 


1 
= Up—)! 2 EKA*, (25 Cotoy» Fait») 9P(Z3 Zp, » Saiay» «++» Sap) 
a + gesPt! 


1 
7 2(p — 1)! a eo P(z; Zateitaroy Say)? Cais s+ Cap) 


YS 1G (8s Zitat, g93 Shine See ow Ep sais, Gp) 


i<j 


I 


8.26. The Weil homomorphism. In sec. 6.16 through sec. 6.19, 
volume II, we defined the Weil homomorphism 


he: (VE*), > H(B) 


for a principal bundle #. (The actual definition is in sec. 6.19.) On the 
other hand, we have the Weil homomorphism 


&*: (VE*)o.9 > H(A(P)ixo,0-0) 


for the operation of E in A(P) (cf. sec. 8.15). 
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Since G is connected, (VE*); == (VE*) 9... Hence, (forgetting grada- 
tions) (VE*); = (VE*),_y. 
The purpose of this section is to prove 


Theorem VI: The diagram 


x* 


(VE*)o-0 H(A(P);-0,0-0) 


(VE*); 


H(B) 


hg 
commutes. 

Proof: Let w be a connection form for # with-algebraic connection 
w*. Recall that in sec. 6.17, volume II, we defined an algebra homo- 


morphism 


7: (VE*) > A(P);-05 
which restricted to a homomorphism 
yi: (VE*); > Ap(P). 


Then we set he =y%, where yg: (VE*); > A(B) was defined by 


u* ovyg = yy. 
Now recall that Ap(P) = A(P);~0,0-0- Hence to prove the theorem it 
is sufficient to show that 


v1 = (4)oqo- (8.20) 
This in turn will follow from the relation 
y= h,. (8.21) 
Since y and %, are homomorphisms, it is enough to prove that 
y(h*) = #(h*), = h* & E*. 
But in view of the definition of y (sec. 6.17, volume II) we have 
v(h*)(z; C1, oo) = <h*, Q(z; 4,02), A*EE*, 6,6 TAP), ze P. 


Now formula (8.19), sec. 8.24, implies that y(h*) = %(h*). 
Q.E.D. 
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8.27. The cohomology sequence. Assume that P is connected, and 
let G, denote the fibre over x € B. For each xe B, the inclusion map 
jz: Gz > P induces a homomorphism 


jf: H(G,) — H(P). 


Now use a local coordinate representation for 7 to identify G, with G 
and H(G,) with H(G). Then the resulting homomorphisms 


je: H(G) — H(P) 


all coincide (since P and G are connected). 
We denote this common homomorphism by 


ep: H(G) — H(P). 


It is called the fibre projection for the principal bundle .. Observe that if 
z € P and if A,: G — P. denotes the inclusion map given by a+> 2 - a, 
ae G, then 

Az = op. 


Now suppose E is reductive. Then we can apply Proposition XV, 
sec. 7.22, to obtain the commutative diagram 


CAP) 


H(A(P)o-0) ——> (AE*)o=0 


%¢ 


H(P) H(G). 


Cp 
This diagram relates the fibre projection for the operation to the fibre 
projection for the bundle. 
Combining the diagram above with Theorem VI yields the commutative 
diagram 


(VE*)o9 —-—> H(A(P)m0,0-0) ——> H(A(P)on0) "+ (AE*)on0 
(VE*), H(B) ——_.—— H(P) H(G). 


he Op 


(8.22) 
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The lower sequence is called the cohomology sequence for the principal 
bundle . 

Thus the diagram is a homomorphism from the cohomology sequence 
of the operation to the cohomology sequence of the bundle. Moreover, 
if G is compact, then all the vertical maps are isomorphisms, so that the 
diagram is an isomorphism between cohomology sequences (cf. Theorem 
I, sec. 4.3, volume II, and sec. 5.29). 


Chapter IX 


Cohomology of Operations and Principal Bundles 


§1. The filtration of an operation 
9.1. Definition: Let (F, 2p, 02, R, dz) be an operation. Define sub- 
spaces F?(R2) < RI (p <q) by 
F(R?) = {z€ R®| ip(a)z = 0, ae AP PVE}, 


and set 


F?(R) = oy F?(R®). 


Evidently the spaces F?(R) define a filtration of R, so that R becomes a 
graded filtered space. 

This filtration is called the filtration of R induced by the operation 
(E, in, 9n, R, dp). 


Proposition I: The spaces F?(R) are stable under the operators 
ip(a) (a2 € AE), 62(x) (x € E), and dp. Moreover, 


F(R) - F(R) < FR), p,q >0, (9.1) 


and so the above filtration makes R into a graded filtered differential 
algebra. 


Proof: It follows immediately from the definition that 
in(x): F?(R2) > Fe(R2-), xe E, 


and so the F?(R) are stable under the operators zp(a) (a € AE). 

Formula (7.5), sec. 7.2, implies that the F?(R) are stable under the 
operators 0p(x). On the other hand, it follows from formula (7.7), sec. 
7.2, that F?(R) is stable under dp. 
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To prove formula (9.1), let z € F(R?) and we F7(R*). Then 
tp(% A +++ A Xq45—p-r4i)(% + w) (x; € E) 
is a sum of terms of the form 
(tp(@)z) - (ix(b)w), aeNE, be NE, 


where either k >g —p+1 orl] >s—r-4 1. Hence either ip(a)z = 0 
or i,(b)w = 0, and so 


ty(HpA +++ A Xq+e—p-r—1)(2 -w) = 0. 


It follows that z - we F?+"(R%*), 
Q.E.D. 


Corollary: The subspaces F?(R) are ideals in R. 


Proposition II: Let (£,i2,9,, R, 6) be an operation. Then the 
basic subalgebra Bp of R with respect to the induced filtration coincides 
with the basic subalgebra of the operation: 


Br = R,~0,0-0: 


Proof: Recall from sec. 1.13 that an element z € R? is contained in 
Bp if and only if it satisfies 


2 € F?(R?) and Opz € FPt}( Ret), 
It is immediate from the definition that 
F?(R?) = RB». 
Hence, z € BR if and only if z € RR, and édgz € REY. But for ze Ryo, 
Op(x)z = ip(x)dp(2), xe &, 


and so the proposition follows. 


Q.E.D. 
Suppose now that 


p: (E, tz, On, R, dr) > (E, is, 5, S, ds) 


is 2 homomorphism of operations. Then it follows at once from the 
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definition that g preserves the induced filtrations: 
gi: F(R?) — FP(S*). 


Thus ¢ is a homomorphism of graded filtered differential algebras. 
The induced homomorphism gg of the basic subalgebras is given by 
p= Pi-0,0-0, a8 follows from Proposition ITI, above. 

Finally, suppose that the operation (E£, ip, 92, R, 6g) admits an algebraic 
connection. Consider the operation (E, i, 6, Rj-9 ® AE*, d) defined in 
sec. 8.7. It follows immediately from the definitions that 


F?(Rj29 © AE*) = Y Rig ®@ AE*. 


H2p 


Hence, since f: R;_, © AE* —+ R is an isomorphism of operations, it 
restricts to isomorphisms 


¥) Rig @ AE* + F?(R). 


BZD 


This shows that F?(R) is the ideal generated by Yysp Rizo- 


9.2. The filtration of Reo. Let (E, ip, 6x, R, 5g) be an operation. 
Define a filtration in Roo by setting 


F?(Ro-o) = F?(R) 0 Ro-0- 


It follows from Proposition I, sec. 9.1, that this filtration makes Roo 
into a graded filtered differential algebra. The corresponding spectral 
sequence will be denoted by 


(E;(Ro-0); d;), t = 0, 


and called the spectral sequence of the operation. 

Proposition II, sec. 9.1, implies that Rj~9,9.9 is the basic subalgebra 
of Ry_, with respect to this filtration. 

If p: R — S is a homomorphism of operations, then ¢p~9: Ryo > Soo 
is a homomorphism of graded filtered differential algebras. 

Now assume that the operation (E, iz, 9z, R, 5z) admits a connection, 
and consider the associated operation (E, 1, 0, Ri-g ® AE*, d) (cf. sec. 
8.7). Then the corresponding filtration of (R;.5 @® AE*),~9 is given by 


F?((Ri-0 &) AE*)o_0) = x (Rio C2) AE*)5-0- 
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Hence the isomorphism f restricts to isomorphisms 


Y (Rio @ AE*)on0 —> F*(Ro-o)- 


H2p 


Example: The filtration of W(E)»- defined in sec. 6.12 is the filtra- 
tion induced by the operation (EZ, 7, #y, W(E), dy). 


§2. The fundamental theorem 


In this article E denotes a reductive Lie algebra with primitive space 
Py. We shall identify APg with (AE*),_) under the isomorphism x, 
of Theorem III, sec. 5.18. Further, 


t: Pg (VtE*)o29 
denotes a fixed transgression in W(E) _, (cf. sec. 6.13), and 

a: Pg > W(E)ou6 
denotes a fixed linear map, homogeneous of degree zero, such that 
bya(P) = 1(D) © 1 and a(®) — 1 © Be (VtE* © AE*),.0, 
(cf. sec. 6.13). 


9.3. The Chevalley homomorphism. Let (EF, 7,, 62, R, 6.) be an 
operation with a fixed algebraic connection Xz. Define a linear map, 
homogeneous of degree 1, 


ta: Pp Ri~0,0-0 
by 


Tr = (hr),0-0 ° T 
Recall from sec. 8.15 that dg © (%z),.¢-0 = 0. This implies that 
Op OTR = 0. 
It follows that (R;~0,e-05 Or; Tr) is a (Px, 4)-algebra (cf. sec. 3.1). 


Definition: The (Pz, 6)-algebra (Rj-0,0-0,5r3 Tr) is called the 
(Pz, 6)-algebra associated with the operation via the connection Xp and the 
transgression T. 


Since (R;20,0-0) On} Tr) is a (Pg, 5)-algebra we can form the Koszul 
complex 


(Ri-0,0-0 © APs, Vr) 
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(cf. sec. 3.2). Vp is given explicitly by 
Va(z © 1) = dpz @ 1 


and 
Vaz © Pon ++» A Dy) = dpzx QO OBn-:-vAG, 
p 
4+ (—10 ¥ (-1)'t9(®,) 2 @ Gyn ++ G++ 0, 


j=0 
ZE Rtuo eno @; E Pr. 


Recall from sec. 3.4 that a filtration of this graded differential algebra 
is defined by 


F°(R;-0,6~0 9) AP) = y Rio e~0 2) APx. 
Hep 


The corresponding spectral sequence will be denoted by {E;, d;}j20. 
Next (cf. sec. 8.16) let %p: W(E) > R be the classifying homomor- 
phism for the algebraic connection Xz. Consider the linear map 


Br = (Aw)o-0 04: Pz —> Roo. 


Then #p is homogeneous of degree zero. Hence, since R is anticommu- 
tative and P£ = 0 for even k, #p extends to a homomorphism of graded 
algebras 

Br: APz > Roo: 


Finally, extend #, to a homomorphism of graded algebras 
Or: Rj-0,0-0 © AP > Reo, 
by setting 
On(z © PO) = 2-Orx(M), 2E Reo 9-0, OE APE. 
Op is called the Chevalley homomorphism associated with the operation 


(E, tp, 92, R, dp) via the algebraic connection Xz and the linear map a, 
Since 


(Pn °Vp)(z © 1) = bpz = bb p(z © 1), 2 € RjW0,0=05 
and 
(8x oVe)(1 © P) = (2x),,0-0(tP) = (%w)o-0(Swa(P)) 
= bp 2(1 © ), Ge Px, 
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it follows that &poVp = dro Bp. Hence #, is a homomorphism of 
graded differential algebras: 


Or: (Ri-0,e-0 © APz, Ve) > (Re-o» 5p). 


Theorem I (Fundamental theorem): Let (EF, 77,92, R, 5,) be an 
operation of a reductive Lie algebra, which admits an algebraic connec- 
tion. Then the Chevalley homomorphism #, has the following properties: 


(1) The induced homomorphism 
OR: A(Rj-0,0-0 @® APs, Vr) cd HA(Re-0) 


is an isomorphism of graded algebras. 


(2) pg is filtration preserving. The induced homomorphisms 
(9p)i: BE; > Ei(Re-0) 
of the corresponding spectral sequences (cf. sec. 1.6) are isomorphisms 


for 7 > 1. 
(3) Pr(z © 1) = 2, 2 € Ryo 420, and 


In(1 @ @) — (Xp)(®) € F(Ro-o) De APz. 


Proof: (3) The first statement is obvious. To prove the second, 
it is sufficient to consider the case ® € Pz. Recall that %,y is a homomor- 
phism of operations, whence 


kw(FU(W5-0)) < F'(Rg_)- 


It follows that 
Or(1 © ®) — (Xr) (P) = %y(a(®) — 1 @ ®) € F'(ReWo)- 


(1) and (2) We show first that #, is filtration preserving. By defini- 
tion, Reo 9-9 < F?(Ryuo). Since F?(Rj-0,6-0 © APzg) is the ideal gener- 
ated by Dysp Riio.eao0 © 1, and since F?(Ry_9) is an ideal, this implies 
that #p preserves filtrations. 

Now, in view of Theorem I, sec. 1.14, it only remains to show that the 
thap 

(Fp): By > E\(Re-o) 


is an isomorphism. This is done in the next section. 
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9.4. Proposition III: With the notations and hypotheses of Theo- 


rem I, 
(Pr)1: E, -> E\(Ro-0); 


is an isomorphism. 


Proof: Since f: Rj) @ AE* —> R is an isomorphism of operations 
(cf. Theorem II, sec. 8.7), we may assume that 


R= R;-5 © AE* and Xn(x*) = 1 & x*, x* € E*, 


In this case we have F?(Roo) = Ly2p(Rizo © AE*)o-0- 
Define bigradations in the algebras R;~9 6-0 © APx and Ry by setting 


(Rj-0,0=0 © APz)?* = RPo,o-0 © (AP x)’, 


and 
RES = (Roy @ NE*)o.0. 


Then these bigraded algebras are the bigraded algebras associated with 
the filtrations. Hence they coincide with E, and E,(Ry-o) (as bigraded 
algebras). 

Next, we show that the differential operators d, in E, and d, in Ey(Rp-o) 
are given by 


d=0 and d= —wp® dz. (9.2) 
In fact, it is immediate from the definitions that 
Vp: Rbo,020 © (APz)* > F?*(Ri-0,0-0 © APz), ~9 = 9. 


It follows that d, = 0. 
On the other hand, recall from formula (8.6), sec. 8.7, that the restric- 
tion of dp to (Rip @ AE*)o-9 is given by 


bp = —OR © 6g + h, + Sy. 


By definition the operators h, and 6y are homogeneous of bidegrees 
(2, —1) and (1,0) respectively, while wp © dg is homogeneous of bi- 
degree (0, 1). It follows that d= —wp © dg. 

Finally, we show that 


(Pr)o: Ey > Eq(Ro-o) 
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is simply the inclusion map 
J Rixo,e-0 © APz > (Rizo @ AE*)o20- (9.3) 
In fact, j is homogeneous of bidegree zero. Thus we need only show that 
(Pn — jf): RE o-0 © APz > FP"(Re-o), =p = 0. (9.4) 
But 
Hz @ B) =z - (%n),(P); 2€ Rioo-0, Pe Pz, 


and so property (3) of Theorem I, sec. 9.3, yields (for z€ R2Zo 9-0; 
®e APz) 


(Bn — Jz @ P) = 2 - (Ox(P) — (%n),P) € REo,o-0 » F*(Ro-0) 
< FP+(Ry.o). 
Thus (9.4) is established. 


Since (&g);: (E;, d;) > (E,(Ro-0), d;) is a homomorphism of spectral 
sequences, we have the commutative diagram 


(Ope 


H(Eg, 4p) H(Eo(Ro-0)» 40) 


= = 


Ey E\(Ro-o) 


(Op) 
(cf. sec. 1.6). Thus to prove the proposition we need only show that 
(,)§ is an isomorphism. In view of formulae (9.2) and (9.3) above it 
has to be shown that the inclusion map 


J? Rix0,0-0 @ (AE*)on0 > (Ri-o & AE*)o-0 
induces an isomorphism 
J*: Rino,e-0 © (AE*) 5-0 = H((Ri-0 @ AE*)o-0, On © Sz). 


But since E is reductive, this follows immediately from Theorem V, 
sec. 4.11 (applied with (Y, dy) = (Rio, 0) and (X, dy) = (AE*, dx)). 

The proof of the proposition (and hence the proof of the fundamental 
theorem) is now complete. 


Q.E.D. 
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9.5. Corollaries of Theorem I. Corollary I: The graded differen- 
tial algebras (Ryo, Op) and (Rjo,920 © APz, Vg) are c-equivalent (cf. 
sec. 0.10). 


Corollary II: The c-equivalence class (and hence the cohomology 
algebra) of the differential algebra (Ry-o, 5x) depends only on 


(1) the differential algebra (Rj~0,6-0, 5r); 
(2) the Lie algebra E, 
(3) the Weil homomorphism 4. 


Proof: Assume that (R;-0,s-0, 6n), EZ, and %% are given. Choose a 
transgression t in W(E)s-o and let 


#: Pg > Z(Rj~0,0-0) 


be a linear map, homogeneous of degree 1, and such that 7* = #0 t. 
Then (Rj<0,6-0; 5n;3 7) is a (Pg, 6)-algebra. Denote the corresponding 
Koszul complex by (Rj-0,e-0 ® APzg, V). Now we have 


t*# = ¥Rot = th. 


Hence, in view of Proposition IX, sec. 3.27, the fundamental theorem 
yields 
(Roo ; dr) oe (Ri-0,0-0 @ APz, Vr) nd (Rj~0,0=0 3) APx, V). 
Q.E.D. 


Corollary III: The first three terms of the spectral sequence for an 
operation are given by 


E%*(Ro-o) & (Rho @ NE*)ox0, — EP'*(Roao) = Rh-o,o-0 © (APz) 


and 
E2"(Rox0) = H?(Rix0,0-0) © (APz)*. 


Proof: Apply the fundamental theorem, and the observations of 
sec, 3.4. 
Q.E.D. 
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Corollary IV: Assume that the graded differential algebra (Rj~o,9-0, 
dp) is c-split. Let (H(Rj,9-0) © APz, Vz) denote the Koszul complex 
of the Py-algebra (H(Rjo,9-0); TR), associated with (Rjo,o-0, Or; Tr) 
(cf. sec. 3.3). Then 


(H(R;~0 6-0) C9) AP, Vz) ioe (Ro-0> dp). 


In particular, the cohomology algebras are isomorphic. 
Thus in this case the algebra H(Ro..) depends only on EF, H(R; 25 9-0); 
and ##. 


Proof: Apply the example in sec. 3.29. 
Q.E.D. 


Corollary V: H(R,_,) is connected if and only if H(Rj9,9<0) is. 


Proof: In fact, 


A(Re-o) = A°(R;~0,6-0 & Pz) = Z(Ri~-0,0-0) ® l= A(R ;~0,6-0)- 
Q.E.D. 


Corollary VI: H(R,_.) has finite type if and only if H(R;~o,9-0) has 
finite type. In their case the Poincaré series are related by 
T 


Saino S Satie pea) -—T]d+), 


wl 


where 5"1_, 2% denotes the Poincaré polynomial for Py. 


Proof: Apply Proposition V, sec. 3.18. 
Q.E.D. 


Corollary VII: Suppose H(R;29.6-0) has finite dimension, Then 
H(Ro-0) has finite dimension, and 


dim H(Ro-o) <2" - dim H(Ri-oo-0) (7 = dim Pz). 


Moreover, in this case the Euler—Poincaré characteristic of H(Ry_.) is 
zero. 


Proof: Apply the corollary to Proposition V, sec. 3.18. 
Q.E.D. 
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9.6. Homomorphisms. Let g: (E, iz, 9p, R, 6x) > (E, ts, 95, S, bg) 
be a homomorphism of operations of a reductive Lie algebra E. Suppose 
that Xp is an algebraic connection for the first operation, and recall that 
then X%; = ~ © Xz is an algebraic connection for the second operation. 
Moreover, with this choice of connections, 


P(e), = (4s), and =o (An), = (4s), 
(cf. sec. 8.8). Hence, 
p°(Le)w = (%s)w- 
These relations show that (in the notation of sec. 9.3) 


Pi=0,6=0 ° TR = Pi=0,0=0 ° (%R)v.0-0 oT = Tg. 
Thus 
Pi=0,0-0° (Ri~0,6~05 Op; TR) — (Six0,0=05 593 Ts) 


is a homomorphism of (Pz, 6)-algebras (cf. sec. 3.1). 
On the other hand, for ®e Pz, 


(Fo-0° Fx) © G) = (Po-0° (Ak )w oa)S = Bs(1 @ ®). 


Thus the diagram 


%4=0,0=08 


Rj-0,0-0 © Px Si-0,0-0 © APz 


| . (9.5) 


Ro.9 ———- > $50 


PE=0 


commutes. Hence so does the diagram 


(Pj=0,9=088)* 
H(Riao,o-0 © APg) + H(Six0,0-0 ® AP) 
of | = =| o$ (9.6) 
A(Ro-0) H(S¢.0) 


§3. Applications of the fundamental theorem 


In this article the notation established at the start of article 2 remains in 
force. In particular Px is the primitive space of a reductive Lie algebra E; 
t: Pz + (VE*),_9 is a transgression; and a: Pg + W(E)9~» satisfies 


byva(B) = x(B) @ 1 
and 


a(P) — 1 @ Be (V+E* @ AE*)y_o. 


9.7. The cohomology sequence. Recall from sec. 8.21 that an opera- 
tion (E£, tp, 9, R, dz) is called regular, if EF is reductive, H(Rgo) is 
connected and the operation admits a connection. For such operations, 
the cohomology sequence was defined to be the sequence 


(VE*)o-9 > H(Rino,on0) —» H(Roao) >» (AE*)ono- 


On the other hand, the choice of an algebraic connection %, in a regular 
operation determines the (Pz, 4)-algebra (Rjoo,9-0, 523 Tr), With tp 
= (Zpr)v,-0 0° T (cf. sec. 9.3). The corresponding cohomology sequence, 
as defined in sec. 3.14, reads 


(tat 


+ + 
VP_——> H(Rjay.9-0) —> H(Rjao,0-9 @ APs) —> APzw. 


Finally, in Theorem ITI, sec. 5.18, Theorem I, sec. 6.13, and Theorem 
I, sec. 9.3, we established isomorphisms of graded algebras 


og: APg —> (AE*) 5-0; ty: VPg —> (VE*)o=0 
and 


0%: H(Rj-0,9-0 ® APz) + H(Ryo)- 


(Note that the isomorphism #% depends on the choice of an algebraic 
connection Xp.) 
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Theorem II: Let (E, in, 9x, R, 5p) be a regular operation and let 
Xp be an algebraic connection. Then the diagram 


(tp¥ ad 


VPz H(Rja0,0=0) H(Rixo,-0 © APz) ———> APx 


= -| ~ 


(VE*)oW0 H(R,-0,0-0) - H(Ro~0) 


*h eR er 


Ty oR = |*E 


(AE*)o20 


commutes. 


Proof: The commutativity of the left-hand square follows from the 
relation tr, = (%z),e-0 9 tT The commutativity of the centre square is a 
consequence of property (3) in the fundamental theorem (sec. 9.3). 
That the right-hand square commutes is proved in Proposition IV, 
below. 


Remark: Theorem II also permits us to apply the Samelson and 
the reduction theorems (sec. 3.13, sec. 3.15) to operations. The resulting 
theorems, however, would coincide with Theorem I, sec. 7.13, and 
Theorem II, sec. 7.14. Thus we do not restate them here. 


Proposition IV: Let (E, ip, On, R, dp) be a regular operation with 
algebraic connection Xp. Then (in the notation above) 


x 0 O* = eno DR. 


Lemma I: Assume that an element a € H(RoW9) is represented by a 
cocycle 2 of the form 


Q= (tp) (P) +2, GE (AE*)9, 26 F(RpW0)- 


Then 0;(a) = ®. 


Proof: Recall from sec. 7.8 that the structure homomorphism is a 
homomorphism of operations 


yr: (E, tp, On, R, dp) > (E, tren, 9nez, R ® AE*, Ozex)- 
According to the corollary of Proposition IV, sec. 8.10, 
yr((%z),P) — 1 @ GE (Rt ®AE*)o0. 
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Moreover, yp preserves filtrations since it is a homomorphism of 
operations. Evidently, 


FY((R © AE*)5-0) = (Rt © AE*)e-o0, 
and so yrz 6 (Rt © AE*),_9. It follows that 
yrQ=10G+ B, 
where 2 € (Rt © AE*) _,. We also have 
dron® = dren(yr2) = yr(br@) = 0. 
Finally recall from sec. 7.10 that the fibre projection gz is defined by 


Orn = Tr? (g*)-! o (yr Yoo» 
where 


g*: H(Roao) © (AE*)on0 —+ H((R @ AE*)o-0) 


is the isomorphism induced by the inclusion map g: Roo © (AE*)s-0 
— (R © AE*),-9, and 


ta: H(Ro-0) © (AE*) 5-0 > (AE*)o=0 


is the projection. 
Since g* is an isomorphism we can write 


Q= 2Q, + Spore, 
where 


2, € Z(Reo0) © (AE*)o=0 and Q, € (R © AE*)o-0. 


Let 2, 28, and (dpe@~2.)° denote the components of the elements 
Q,, 2,, and drez(22) in (R° © AE*),_9. Then 


Me 1 & (AE*) 6-0 and M+ (Srozr22) = 0. 
Moreover, in (R © AE*).9, Sroz = 5n © — On & Og. Thus 
(Sze22)? = —(p © bx) 29 € (R° @ H(AE*))o-0- 
These equations imply that 22 = 0; Le., 


Q, € Z*(Ro-o) @ (AE*)o-0- 
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It follows that 2, represents a class a, in H+(Ro.9) © (AE*)o.o. 
But, clearly 
(vae-o(@) = 8*(a, + 1 @ ®). 
Thus 


er(@) = ap(a,+1® ©) = @, 
Q.E.D. 


Proof of Proposition IV: Let 8 € H(Rj2o.9-0 © APz) and let Y be a 
representing cocycle. Then, by Lemma I, sec. 3.13, 


yw = Ww + 1 ® o*B, 
where Py € Rio. gap © APg (= F'Rino.9-0 @ APz)). 


Since &, is filtration preserving, it follows that 
OpP — Ip(1 © 0*B) € F*(Ry-o). 


Now identify APz with (AE*),_» via xz. Then statement (3) in the 
fundamental theorem asserts that 


Fp(1 © 0*B) — (%n),(0*B) © F'(Re-0)s 
whence 
BaP — (Xa), (0*B) € F(Rouo). 


Thus, since 3p(¥) represents 0§(8), Lemma I above yields 


erBR(B) = 9*(A). 
Q.E.D. 


Corollary: Assume that (Rj29.9-0, dz) is c-split. Then 
(Ro-0> dr) ee (H(Rj~0,0-0) ®& Pz, Vi), 


and the induced isomorphism of cohomology algebras makes the diagram 


A(H(R;.0,5~0) © APx) APg 
A(R;~0,0-0) 4 = =| xz 
(R50) (AE*)o-0 


eR 
commute. 
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Proof: baraiatied 
roof: Apply the example of sec. 3.29 Q.E.D. 


9.8. Homomorphisms. Recall that a homomorphism py: A — B of 
graded vector spaces is n-regular if y: A? > B? is an isomorphism for 
pb <n and injective for p=n-+ 1. 


Theorem III: Let o: (E, iz, 9n, R, 6x) > (E, is, O53, S, 5s) be a ho- 
momorphism of operations of a reductive Lie algebra E. Assume that 
the first operation admits a connection. Then 


Pt 0, 6-0: H(R;~0,6-0) —* H(S;~o,6-0) 
is n-regular if and only if 
Pb=o: H( Roo) > H(S5~0) 


is n-regular. 


Proof: It follows from sec. 9.6 that gj. is n-regular if and only if 
(Yi=0,0-0 © ¢)*: H(Ri~0,0-0 © APr) -> H(S;-0,0-0 © APz) 


is n-regular. Now the theorem follows from Theorem I, sec. 3.10. 
Q.E.D. 


Corollary: go is an isomorphism if and only if gko,o<0 is. 
Applying Theorem III to the classifying homomorphism (cf. sec. 
8.16) yields 


Theorem IV: Let (EF, ig, 6p, R, 6p) be an operation of a reductive 
Lie algebra admitting a connection. Then the Weil homomorphism 


tin: (VE*) 5-9 > H(Ri-0,0-0) 
is n-regular if and only if 
H%(Ro-o) =f and H?(Ro-o) = 9, 1<pca. (9.7) 
Proof: Recall that H°(W(E)o9) =I and H*(W(E)oo) = 0 (cf. 
Proposition I, sec. 6.6). It follows that formula (9.7) holds if and only if 


(Xw io: H(W(E)o-0) > H(Ro-o) is n-regular. Hence the theorem follows 
from Theorem III. 


Q.E.D. 
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Corollary I: % is an isomorphism if and only if H°(Ro.9) =I 
and H+(Ro) = 0. 


Corollary II: Suppose H°(Re.o) = F and H?(Ry_.) = 0, 1<p <n. 
Then the Betti numbers 6, = dim H?(Rj_o9-0) (0 <p <n) are the 
coefficients of ¢ in the series []j_, (1 — #*")?, where $J_, ¢% is the 
Poincaré polynomial for Pz. 


Proof: This follows from the isomorphism (VEZ*)g_) = VPz. 
Q.E.D. 


9.9. N.c.z. operations. Let (EF, iz, 6p, R, 5p) be an operation of a 
reductive Lie algebra, and assume that H(R).o) is connected. Then we 
say (AE*)_, is non cohomologous to zero in Rog (N.c.z.) if the projection 
Or: H(Ro-o) — (AE*) 0 is surjective. For the sake of brevity we shall 
often simply say that the operation is n.c.z. 

According to Proposition I, sec. 8.2, an n.c.z. operation admits an 
algebraic connection. Thus every n.c.z. operation is regular. 


Theorem V: Let (E, ip, 92, R, dz) be a regular operation. Then the 
following conditions are equivalent: 

(1) @p is surjective. 

(2) There is an isomorphism of graded algebras 


A(Rij-0,0=0) © (AE*) 9.9 = H(Ro-0) 
which makes the diagram 


A(Rj-0,0-0) @ (AE*)o~0 


~~ 


H(Ri-o,0-0) = (AE*)o-0 (9.8) 


\ | A 


H(Ro~0) 
commute. 
(3) There is a linear isomorphism of graded vector spaces 
H(R,0,0-0) ® (AE*)oao —* H(Ro-0) which makes the diagram (9.8) 
commute. 
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(4) ef is injective. 
(5) (4R)* = 0. 
(6) There is a homomorphism 
Ff: (Ri0,0=0 © (AE*)o-0, Sn © 1) > (Ro-=o» Sr) 
of graded differential algebras such that f* is an isomorphism making 


the diagram (9.8) commute. 
(7) The spectral sequence for Rp» collapses at the £,-term. 


Proof: In view of the fundamental theorem (cf. sec. 9.3) and Theorem 
II, sec. 9.7, this result is simply a translation of Theorem VII, sec. 3.17. 
Q.E.D. 


Theorem VI: Let (EF, ip, 9, R, 5g) be a regular operation. Then 


(1) A(Ri-0,0-0) 1s of finite type if and only if H(Ry->) is. In this 
case their Poincaré series are related by 


Tr 
Suro.) < SHR 29, 020) : I] (1 + 1%) 
jn 


where >); t% is the Poincaré polynomial for Py. 
Equality holds if and only if the operation is n.c.z. 


(2) Suppose that AH(R;2o.5-0) is finite dimensional. Then so is 
H(Ro-0)- In this case 


dim H(Roo) < 2’ + dim H( Rx, 6-0)- 
Equality holds if and only if the operation is n.c.z. 


Proof: In view of the fundamental theorem and Theorem II the 
theorem is a translation of Proposition V, sec. 3.18, and its corollary. 
Q.E.D. 


§4. The distinguished transgression 


Let E be a reductive Lie algebra. Recall from sec. 6.10 the definition 
of the distinguished transgression tg: Pg > (VE*) 29. It is immediate 
from the definition of tz that there is a linear map a: Pg > W(E)o.o, 
homogeneous of degree zero, such that 


bya(®) = 140 @1 and (@) —1 @ HE W*(E)i,-0,0-05 
De Py. 


(Recall that W+(Z);,0,e-0 consists of the invariant elements 2 in W+(E) 
which satisfy i(a)2 = 0 for ae (AtE)p_o.) 

In this article « denotes a fixed linear map, satisfying the properties 
listed above. In particular, the pair tg, @ satisfies the properties listed at 
the beginning of article 2. 


9.10. The operator i,(a)*. Let (E,7%p, 62, R, dz) be a regular opera- 
tion and let P,(Z) < (AtE)g29 be the primitive subspace defined in 
sec. 5.14. Recall from sec. 7.12 that the operators tp(a) (a € P,y(E)) 
restrict to operators in Rg_) and induce operators zp(a)* in H(Rp_o). 

On the other hand, since P, (EZ) = (Pz)*, the elements a € P,(£) induce 
ordinary substitution operators zp(a) in the exterior algebra APg. Ac- 
cording to Lemma IX, sec. 5.22, the isomorphism xg: APg —+ (AE*)o-o 
identifies zp(a) with z,(a); we use the latter notation. 

Now extend 7,(a) (a € P,(£)) to an antiderivation, (a), in the algebra 
Ri20,9-0 © APz by setting 

i(a) = op © ig(a). 
Then (cf. sec. 3.2) 


i(aWy + Vpi(a)=0, ae P,(E), 


and so we obtain antiderivations, 7(a)*, in H(Rj29,920 © APz). 
The purpose of this article is to prove 


Theorem VII: Let (Z, 22, On, R, 6g) be a regular operation. Let Xz 
be an algebraic connection for the operation and let 


Op: (Rj~-0,6-0 @ APz, VR) > (Re 0, Op) 
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be the corresponding Chevalley homomorphism constructed via t, and «. 
Then 
OF o i(a)* = ip(a)* o HF, aeé P,(E). 


Lemma II: Assume that the Weil homomorphism 4} of the operation 
(E, in, Op, R, dz) is trivial: (%§)+ = 0. Then the assertion of Theorem 
VII holds. 


Proof: Evidently, tr} = %} 0° tg = 0. Thus we can apply the results 
of sec. 3.17 to the (Px, 4)-algebra, (Rj~0,6-05 Sr; TR): 

Let B and y be elements of H(Rj2o,920 © APg) which admit rep- 
resenting cocycles of the form 


Z2@1 (@E Recor) and w@O1+1@©O@ (we Ryo oo, PE Pz) 


respectively. (Since tf = 0, the corollary of Theorem VII, sec. 3.17, 
implies that H(Rj~o,9-0 © APz) is generated by cohomology classes with 
this property.) 

On the other hand, according to Proposition VIII, (3), sec. 7.12, 
if ae P,(E) then ip(a)* is an antiderivation in H(R5_o). Since 7(a)* is an 
antiderivation in H(R;~9,9-0 © APx), it is sufficient to verify that 


in(a)*0%(8) = Ofe(a)*(B), ae Py(Z), (9.9) 
and 
ig(a)*O%(y) = Of(a)*(y), a6 Py (EZ). (9.10) 


Since £ is represented by z © 1, #¥(B) is represented by 2 € Rj.0,5=0- 
But 
i(a)(z © 1) = 0 = ig(a)z, ae P,(E), 


and (9.9) follows. 
To prove (9.10), observe that since ® € Py, 


i(a)(w@1+1@%)= <a>, ae Py(E). 


Hence ##(a)*(y) = <®, a>. 
On the other hand, 


bp(wSO14+1@%)=w+ (Xn)w,e~o(a(®)). 
But @ was chosen so that 


(ig(a) oa)(®) = ig(a)(1 & ©) = <@, a). 
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It follows that 


in(a)9p(w @ 1+ 1 @ B) = ((Xp)w,o-0 © in())(a(P)) 
= «9, a). 
Hence, 


in(a)*OR(y) = <P, a>) = By(a)*(y), a € Py(F), 


and (9.10) is proved. 
Q.E.D. 


9.11. Proof of Theorem VII: Recall the definition of the structure 
operation (E, inoz, Orex, R ® AE*, Spex) in sec. 7.7. The horizontal 
and basic subalgebras for this operation are given, respectively, by 


(R@AE*),6=R@1 and (R@AE*);<o. 929 = Roo ® 1. 


Moreover, the map %: x* + 1 © «* (x* € E*) is an algebraic connec- 
tion for this operation. Since 


dronX(x*) = 1 @ dgx* = %,(Oxx*), x* e E*, 


it follows that the curvature for the connection % is zero (cf. Proposition 
III, sec. 8.6). Hence the Weil homomorphism of this operation is trivial. 

On the other hand, the structure homomorphism yp: R + R @ AE* 
is a homomorphism of operations. The corresponding base homomor- 
phism is given by 


(YR)i=0,0-0 = eR: R;.0,0=-0 —> Roo. 


Moreover, since yg is a homomorphism of operations, the map % = 
Yr° Xp is an algebraic connection for the structure operation. 
Let 
Pron: Ro~o © APe > (R @ AE*)oW0 


be the corresponding Chevalley homomorphism. Then (cf. sec. 9.6) 


the diagram 
ep 


Ri-0,0-0 © APx Ro-0 © AP 


OR | | OROE 


=p es 
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commutes. Hence 
(yr)e-0° OR = GRor ° (en © 0)*. 


Since the structure operation has trivial Weil homomorphism, Lemma 
II yields 


Shox © i(a)* = inen(@)* ° Phen, aé P,(E). 
This, together with the equation above, yields 
(yr)eco o (BR ° i(a)* — ip(a)* ° oR) = Q, 


Since (cf. Proposition VI, sec. 7.9) (yp)i-o is injective, the theorem is 
proved. 


Q.E.D. 


Next recall that the inclusion g: Rp © (AE*)g.0 > (R © AE*)o_0 
induces an isomorphism in cohomology (cf. sec. 7.9) and set 


Pr = (8°) ° (yR)o-0 : H(Ro-0) > H(Ro-0) © (AE*)o-0- 


Corollary: Let 4p: APg — APg © AP, be the homomorphism de- 
fined by 4p(6) = ©@Q1+ 169, Pe Py. Then the map 


t © Ap: Ri-0,0-0 © APx > Rj-0,0-0 © APz ® AP 
satisfies 
(« © Ap) 0Va = Va © 1) ° (& @ Ap). 
Moreover, the homomorphism #, is given by the commutative diagram 


(:@4 p)* 


H(R;-0,0-0 © APz) 


F(Rjn0,0-0 ®@ APx) © APg 
OR | = x | OR@ 


(Roo) H(Ro-0) ® AP xz 


Proof: The first equation follows from a simple computation. The 
commutative diagram is a consequence of Proposition IX, sec. 7.15, 
and the theorem. 

Q.E.D. 


§5. The classification theorem 


In article 2 we associated with every regular operation (E, iz, 92, 
R, dp) a (Pg, 5)-algebra (Rj0,¢-0, 5r3 TR) Whose associated cohomology 
algebra was isomorphic to the cohomology of R,-9. In this article we 
reverse this process to show that every (Pz, 5)-algebra can be obtained 
in this way. In this way we obtain a ‘‘cohomology classification theorem” 
for operations. 

In this article FE again denotes a reductive Lie algebra with primitive 
space Py. (VE*)s_, will be identified with V Pg via a fixed transgression 
tin W(E)s.9 (cf. Theorem I, sec. 6.13). 


9.12, The induced operation. Theorem VIII: With the notation 
above let (B, 6g; tg) be a c-connected (P,, 5)-algebra. Then there is a 
regular operation (E, tp, 62, R, dp) together with an algebraic connection 
Xp with the following properties: 


(1) There is an isomorphism of (Px, 6)-algebras 
A: (B, p35 te) —+ (Rino,o-0» 923 (4a)v,0-0 ° T)- 


(2) Let (E, ts, 65, S, ds) be an operation admitting a connection % 
and let 


yp: (B, Op; tr) > (S;.0,e-05 633 (%s)v,0=0 oT) 


be a homomorphism of (Px, 6)-algebras. Then there exists a homo- 
morphism 
y: (E, tp, Or, R, dp) > (E, tg, Og, S, bs) 
of operations such that 
Y = Pi=0,0-0° A (9.11) 
and 


Xs = 0° Xr: (9.12) 


The proof of this theorem occupies the next three sections. In sec. 
9.13 below we construct the operation, the connection, and the homo- 
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morphism 4. In sec. 9.14 it will be shown that 4 is an isomorphism. 
Finally, property (2) is established in sec. 9.15. 


9.13. Construction of the operation. Consider first the operation 
(E, i, 6, B 3) W(E), bnew) where 


i(x) = wz @ iz(x), A(x) = t & 6y(x), xe E, 


and 
Spew = 5p Ot + wp ® dy. 


(wp denotes the degree involution in B.) Observe that 
Lix*+1Q@1@x*, x* € E*, 


is an algebraic connection for this operation. 
Now denote by X the subspace of B @® VE* whose elements have 
the form 


z= 1,(®) ©@1—1©© (9), De Py. 
Denote by J the graded ideal in B © W(E) generated by X © 1. Then 


_ B@WE) 
aaa al 


is a graded algebra. Let 2: B © W(E) > R denote the projection. 
Next observe that X ®1 ¢ Z(B) © (VE*)-0 © 1. It follows that 
forze X@1,xeB£, 


i(x)z = 0(x)z = dzey(z) = 0. 


Since these operators are either derivations or antiderivations, the ideal / 
must be stable under them. Hence they induce operators 


in(x), Or(x), and Op 


in the factor algebra R. Since z is a surjective algebra homomorphism 
and (E,i,0,B @® W(E), dzew) is an operation, it follows that (£, zp, 
6p, R, dz) is an operation. Moreover, z is a homomorphism of operations. 

In particular, since the linear map % is an algebraic connection, it 
follows that Xp = 20 4 is an algebraic connection for (E, ip, 92, R, dp). 

Next observe that the representation 6, is semisimple. In fact, 
since EF is reductive, the representation Oy is semisimple and hence so 
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is the representation 0. Since x is surjective, it follows that 0g is semi- 
simple. 
Finally, note that B®1@1 < (B © W(E));-0,s-0- Hence a homo- 
morphism of graded differential algebras 
A: B > Rj-0,0=0 


is defined by A(b) = a(b © 1@1), be B. 
To show that 4 is a homomorphism of (Pz, 6)-algebras, we must 
prove that 


ho tp = (4p), 0-0 ° T- (9.13) 
But, since 2 is connection preserving, 
7S (4,)o-0 = (4r)v,0-0- 
Moreover, it follows easily from Example 1, sec. 8.9, that 
(Z,Jono? (VE*)o-0 + (B® W(E))o-0 


is the inclusion map Vt>+1@®¥@1. 
Since t,(©) ©1 — 1 @ 1(®) € X, Pe Py, this yields 


Lo ty(®) = a(r9(P) @1 @ 1) 
= n(1 @ x($) @1) = (Fajen? (), De Pz, 


whence (9.13). 


9.14, Proposition V: The homomorphism 4: B — R;Wo,9<9 is an iso- 
morphism. 


Lemma Ill: Let J denote the ideal in B © (VE*)o_. generated by X. 
Then the inclusion §: B > B © (VE*)s.9, induces an isomorphism, 


&,: B+ (B @ (VE*)o-0)/ J. 


Proof: Let 0: B® (VE*)9-) > (B © (VE*)s~0)/,J be the projection. 
Then £, = 90 é, and 


o(1 @ e(P)) = @° E(ta®) = Ei(te), PE Pr. 
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Since t(Pz) generates (VE*)s_, (cf. Theorem I, sec. 6.13) this implies 
that 


o(B & (VE*)o-0) = 6:(B) - e(1 © (VE*)o-0) < Im &. 


Thus &, is surjective. 
On the other hand, define 7: B ® (VE*)s_, > B by 


m(b@ P)=6+ [(ta)vo(u)(P¥)], be B, Pe (VE*),0. 


Then 7(X) = 0 and so (J) = 0. 
Thus 7 induces a homomorphism 


m:[B @ (VE*)o-0]/J > B. 


Since (clearly) 7,0 &; = 1, &, is injective. 


Q.E.D. 
Proof of Proposition V: We show first that 
Nino,e20: B® (VE*)o-0 > Rj~0,0-0 (9.14) 
is surjective and that 
ker %429,9-9 = J. (9.15) 


In fact, the algebraic connection %, determines an isomorphism 


Ri-0 ® AE* => R (cf. Theorem I, sec. 8.4). Moreover, since x is con- 
nection preserving, it follows that the diagram 


(B® VE*) ® AE* ——> B ® W(E) 


Mngt x (9.16) 


Roo @ AE* R 


commutes. Since z is surjective. this diagram implies that 7,9 is sur- 
jective. 
Next recall that 6 and 0, are semisimple representations. Hence 


R;~0 = Rj~0,0-0 ® 6(Rj-0) 
and 


B @ VE* = (B® (VE*)o-0) ® (B @ 6(VE*)). 


Since 2,» is surjective, these relations imply that so is 7<9,9-0- 
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Moreover, it follows from the commutative diagram (9.16) that 
ker 23.) = (B © VE*) - X. 
Since the representations are semisimple, it follows that 
ker 7329920 = (B® VE*)o-9 - X = J. 
Formulae (9.14) and (9.15) show that 729,90 induces an isomorphism 
mi: [B © (VE*)p-0]/ J —> Rino,o-0- 


Clearly A = 2, o &,, and so Lemma III implies that A is an isomorphism. 


Q.E.D. 
9.15. Proof of Theorem VIII, (2): Consider the operation (£, i, 6, 


B® W(E), Sze), defined in sec. 9.13 and let (Xs); denote the classifying 
homomorphism for %z5. 


Define a homomorphism of operations y: B® W(E) — S by 
7(b © Q) = y(b) - (%s)v(2), be B, Qe W(E). 
Then, for ®e Pr, 
y(te® @1 @1—-1@© tH @1) = (wo ty)P — ((4s)v,0-0° t)P = 0. 


This implies that y(X @ 1) = 0. Hence y factors over xm to yield a 
commutative diagram of algebra homomorphisms 


B@W(E) 


In particular, » is a homomorphism of operations. 
Moreover, for b € B, 


(Pi-0,6-0 ° 4)(b) = (py oz)(b @1 @ 1) = v(). 
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Finally, clearly 
pokp=ponok=yok= Xs- 


Thus property (2) is established and the proof of Theorem VIII is 
complete. 


Q.E.D. 


9.16. Classification theorem. We shall say that an operation (F, zp, 
6x, R, dp) is cohomologically related to an operation (E, is, 6g, S, bg) if 
there is a homomorphism of operations y: R— S, which induces an 
isomorphism 

Pano: H(Ro-0) = (So). 


In this case we write 


(E, tr, 6p, R, dbp) ae ({E, Ts, 65, S, 6s). 


Two operations will be called cohomologically equivalent (c-equivalent) 
if they are equivalent under the equivalence generated by the above 
relation. 

Now let (E, ip, 0n, R, 6x) be a regular operation and let %, be an 
algebraic connection. Then a (Pz, 4)-algebra (Rj~o,920, O23 Tr) is de- 
termined, where tp = (%z),,e20 ° T and 7 is the transgression in W(E)o_o 
fixed at the start of this article. The associated P,-algebra is given by 
(H(Rj-0,0-0); 4$.° 7). By Theorem V, sec. 8.20, this Py-algebra is in- 
dependent of the algebraic connection. 

It follows that the c-equivalence class of the (Pz, 6)-algebra (R;~o 6-05 
6p3 Tr) is independent of the algebraic connection (cf. the corollary to 
Proposition XI, sec. 3.29). Hence, to every regular operation corresponds 
a well-defined c-equivalence class of (Pz, 6)-algebras. 


Lemma IV: Suppose (E, iz, 9p, R, 6g) and (E,1s, 65,5, 4s) are 
c-equivalent regular operations. Then the corresponding (Pz, 4)-algebras 
are c-equivalent. 


Proof: It is sufficient to consider the case that there is a homomor- 
phism of operations y: RS, such that g#. is an isomorphism. It 
follows that (cf. Theorem III, sec. 9.8) 


Pi=0,0=0' H(R;-0,0=0) ae H(S;~0,6-0) 


is an isomorphism. 
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Moreover, by Corollary II to Theorem V, sec. 8.20, 
Pix0,0-0 otR = Pix0, 0-0 ° hh ot= Kotr= tz 
Now we can apply Proposition XI, sec. 3.29, to obtain 


(Ri-0,0-05 dp; Tr) pnd (Sj-0,e=09 bs; Ts): 


Q.E.D. 
In view of Lemma IV, there is a set map: 
: Tene classes sg - Vo ee classes of oer! 
’ |regular operations (Pz, 6)-algebras , 


Theorem IX (Classification): With the notation above, a is a bi- 
jection. 


Proof: Theorem VIII, sec. 9.12, shows that a is surjective. To show 
that a is injective, let (E, tz, 4g, R, dp) and (E, ts, 4s, S, ds) be regular 
operations with algebraic connections Xp and %;. Assume that the cor- 
responding (Px, 6)-algebras, (Ri-o,e-0, 6x3 TR) aNd (Sj20,020) 5g} Ts), are 
c-equivalent. We must show that the two operations are c-equivalent. 

By hypothesis there are (Pz, 6)-algebras (B;, 6;3t;) j= 1,...,q 
such that 


(1) (B,, 61; T) = (Ri~0,em0) op; Tr) (B,,; 543 Tq) = (Sje0,cn05 bs; Ts) 
and 


(2) For each j (1 <j <q —1) either 
(B;, 45; t;) mae (Bisrs Oj4ns Tier) OF (Byyrs Oj4a5 Ty 41) a (B;, 4;; t;). 


Now according to Theorem VIII, sec. 9.12, there are regular operations 
(E,i;,6;, T;, d;), and algebraic connections %; such that 


(B;, 55, t3) = ((Z5)i-0,0-01 455 (45),,0-0 ° T)- 
Since it is sufficient to prove that 
(E, tr, On, R, dp) y (E, 1, 91, Ti, d,) y ++ > (Ey tq, 8, Ty, dy) 
vy (E, ts, 95, S, ds), 
we need only consider the case 


(Rin0,6<05 Op; Tr) ee (Sj0,0-05 bs} Tg) 
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Thus we may assume that there is a homomorphism, : (Rj-0,0-0, 5) 
— (Sj-0,e-0, Os), such that yor, = tg, and such that y* is an iso- 
morphism. 

Let (E, i, 6, R, 5) be the operation constructed in sec. 9.13 from the 
(Pg, 5)-algebra (Rj20,0-05 523 Tn). Since ty = (4p), 9-0°T, property (2) 
in Theorem VIII, sec. 9.12 (applied with y = 1) yields a homomorphism 
of operations 


gp: (E, i, 6, R, 5) > (E, in, On, R, Op); 


such that q;29,9¢-0 is an isomorphism. 
Hence, ¢f.o,9-9 is an isomorphism. Now Theorem III, sec. 9.8, implies 
that gj) is an isomorphism; 1.e., these two operations are c-equivalent. 
Finally, an analogous argument yields a homomorphism of operations 


g: (E, i, 6, R, 4) > (E, is, 05, S, 4s) 


(induced from y) such that ¢i) is an isomorphism. Thus these two 
operations are also c-equivalent. It follows that 


(E, tr, Oz, R, Op) on (E, tg, Os, S, bs). 
Q.E.D. 


§6. Principal bundles 


9.17. The structure of H(P). Let & = (P,2,B,G) be a smooth 
principal bundle whose structure group G is compact and connected. 
Denote the Lie algebra of G by E. Since G is connected, we have (VE*), 
= (VE*)g_0. 

Let V be a principal connection in.#. Recall from sec. 6.19, volume 
II, and sec. 8.26 that the curvature form of the connection can be used 
to construct a homomorphism yg: (VE*), > Z(B), such that y# = he, 
where hg denotes the Weil homomorphism for #. Let t: Pg > (VE*) 929 
be a fixed transgression in W(E) 9... Consider the (Py, 6)-algebra 
(A(B), 6; tg) given by 


TR = YROT,; 


and let (A(B) ® APz,V) denote the corresponding Koszul complex. 


Theorem X: Let .Y = (P,2, B,G) be a smooth principal bundle 
whose structure group G is compact and connected. Let (A(B) © APz, 
V) be the Koszul complex constructed above via a principal connection. 
Then there is a homomorphism of graded differential algebras 


B: (A(B) © APzg, V) > (A(P), 6) 
such that 


(1) 8*: H(A(B) ® APz) > H(P) is an isomorphism. 
(2) If B is connected, the diagram 


VP ge. H(B) —"— H(A(B) @ AP, V) ——» APg 

ley ak =| oe alee (9.17) 
(VE*), is A(B) = H(P) H(G) 
commutes. 


Remark: See sec. 8.27 for the lower sequence in (9,17). 
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Proof: Let % be the algebraic connection for the operation (£, i, 6, 
A(P), 6) obtained by dualizing the connection form w (cf. sec. 8.22). 
Then according to formula (8.20), sec. 8.26, y; = (%,)o20, Whence 


u* OTe = UW OYROT = Yl OT = Tap). 


It follows that 2*: A(B)—+ A(P)j.0,5-0 May be considered as an 
isomorphism of (Pz, 6)-algebras. Thus we obtain an isomorphism of 
Koszul complexes 


(A(B) © APz, V) ——+ (A(P)in0,0-0 @ APs Vacr>)- 


On the other hand, the Chevalley homomorphism 
Bacpy: A(P)i-0,0-0 © APz > A(P)o-0 


(cf. sec. 9.3) induces an isomorphism of cohomology, as follows from 
the fundamental theorem (cf. sec. 9.3). Finally, since G is compact and 
connected, the inclusion 


4: A(P)ya0 + A(P) 
also induces a cohomology isomorphism (cf. Theorem I, sec. 4.3, vol- 


ume II). 
Thus a homomorphism of graded differential algebras 


8: (A(B) @ APs, V) + (A(P), 6), 


is given by ® = Ao By p) o (a* &z), and evidently #* is an isomor- 
phism. 
Finally, the commutativity of diagram (9.17) follows at once from 
diagram (8.22), sec. 8.27, together with Theorem II, sec. 9.7. 
Q.E.D. 


Corollary I: The graded differential algebras (A(P), 5) and 
(A(B) © APz, V) are c-equivalent. 


Corollary II: If (A(B), 6) is c-split, then 


(A(P), 6) y (H(B) © APz, V*). 
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If B is connected, the induced isomorphism of cohomology makes 
the diagram 


A(H(B) @ APz, V*) APg 


H(P) H(G) 


ep 
commute. 


Proof: Apply the corollary to Theorem I], sec. 9.7. 
Q.E.D. 


Corollary MI: If H(B) has finite dimension (in particular if B is 
compact), then H(P) has finite dimension and the Euler characteristic 
of P is zero. 


Proof: Apply the corollary to Proposition V, sec. 3.18. 
Q.E.D. 


Theorem XI: Let # = (P, 2, B, G) be a smooth principal bundle 
with compact connected structure group G. Then the following condi- 
tions are equivalent: 

(1) The Weil homomorphism he: (VE*), — H(B) is m-regular. 

(2) HP) = Rand H?9(P)=0,1<p<m. 


Proof: In view of the commutative diagram (8.22), sec. 8.27 (which 
identifies he with %*) as well as the isomorphism H(A(P),..) = H(P), 
the theorem follows from Theorem IV, sec. 9.8, applied to the operation 
(E, 1, 0, A(P), 8). 

Q.E.D. 


9.18. Fibres noncohomologous to zero. Let.” = (P, 2, B,G) bea 
principal bundle with connected base. G will be called noncohomologous 
to zero in P (n.c.z.) if the fibre projection 


ep: H(P) > H(G) 


is surjective (cf. sec. 8.27). 
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Theorem XII: Let # = (P,2, B, G) be a principal bundle with 
connected base and compact connected structure group G. Then the 
following conditions are equivalent: 

(1) ep is surjective. 


(2) There is an isomorphism of graded algebras 
H(B) @ H(G) = H(P) 
which makes the diagram 


H(B) @ H(G) 


H(B) as H(G) (9.18) 


H(P) 

commute. 

(3) There is a linear isomorphism of graded vector spaces 
H(B) ® H(G) = H(P) which makes the diagram (9.18) commute. 

(4) 2* is injective. 

(5) The Weil homomorphism is trivial: ho = 0. 

(6) There is a c-equivalence (A(BxG), 6) ~ (A(P), 6) such that 
the induced isomorphism of cohomology makes the diagram (9.18) 
commute. 


Moreover, if H(B) has finite dimension, then these conditions are 
equivalent to 


dim H(P) = dim H(B) - dim H(G). 


Proof: In view of Theorem X, sec. 9.17, the theorem is a direct 
translation of Theorem VII, sec. 3.17, and the corollary to Proposition V, 
sec. 3.18. 

Q.E.D. 


9.19. Homomorphisms. Theorem XIII: Let g: (P, 2, B, G) > 
(P, i, B, G) be a homomorphism of principal bundles with compact 


394 IX. Cohomology of Operations and Principal Bundles 


connected structure group G, and let gj: B > B denote the induced 
map between base manifolds. Then the homomorphisms # and @ of 
Theorem X, sec. 9.17, can be chosen so that the diagram 


A(B) ® AP 2" A(B) @ APs 
' : 
A(P) ~~ A(P) 


commutes. 
In particular, 


B* 0 (gf @1)* = pt oF*, 


Proof: Since gy is a homomorphism of principal bundles, it is equi- 
variant with respect to the principal actions of G. It follows that the fun- 
damental vector fields Z, on P and Z, on P are g-related (cf. sec. 3.9, 
volume II). This implies that p*: A(P)<— A(P) is a homomorphism of 
operations (cf. sec. 3.14, volume II). 

Moreover, since %° = yg ox, we obtain the commutative diagram 


7F-0,0=0 


A(P);0,0=0 A(P);-0,e-0 
A(B) oe A(B). 


The theorem follows now from sec. 9.6. 
Q.E.D. 


Corollary: The homomorphism y*: H(P)< HA(P) is m-regular if 
and only if the homomorphism y$: H(B) <— H(B) is m-regular. 


Proof: Apply Theorem I, sec. 3.10. 
Q.E.D. 


9.20. The fibre integral. Let. = (P, x, B, G) be an oriented prin- 
cipal bundle with compact connected fibre. In Proposition IV, sec. 6.5, 
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volume II, we obtained the commutative diagram 


A,(P) inclusion A (P) 
i : (9.19) 
A;(P) ——— A(B), 


n*® 


where fq denotes the fibre integral. Here «ee A"E (n = dim E) is de- 
termined by <A(e), > = 1, where 4 is the unique invariant m-form on G 
satisfying fg J = 1. Further, w is the involution given by 


o(®) = (—1)"@, De Ar(P). 


Next, recall from sec. 3.2 that (e) is also an operator in A(B) ® APx. 
Moreover, since « is of degree m, we may regard i(e) as a linear map, 
homogeneous of degree —n, from A(B) @ AP, to A(B): 


i(e)(V @ ©) = (—17"<B, 2), DeAPy, We Ar(B). 


In particular, i(e)(Y © ©) = 0 if deg ® <n. It follows from sec. 3.2 
that i(e) induces an operator, 


i(e)*: H(A(B) @ APg) > H(B). 


We show now that this operator is related to the fibre integral by the 
commutative diagram 
H(A(B) © APz) 


— 


H(B) 


IR 


i 
H(P) 
where #* is the isomorphism of Theorem X, sec. 9.17. 


In fact, recall that @ = Ao Hyp) o (a* &e), where Fy,p) is the Che- 
valley homomorphism determined by an algebraic connection %. Thus, 
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in view of the commutative diagram (9.19), it is sufficient to show that 
the diagram 


o 
A(P);~0,0-0 © APz —+ A(P)on0 


A(P);~0,6-0 


ile) 


A;(P) 


commutes. 
Use the algebraic connection to write 


A(P)ou0 = (A(P) 20 © AE*)o-0- 
Then Theorem I, (3), sec. 9.3, implies that for @ € (APz)# 
bap)(1 © ®) — 1 © Ge F'(AX(P)o_0). 
Now 
F'(A"P)o-0) < (A*(P)ino @ AE*)in0 € >» (A(P)i-0 ® NE*)on0, 
and so 
i(e)4(p)(1 © ) = 1 @t(e)®@= <@, ©, @®e AP,. 


Finally, let z € A?(P);29,9-9 and ®e APg. Then dP, p)(z) = z and 
so formula (7.9), sec. 7.3, yields 


1(e)B4¢p)(z © ®) = (—1)P"z - t(e)P4cp,(1 © D) 
= (—1)"<G, e>z = 1(e)(z @ ®). 


This completes the proof. 
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9.21. Principal SO(2m)-bundles. Let E denote the Lie algebra of 
the Lie group SO(2m) (cf. Example 3, sec. 2.5, volume II). Then (cf. 
Theorem VII, sec. 6.23), 


(VE*)o_0 = V(us, Ug, +605 Ugn—ay Van) 


where 


=!) piso Aa 
uy = (Zany Cy and Vom = (2n)" Pf. 
(Note that the subscripts of the u; and wv,,, denote the degrees.) 
It follows (cf. Theorem II, sec. 6.14) that the elements x,;_, = ox(u4;); 
jul, ...,m—1, and Yon = Qg(Vam) are a basis of Pz; whence 


(AE*)o20 = APz = A(xs, My sey Wae5 5 Vou) 
In particular, a transgression t: Py > (VE*),_, is defined by 
T(X4j—-1) = Way and T(Yom—1) = Vem: 


Now let # = (P, 2, B, SO(2m)) be a principal bundle, and form the 
associated oriented Riemannian bundle € = (P X goiemy R?™, 1, B, R?”). 
In sec. 9.4 and sec. 9.13 of volume II we defined the Pontrjagin classes 
and the Pfaffian class of & by 


Dj(&) = Re(uaj) € HB), j=l,...,m, 


and 


pf(S) = Re(Yam) € H?™(B). 


(Rk; is the characteristic homomorphism for £.) 

Further, according to Proposition IX, sec. 9.12, volume II, pf(&)? 
= (—1)™9,,(6). On the other hand, the Gauss—-Bonnet-Chern theorem 
(sec. 10.1, volume IL) asserts that pf() coincides with the Euler class %; 
of the associated sphere bundle. 

Now let ©,, ©, ..., D,,,-,, and ¥W,,, be any closed forms on B 
representing p,(¢), ..., Pm—1(&) and pf(é). Let (A(B) ® APz,V) be 
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the Koszul complex of the (Pz, 4)-algebra (A(B), 6; o) given by 
O(%j-1) = Oy, j=il,...,m—1, and O(Von—1) = Lom- 
Proposition VI: There is a homomorphism of graded differential 

algebras 


8: (A(B) @ APz, V) > (A(P), 6) 


such that #* is an isomorphism, and the diagram 


H(A(B) @ AP) APy 
A(B) = | oF = | &socam) 


H(P) H(SO(2m)) 


ep 
commutes. 


Proof: Consider the (Pz, 6)-algebra (A(B), 6; tg) of sec. 9.17. Since 
(by Theorem VII, sec. 8.24, volume II) k, = he, we have 


O* (45-1) = Pi(E) = halty;) = he o t(%y-1) = TH(%aj-1), 
j=l1,...,m—1. 


Similarly o*(Yom-1) = TH(Yem-1), and so o* = TH. 
Now combine Theorem X, sec. 9.17, with Proposition X, sec. 3.27, 
to achieve the proof. 
Q.E.D. 


9,22. Principal SO(2m + 1)-bundles. Let EF denote the Lie algebra 
of SO(2m + 1) (cf. Example 3, sec. 2.5, volume II, and sec. 6.21). 
Then (cf. Theorem VI, sec. 6.23) 


(VE*)oW0 = V(t, Ug, sy Usm)s 


where u,; = ((—1)*/(22)*)C$?. 
It follows (cf. sec. 6.14) that the elements x4;_1 = ox(u4j) (f= 1,..-, 
m) are a basis of Pz; whence 


(AE*)o..0 = AP; = (43, Xp y sees Xam—1): 
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Thus a transgression +: Py > (VE*),_, is given by 
T(X4j-1) = Uy j=1, see M, 


Suppose now that # = (P, 2, B, SO(2m + 1)) is a principal bundle 
with associated vector bundle & = (P X goimii1y) R?™1, a, B, R?™*). 
Let ®,,..., D,, be closed forms on B representing the Pontrjagin 
classes p,(&). Let (A(B) ® APz,V) be the Koszul complex of the 
(Pz, 6)-algebra (A(B), 6; 0), where o(x,;_1) = ®,;. Then the argument 
of the preceding section also establishes 


Proposition VII: There is a homomorphism 
8: (A(B) @ APs, V) + (A(P), 8) 


of graded differential algebras, such that #* is an isomorphism, and the 
diagram 


H(A(B) © APz) APx 
A(B) 4 = | oF = | 2s0(2m41) 
H(P) —— H(SO(2m + 1)) 


commutes. 


9.23. Principal U(m)-bundles. Let E be the Lie algebra of the unitary 
group U(m). Then (cf. Theorem IX, sec. 6.27) 


(VE*)5~0 = V(ue, Ug, Ug, +25 Uom)s 


where u,; = (—1/2n)'CP?. 
It follows that the elements x.; , = @z(u.;) (7 =1,...,m) are a 
basis of Pz; whence 


(AE* Jong = APg = AC 15 X55 X59 ++ » Sami): 
In particular, a transgression t: Pg > (VE*)gao is given by 


T(Xyj-1) = Ua3, j=l,...,m. 
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Now consider a principal bundle Y = (P, 2, B, U(m)) with associated 
complex vector bundle & = (P X yin) C™, m%, B, C™). In sec. 9.18, 
volume II, we defined the Chern classes of & by 


e(€)=2(C)), g=l,...,m, 


where J, is the modified characteristic homomorphism for &. In view of 
sec. 9.16, volume II, 


c;(€) = mz (to;); j = 1, eee y M, 


where m, is the characteristic homomorphism for &, regarded as a bundle 
with Hermitian inner product. 

Let ©, D,, ..., Dy, be closed forms on B representing c,(&), ..., 
Cm(&), and consider the (Pz, 6)-algebra (A(B), 6; 0), where o is given by 


O(Xo3-1) = ®,;, j=l,...,m. 
Then 


O* (951) = my(u2;) = ha(us;) 


(cf. Theorem VII, sec. 8.24, volume IT). Thus, exactly as in sec. 9.21, 
we have 


Proposition VIII: Let (A(B) ® APz, V) be the Koszul complex for 
(A(B), 6; 0). Then there is a homomorphism of graded differential 
algebras 

8: (A(B) ® MPx, V) > (A(P), 8) 


such that #* is an isomorphism, and the diagram 


H(A(B) © APs) APz 
HA(B) 4 = | 6* =| 2m) 
H(P) = H(U(m)) 


commutes. 
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9.24. Manifolds with vanishing Pontrjagin classes. Let B be an 
oriented connected Riemannian n-manifold, and let. 7” = (P, x, B, SO(n)) 
be the frame bundle associated with the tangent bundle tz of B (cf. 
Example 3, sec. 8.20, volume II). We shall compute the cohomology 
algebra of P in the case that all the Pontrjagin classes of the tangent 
bundle vanish (examples are given below). 

First notice that if B is compact and even dimensional, then the Euler 
class X,, of tg is given by 


Aen = Xp - MB, 


where wp is the orientation class of B, and %g is the Euler—Poincaré 
characteristic (cf. Theorem I, sec. 10.1, volume I). If B is not compact, 
then H"(B) = 0 (cf. Proposition IX, sec. 5.15, volume I). Hence 
X,, = 0 in this case. 

Now consider the following three cases. 


Case I: n= 2m-+1. Apply Proposition VII, sec. 9.22. Since p;,(t,) 
= 0 for all k, we may choose ®,; = 0,7 = 1,...,m. Thus V = 6 ®t 
and 


H(P) = H(A(B) © APg, 6 © +) = A(B) ® AP; = A(B) © H(SO(n)). 
In particular, SO(7) is n.c.z. in P. 
Case II: n = 2m, and either Bis not compact or X, = 0. In this case 
X,, = 0 and Proposition VI, sec. 9.21, gives 
H(P) = H(B) © H(SO(n)). 


In particular, SO(n) is n.c.z. in P. 


Case III: == 2m, B is compact, and X,340. Apply Proposition VI, 
sec. 9.21. Since the Pontrjagin classes vanish we may choose ®,; = 0 
(j=1,...,m—1). For ¥%,, we may choose any n-form satisfying 
Je %, = %,. Thus the Koszul complex of Proposition VI has the form 


{(A(B) ey) Nyom—1) © A(xs, teey Xam—s)s V 3) u}, 


where 


V(® @1+ ¥ @yem-1) = 60 @1+  Oymat MaV@l, 
@, Ve A(B). 
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Now apply sec. 3.6 to obtain a linear isomorphism 
H(A(B) © am) = H(A(B) © Nan—1 V*)s 


where V#(a © 1+ 8B © yom-1) = p+ 8 © 1. It follows (since wg has 
top degree in H(B)) that 

ker V* = (H(B) @ 1) © (H*(B) @ Yam) 
and 


Im 7* = HX(B) @1. 


Thus we obtain linear isomorphisms of graded spaces 


H(A(B) @ Ayam-1) =p) HB) ® HB) ® Yona 
and 


H(P) = (5 HA(B) ® ¥ HB) @ yom-1) © Notas Hy ++ Hames) 


In particular, the Poincaré polynomials for H(P) and H(B) are related by 


m—1 
fay) = (lL + °°" ") fay — 0 — 0") - I (1 + ¢-*), 
j= 
Examples: 1. Suppose B admits a linear connection with decom- 
posable curvature. Then the Pontrjagin classes of B vanish (cf. sec. 9.8, 
volume IT.) 


2. If for some r, tg © e7 = e*+7 (4% is the trivial bundle of rank q 
over B), then the Pontrjagin classes of B vanish (cf. sec. 9.4, volume IT). 


3. If B can be immersed into R™+1 (n = dim B), then tg @ ¢ = e™*} 
and so the Pontrjagin classes are zero. 


4. Let B= G/S, where S is a torus in a compact connected Lie 
group G. Then the Pontrjagin classes of B vanish. The Euler class 
vanishes if and only if the torus S is not maximal (cf. sec. 5.12, volume IT). 


9.25. The frame bundle of CP” Recall from Example 3, sec. 5.14, 
volume II, that CP” is the manifold of complex lines in C"+, and is 
diffeomorphic to the homogeneous space U(n + 1)/(U(1) x U(n)). More- 
over, if « € H*(CP”) is the Euler class of the canonical complex line 
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bundle &, then the elements 1, a, a, ..., a" are a basis of H(CP”) (cf. 
sec. 6.24, volume II). In particular, a” is an orientation class for CP”. 

Next observe that (A(CP”), 5) is c-split. Indeed, if @ € A?(CP") is a 
closed form representing a, then a homomorphism A: (H(CP"), 0) > 
(A(CP*), 6) is defined by 


A(a?) = @?, 1l<p<na. 
Clearly 24# = 1 and so 4 is a c-splitting. 
A second graded differential algebra, c-equivalent to (A(CP"), 6), is 
given as follows: Let (a) and (z,,,,) be one-dimensional graded vector 


spaces generated by vectors a and 2,,,, of degrees 2 and 2m + 1, respec- 
tively. Consider the Koszul complex (V(a) & A(%eni1), V) defined by 


Via@®1)=0 and Vl @ &ean41) = a4! @ 1. 
Then a homomorphism of graded differential algebras 
p: (V(4) @ A@an+1), V) > (A(CP"), 0) 
is defined by 
gia®l)=a and — (1 © Fan41) = 0. 


Evidently, g* is an isomorphism. 
To determine the Pontrjagin classes of CP” observe that 


EF QD--- OBE* = typn PDE (e = CP*xC) 
—— 


n+1 factors 


as follows easily from sec. 5.16, volume II. Proposition XIII, sec. 9.20, 
volume II, implies that the total Chern class of & is simply 1 + a. Now 
it follows from Example 3, sec. 9.17, and Example 3, sec. 9.20, both of 
volume II, that 


p(CP") = cE @ --- © &)- c(E*@--- ® &) 
=(1+ a)(1 = a)ett =(1— a? )r+}, 

Thus 
p(CP*) = (-1(" : * a, Re: 


Finally, the Euler class of CP" is given by 
X= (n+ 1)e". 
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Next, consider the orthonormal tangent frame bundle # = (P,z, 
CP", SO(2n)) over CP", and assume n > 2. 


Proposition IX: (1) The graded differential algebra (A(P), 5) is 
c-split. 
(2) There is an isomorphism of graded algebras 


H(P) = A © A(2an41> v7» Mita secs X1n—b» Ven—1)» 


where 241, X;) Yon_1 are homogeneous vectors of degrees 2m + 1, i, and 
2n — 1, and A is the truncated polynomial algebra V(a)/(a*). (Thus 
A = H(CP') = H(S?).) 

(3) The Poincaré polynomial of H(P) is 


(1 +. #)(1 + 2241)(1 + pea) TI (1 + t4P-1), 
p=2 
and dim H(P) = 2"+1, 


Proof: Denote Sk(2n) by E and H(CP") by S. Then a Pg-algebra 
(S; 0) is defined by 
o(X4-1) = p,(CP"), 1<k<n—1, and o(Ven-1) = %. 
It is the associated Pz-algebra of the (Pz, 5)-algebra defined in sec. 9.21 
(with B == CP"). 
Thus, since (A(CP*), 6) is c-split, the example in sec. 3.29 shows 
that the Koszul complex (S @ APz,V,) is c-equivalent to the Koszul 


complex (A(CP") © AP, , V) of sec. 9.21. Combining this with Proposi- 
tion VI, sec. 9.21, we obtain 


(A(P), 6) ~ (S @ APz, V,). (9.20) 
Next observe that, since n > 2, 
O(Xsp-1) € St + o(xs), p > 2, and 5(Von-1) € St + a(x). 


Since o(x,) 40, Proposition IV, sec. 2.13, shows that the Samelson 
space for (S;) is spanned by %,, 443, ...5Xsn-5>Ven-1- Hence the 
reduction theorem of sec. 2.15 yields the relation 


(S ® APx, V,) Ws (S ® A(x), V,) ® (A(x, ease -g Xan—5> Yan—1) 0). (9.21) 
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Now consider the graded space P = (z,,,,%3), and the P-algebra 
(V(a); t) defined by 


(x3) = —(n+ 1a, (2,41) = a", 


Its Koszul complex (V(a) ® A(22n41, %3), Z%) is also the Koszul complex 
of the ((x3), 6)-algebra, (V(a) © A(2an41), V; @), where @ is given by 
f(xs) = —(n + 1) @1. 

But the homomorphism g: V(a) © A(2en41) —> S defined above satisfies 
y(tx,) = o(x3). Hence 


v= P Oe: (V(a) © Aans1s #3), Ke) > (S @ Alas); Vo) 


is a homomorphism of graded differential algebras. Moreover, because 
y* is an isomorphism so is y* (cf. Theorem I, sec. 3.10). It follows that 


(S ® A(x); V,) nae (V(a) &) A(Zen+1 , x3); V,). (9.22) 


Finally the reduction theorem of sec. 2.15, applied to the Koszul 
complex on the right-hand side of (9.22) yields 


(V(a) @ A(Bens1» ¥3)) Vz) > (V(a) © A(%s) Ve) © (Zanzi), 0). (9.23) 


Moreover a c-equivalence from (V(a) ® A(x), V,) to (A, 0) is given by 
at>a, x3+>0. Thus formulae (9.20), (9.21), (9.22), and (9.23) give 


(A(P), 6) oe (A © A(Bent1s X75 ha ao X4an—5 Yon-1)s 0). 


The proposition follows, 


Q.E.D. 


9.26. The frame bundle of CP” x CP”. In this section we compute 
H(P), where # = (P,2, CP"x CP”, SO(2n + 2m)) is the bundle of 
(positive) orthonormal tangent frames of CP" x CP™. 

Let « € H?(CP") and § € H?(CP™) be the canonical generators (as 
in sec. 9.25). Then the Kiinneth theorem (sec. 5.20, volume I) yields 


H(CP"x CP™) = H(CP") @ H(CP™) = (1, a, ..., a") @(1, B, ..., 8”). 


In particular, (A(CP*x CP”), 5) is c-split. 
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Next, note that Proposition II, (2), sec. 9.4, volume II, together with 
sec. 9.25 shows that the total Pontrjagin class of CP" x CP™ is given by 
p(CP"x CP”) = (1 — a?)"4(1 — py, 
whence 


pi(CP"x CP™) = (—1) : ae + ne + “asp, 


(Observe that the zth term in this sum is zero unless k— m—1 <7 
<n-+ 1.) As in sec. 9.25, the Euler class is given by 


X= (n+ 1)(m + 1)0rB. 


We assume throughout that » > 2 and m > 2. 
Denote Sk(2n + 2m) by E (cf. sec. 9.21) and denote H(CP"x CP™) 
simply by S. Define a Pg-algebra (.S; ¢) by 


O(Xsp-1) = p(CP"*x CP"), k= 1,...,n-+m—1 


and 
O(Vent2m—1) = %. 


Then, exactly as in sec. 9.25, we have 
(A(P), 8) ~~ (S @ APs, V,). (9.24) 
Next observe (as follows from the formulae above for p, and 7%) that 


o(sts) = —(n + 1)a® — (m + 1)6" 
and 
a(n) = — EE EDIE Tp + ofa) £ (some Le St) 


Thus since m > 2 and 2 > 2, o(Vontem-1) and o(x,-1) (k > 3) are 
in the ideal S+ - o(Pg). (Note that if n = m = 2, then at = ft = 0.) 
Thus we can apply the simplification theorem of sec. 2.16 as follows: 


Set 
y(%s) = —(n + 1a? — (m+ 138, v(m) = 


and 


_ (mtn+2)(m+ 1) gs 
2(n + 1) 


V(Yentem-1) = 0 = y(Xax-1); k>3., 
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Then 
(S @ APz,V,) red (S ® AP, V,) 
=(S® (x35 X7), V,) 
& (A(x +++ Xantam—s> Vont+om—1)> 0). (9.25) 


Now let (a, b) be a two-dimensional space with basis a, b, both homo- 
geneous of degree 2. Let P be the four-dimensional graded space 
(%35 %7, Zan41» Wem41) (subscripts still denote degrees). Consider the 
P-algebra (V(a, 5); t), where 


w(%9) = —(n + Ia — (m+ 1A, a) = 
€ (Sasa) = a, and t(Wamii) = b"+, 
Define a homomorphism of graded differential algebras 
yp (V(a, b) @ Alas, 75 Fanti Vamsi)» Ve) > (S @ A(%a, #7), Y,) 
by 
via) =a, wB)=B, les) =H, vb) = GD, 


and 
Y(Zens1) = 0 = Y(Wem+1): 


It follows exactly as in sec. 9.25 that y* is an isomorphism, whence 
(S @ A(xa, x7); V,) a (V(a, b) © A(x, X75 Zent1» Wamsi),V,). (9-26) 
Now we distinguish three cases: 


Case I: n>3 andm>3. Set 


Sent» n>3 ee , m> 3 


feo, — ("Fy ee and  ®ems1 = 
z = 
4 


W,— Xz, m= 3. 


Then the Samelson subspace for (V(a, 5); t) is given by P = (82,4, Bom41)- 
Thus the reduction theorem yields 
(V(a, b) ® (xs » X75 Zon41>» Wem41)» V,) 
See (V(a, b) 9) (x5 ? Xp); V,) ® (A(Ben+1 ’ Wam+1)s 0). (9.27) 
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Moreover, it follows from (9.26) and (9.27) that H(V(a, b) © A(xs, *7)) 
has finite dimension. Now the corollary to Theorem VIII, sec. 2.19 
(1) = 5)) implies that 


H,(V(a, b) @ A(xg, *,)) = 0. (9.28) 


Finally, let J < V(a, 6) be the ideal generated by (z+ 1)a? + (m+1)0? 
and b‘. Define a homomorphism 


p: (V(a, b) © A(x, #2), Ve) > (V(q, 5)/Z, 9) 


by 
p(a)=4, (b)= 5, — p(%3) = 0 = o(x). 


In view of (9.28) it is easy to see that y* is an isomorphism. Thus 


(V(a, 6) @ Alas %2),V) > (V(a, 6)/J, 0). (9.29) 


Proposition X: If n > 3 and m > 3, then (A(P), 5) is c-split, and 
H(P) = V(q, b)/T @ (erry +++ > ¥4n+4m—5 Von+2m—1» Fans1> Bam) 
(as graded algebras). The Poincaré polynomial for H(P) is 
LF Ay + end + emma + amen + amey "TT (+ em, 
and dim H(P) = 27+™+8, 


Proof: The first part of the proposition follows from the c-equiv- 
alences (9.24), (9.25), (9.26), (9.27), and (9.29). The second part fol- 
lows from sec. 2.20 (formula (2.16)) applied to the Koszul complex 


(V(a, b) ® A(%s, #7), ). 
Q.E.D. 


Case HI: n=2 and m>3. In this case the Samelson subspace 
for (V(a, b); rt) is given by P = (x,, Womii). Let J < V(a,b) be the 
ideal generated by 3a? + (m- 1)b? and a*. Then the same argument 
as given in Case I establishes 


Proposition XI: If m= 2 and m > 3, then (A(P), 6) is c-split and 


H(P) = V(a, 6) J @ A(¥2, X11 ++ 5 Hames: Vames» W241) 
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The Poincaré polynomial of H(P) is 
m+t 
(1 + #)(1 + # + #4) + 28™48)(1 + m1) il (1 + #4-1), 
j=8 
and dim H(P) = 3 - 2™+8, 


Case II: n= 2 andm=2. Let Py = (x3, %7, X11, Y7, 25, 5) and 
define 1,: P; > V(a, b) by 


(x3) = —3(a? + 3), T(X_) = b! 
t1(%11) = T1(y2) = 0 


and 
(253) = a, T,(w;) = B, 


Then it follows from (9.24), (9.25), and (9.26) that 


(A(P), 4) ~ (V(a, b) @ AP, 7). 


On the other hand, the Samelson subspace P, for (V(a, 5); 71) is given 
by P, = (x7, ¥7, %11). Hence 
dim P, < dim P, — dim(a, b). 


Thus Theorem XI, sec. 3.30, shows that (V(a, b) © AP,,V,,) is not 
c-split. It follows that (A(P), 6) is not c-split. 

To compute H(P) it is easiest to use (cf. equation (9.25)) the Koszul 
complex (S ® A(x, *;),V,). In this case 


7(x2) = —3f* = 0, 
and so the reduction theorem gives 
H(S © A(x, %7)) = ACS @& A(x3)) © A(x). 
Thus formulae (9.24) and (9.25) imply that 
A(P) = H(S ® A(*s), Vy) © A(X» X11» V2) 


(as graded algebras). 
A simple calculation shows that the cocycles 


1@l, ¢@1, 6@1, of Ol, &#@l 
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and 
a8 © xs, (a? —~ B?)@ x3, @BSx, af © xs, a8? (% xs 


represent a basis for H(S ® A(xs)). 
We have thus established 


Proposition XII: If n = m = 2, then (A(P), 6) is not c-split. The 
Poincaré polynomial of H(P) is 


(1 + 2 + Qe + 207 4+ 20 + YC + PCL + HY), 
and dim H(P) = 80. 


Chapter X 


Subalgebras 


§1. Operation of a subalgebra 


10.1. Lie algebra pairs. A Lie algebra pair (E, F) consists of two 
Lie algebras F, F and an injective homomorphism 7: F — E. We shall 
identify F with its image j(F) and consider F as a subalgebra of E. 
Recall from sec. 4.4 that a subalgebra F of a Lie algebra E is called re- 
ductive in E if the adjoint representation of F in E is semisimple. In this 
case the induced representations of F in AE*, VE*, and W(E) are semi- 
simple (cf. Theorem LII, sec. 4.4). 

A Lie algebra pair (E, F) will be called a reductive pair if E is reductive 
and F is reductive in E. 

Let (E, F) be a Lie algebra pair. Then the inclusion map 7: F + E 
induces a homomorphism of graded algebras 


ph: AF* <— AE*. 


The kernel of 7” is the ideal Jp1 generated by the orthogonal complement 
Fi of F in E*. 
Since j is a homomorphism of Lie algebras, j* restricts to a homo- 
morphism 
Jo=0: (AF*)o-0 <— (AE*)o20 


(cf. sec. 5.6). Moreover, j* o dg = dp 07’; i.e., 7 is a homomorphism of 
differential algebras. Hence it induces a homomorphism of cohomology 
algebras 

jt: H*(F) — H*(E), 


and the diagram 


(AF*)o29 2 (NE*)o-0 
H*(F) ~—— H*(E) 


commutes. 
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If E(respectively, F) is reductive, then the appropriate vertical arrow 
in the diagram above is an isomorphism (cf. Theorem I, sec. 5.12). 
If both E and F are reductive, then jj.) = Ajp, where Pg, Pp are the 
primitive subspaces of (AE*)>_5, (AF*)9o (cf. sec. 5.19) and jp: Pz — Pr 
is the restriction of jj.9- 

Finally, 7 induces a homomorphism 


ji: VF* —VE* 
which restricts to a homomorphism 


Joao: (VF * ono <— (VE*)ono- 


10.2, The operation associated with a pair. Let (EF, F) be a Lie 
algebra pair. Then an operation (F, ip, 67, AE*, 52) of F in the graded 
differential algebra (AE*, 5z) is defined (cf. Example 4, sec. 7.4). The 
invariant, horizontal, and basic subalgebras for this operation will be 
denoted (AE*)o,.0, (AE*);:,-0, and (AE*);,,~0,6,-0» respectively. 

We shall abuse notation, and denote the cohomology algebra 


H((AE*)i,~0,0p-0> 52) 


by H(E/F). (Observe that E/F is not equipped with a differential op- 
erator!) 
Consider the inclusions 


k: (AE*);,-0,0p~0 — KE*, é: (AE*);,,-0,6p-0 me (AE*)o,=0 ’ 


and 
t: (AE*)o,-0 > AE*; 


they are all homomorphisms of graded differential algebras. Moreover, 


k =i ce, and so the diagram 
~~ 


H(E/F) 
H((AE*)o,~01 92) =, H*(E) 


e* 


commutes. 
Note that if F is reductive in E, then z* is an isomorphism, as follows 
from Proposition I, sec. 7.3. 
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10.3. Fibre projection. Let (EZ, F) be a Lie algebra pair with F 
reductive. Then (cf. sec. 7.8 and sec. 7.10) the structure homomorphism 


Yup: NE* + AE* © AF*, 
and the fibre projection 
6: H((AE*)o,-0) > (AF*)o~0 
(for the operation (F, 77, 0,, AE*, dg)) are defined. 


On the other hand, let «,: AE* — AE* © AF* be the homomorphism 
extending the linear map a: E* — E* @ F* defined by 


a(a*) = x* DB j*xe*® = x*¥ ©1+ 1 Wyj*x*, x* 6 E*, 
Let 
Jép-0: H((AE*)o,-0) > (AF*)o-0 


be the homomorphism induced by j. 


Proposition I: With the hypotheses and notation above, 


(1) VE/F = @,, and 

(2) 6 = Jén=0- 

Proof: (1) It is immediate from the definition that a, and yz;r 
agree in E*; since they are both homomorphisms, they must coincide. 

(2) Let g: AE* © AF* - AF* be the projection. Then goa, = j*. 
Now Proposition VII, sec. 7.11, yields 

6 = Gin-0 ° (YE/F )ip=0 = Jbp=0- 
Q.E.D. 
Corollary I: The diagram 


(AE*)¢—o 


“A 
ae 


H((AE*)og-0) ——> (AF*)oc0 


i = 


H*(E) H*(F) 


j* 


commutes. 
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Corollary II: If (E, F) is a reductive pair, then the Samelson subspace 
of the operation (F, tp, 9r, AE*, dz) is the image of the mapjp: Pz > Pp. 


Proof: In view of Corollary I and sec. 5.19, we have the commutative 
diagram 
@ 


H((AE*)o,-0) (AF*)o-0 


APx AP». 


Nip 
It follows that 


Pr OImé= Pp N Im Ap = Im jp. 
Q.E.D. 


10.4. The Samelson subspace for a pair. Let (E, F) be a Lie algebra 
pair with E reductive and let Pz be the primitive subspace of (AE*)g 9. 
We shall identify H*(£) with the exterior algebra APg under the canon- 
ical isomorphism x# (cf. sec. 5.18). Then Im k* is a graded subalgebra 
of AP,. 


Definition: The graded subspace P of Px given by 
P= Imk* 7 Py 


is called the Samelson subspace for the pair {E, F). A Samelson complement 
for (E, F) is a graded subspace P< Px such that 


P;=P OP. 


Observe that the Samelson subspace for the pair (E, F) is a subspace 
of Pz while (if F is reductive) the Samelson subspace for the operation 
of F in AE* is a subspace of Pr! 


Theorem I (Samelson): Let (EZ, F) be a Lie algebra pair with E 
reductive. Then the subalgebra Im k* < H*(E) is the exterior algebra 
over the Samelson subspace of the pair (FE, F): 


Im k* = AP. 
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Proof: Fix aé (A?E) _). Formula (5.8), sec. 5.4, implies that 
iz(a)dxz + (—1)?-1dgt2(a) oe 0. 


Hence, 7,(a) induces an operator 7,(a)* in H*(E). 

Moreover, clearly 7,(@) commutes or anticommutes with the operators 
6x(x) and ig(x), xe E. It follows that (AE*);,9,.6,-0 is stable under 
tz(a). Hence 7,(a@) induces an operator 7z/,(@)* in H(E/F). 

By definition, k o7,(a) = ig(a)ok, ae (AE)g-9, and so 


Rk* 0 tg, p(a)* = ig(a)tok*, ae (AE)o.0- 


On the other hand, it follows from Lemma IX, sec. 5.22, that ip(a)* 
= 1p(a), ae P,(E). Hence 


k* 0 ty, p(a)* = ip(a) o k*, aé P,(E) 


and so Im k* is a subalgebra of AP,, stable under the operators ip(a), 
aé P,(E). 
Since P,(£) is dual to Pg, it follows from Proposition I, sec. 0.4 that 


Im k* = A(Im k* 7 Pg) = AP. 
Q.E.D. 


10.5. Algebraic connections. Let (£, F) be a Lie algebra pair and 
consider the associated operation (F, ip, 6-7, AE*, dz). Recall from sec. 
8.1 that an algebraic connection for this operation is a linear map 
%: F* — E* which satisfies the conditions 


(1) ip(y)o X= Xoily), and 
(2) Op(y)o X= X06(y), yeF. 


Let % be an algebraic connection. Then the dual map 
*: ESF 


is a projection onto F, and the kernel of %* is stable under the operators 
adzy, y € F (cf. Example 4, sec. 8.1). Moreover, according to that example, 
the correspondence % +> ker %* is a bijection between algebraic connec- 
tions for the operation, and F-stable complements for F in £. 

In particular, if F is reductive in E, then the operation always admits a 
connection. 
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Proposition II: The curvature % of an algebraic connection % is 
given by 
<ky*, vy A X_> = <y*, [%*x,, X* x2] 4 x* [xy > Xo| »s 
y* € F*¥, x, x, € E. 


In particular, ¥ = 0 if and only if %* is a Lie algebra homomorphism. 


Proof: In fact, 


<Opry*, xp AX) = —<y*, X* (x, ’ X2]> 


and 
<,Ory*, Xp AX) = —<y*, [X*x, ’ x*x,]>. 


Subtracting these relations yields the proposition. 
Q.E.D. 


Corollary I: Let x, € ker %* and x, € E. Then 
Chy*, x \ X2> = —CXy*, [x1, x2]. 
Corollary 1: The dual map %*: A?E — F is given by 
B¥ (x1 AX) = [X¥*x,, X*x_] — X*[x1, x]. 


Corollary II: The operation of F in AE* admits a connection with 
zero curvature if and only if F is complemented by an ideal in E. 


Again, assume % is an algebraic connection. Set ker x* = S. Then the 
scalar product between E* and E restricts to a scalar product between 
F* and S. Since (AE*);,-9 = AF, it follows that the scalar product 
between AE* and AE restricts to a scalar product between (AE*);,., 
and AS. 

The induced (algebra) isomorphism AS* + (AE*),,,-0 is F-linear and 
so restricts to an isomorphism between the invariant subalgebras. Thus 
the algebraic connection determines isomorphisms 


(AE*);,-0 =. As* and (AE*); 0,00 aa (AS*)o,<0° 


Under the first isomorphism the curvature % of % corresponds to the 
linear map 


Ug: F* > A2S* 
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given by 
khsy*, XA Xy> — —<¢Xy*, [%1, Xe), y* E F*, XX E S, 


as follows from Corollary I to Proposition IT. 

Finally let e,, ..., €,, be a basis for F and let e,,,, ..., , be a basis 
for S. Let e*1,...,e*” be the dual basis of E*. Then, according to 
Example 2, sec. 8.9, the curvature is given by 


= 4 Yi mlete) Gale.) 2 


10.6. The cohomology sequence. Let F be a reductive subalgebra 
of a Lie algebra E and assume that the operation (F, ip, 07, AE*, 6;) 
admits an algebraic connection. Then the Weil homomorphism 


&*: (VE*)5_9 > H(E/F) 


is defined (cf. sec. 8.15) and is independent of the choice of connection 
(cf. Theorem V, sec. 8.20). 
The sequence of homomorphisms 


Vv 
I0=0 


(VE*)ono ons (VF*) 99 ~» H(E|F) —> H*(E) 2+ H*(F) 


is called the cohomology sequence for the pair (E, F). If F is reductive in E, 
then 


H*(E) = H((AE*)o,-0); k* = e*, and j*=6 


(cf. sec. 10,2 and sec. 10.3). Thus in this case the last part of the coho- 


mology sequence of the pair coincides with the cohomology sequence 
for the operation of F in (AE*, dz) (cf. sec. 8.21). 


Proposition III: The cohomology sequence of a reductive pair (E, F) 
has the following properties: 

(1) The image of (j$_9)+ generates the kernel of %*. 

(2) The image of (%*)+ is contained in the kernel of k*. 

(3) The image of k* is an exterior algebra over the Samelson subspace 
P and the image of (k*)* is contained in the kernel of j*. 


(4) The image of j* is an exterior algebra over a graded subspace 
of Pp. 


418 X. Subalgebras 


Proof: (1) and (2) are proved in Corollary III to Theorem III, 
sec. 10.8. (3) is proved in Theorem I, sec. 10.4 (the last part of (3) is 
obvious). (4) follows from Corollary I to Theorem ITI, sec. 5.19. 

Q.E.D. 


Remark: In Theorem VII, sec. 10.16, we shall give necessary and 
sufficient conditions for the image of (%*)* to generate the kernel of k*. 
Theorem X, sec. 10.19, contains necessary and sufficient conditions for 
the image of (k*)* to generate the kernel of 7*. 


10.7. The bundle diagram. Let (EF, F) be a Lie algebra pair with F 
reductive in E. Let % be an algebraic connection for the operation of F 
in (AE*, 6g), with curvature homomorphism 


(4 )o-0! (VF*) 5-0 ay (AE*);,-0,67=0 


(cf. sec. 8.15). 
Fix a transgression v: Pp — (VF*)»_ (cf. sec. 6.13) and consider the 
linear map 


Vepp: Pp (AE*);.=0,0p=0 


given by vg;7 = (%,)e-o ° ». Then the triple ((AE*);,-0,0,-0» 5z3 ¥z/F) IS 
the (Pp, 6)-algebra associated with the operation via the connection % 
(cf. sec. 9.3). 

Its Koszul complex will be denoted by ((AE*);,-0,0,-0 © APr, Viyr); 
thus 


V gjr(% © Don +++ 0 By) 
= 672 © Byon--- an, 


: : 
+(—1)t Y (—1)rae(O) 02 @ Pon +++ By +++ 0 Bp, 
zE (A‘E*); =0,0p=05 ®; € Pr. 


The cohomology sequence of this (P,, 6)-algebra (cf. sec. 3.14) will 
be written 


Op py OeIF 


VPp "=", H(E[F) "+ H((AE*)igao,op-0 © APr) APp. 


Next, recall that in sec. 9.3 we defined the Chevalley homomorphism 


B: ((AE*)in-0,0-0 @ APr, Var) > ((AE*)op-0 58) 
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Composing # with the inclusion 7: (AE*),,_, > AE* yields a homo- 
morphism 


On p: ((AE*);,,-0, 0-0 @®APrp, Veyp) > (AE*, dz) 


of graded differential algebras. 


Theorem II: Let (E, F) be a Lie algebra pair with F reductive in E. 
Let #g,p7 be the homomorphism above. Then 

(1) Bf: H((AE*);,~0,07-0 © APr) —> H*(E) is an isomorphism of 
graded algebras. 

(2) The bundle diagram 


VP, 22, H(B[F) 2. H((NE*);,-0,0,-0 @ APp) e+ AP» 

vy | = =e -|s = | xh 
(VE* 0-0 H(E|F) 7 H*(E) H*(F) 
commutes. 


Proof: (1) ‘Theorem I, sec. 9.3, shows that @* is an isomorphism. 
Since F is reductive in E, 7* is an isomorphism. Hence so is 0%/p. 
(2) Apply Theorem II, sec. 9.7, and Proposition I, sec. 10.3. 
Q.E.D. 


Remark: The bundle diagram identifies the last part of the cohomol- 
ogy sequence for (E, F) with the cohomology sequence of the associated 
(Py, 6)-algebra. 
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10.8. The base diagram. Let (E, F) be a reductive Lie algebra pair 
with inclusion 7: F > E. Fix a transgression t: Pg + (VE*)o~o (cf. sec. 
6.13). Define a linear map 


o: Py > (VF*)o-0, 


homogeneous of degree 1, by o =jj.9°t. Then ((VF*) 9; ¢) is a 
Pr-algebra (cf. sec. 2.4). 


Definition: The pair ((VF*)9_9; o) is called the Py-algebra associated 
with the pair (E, F) via t. 


The Koszul complex for this Pz-algebra is given by ((VF*)g.9 © APz, 
V,), where 
BD 


V,(¥ @ By n +++ n Gp) = Y (—1YWv o( Bj) @ Gyn -++ G ++ Dy, 
= We(VF*),5, 8, Pz. 


It is called the Koszul complex for the pair (E, F) determined by t. The 
cohomology sequence for ((VF*) 9; «) (cf. sec. 2.14) will be written 


Oy Ld + 
VPg—» (VF*)oa9 —+ H((VF*)ox9 @ APx) —+ APz. 


Now we state the main theorem of this article, whose proof will be 
given in the next three sections. 


Theorem III: Let (E, F) be a reductive pair and let t be a trans- 
gression in W(E)»_.. Then there is a homomorphism of graded differential 
algebras 


yp: ((VF*)o-9 ® APz, —V.) > ((AE*);.-0,0p—0> bz) 


with the following properties: 


(1) » induces an isomorphism, 
p*: H((VF*)o.9 © APz) > H(E/F) 
of graded algebras. 
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(2) The base diagram 


ov l* o* 


VP (VF*)o20 H((VF*)o-) © AP x) AP 

els ba Nig ~|o* a’ | at 
(VE*)o0 —— (VF*)oa9 + HUF) > HE) 
commutes. 


Remark: ‘Theorem III shows that the base diagram identifies the 
first part of the cohomology sequence of (£, F) with the cohomology 
sequence of the associated Py-algebra (cf. sec. 10.6). 


Corollary I: The Samelson subspace P for the pair (E, F) (cf. 
sec. 10.4) coincides with the Samelson subspace for the P,-algebra 
((VF*)o203 0) (cf. sec. 2.13). 


Corollary II: An element @ ¢ Py is in P if and only if 
Jo-0(tP) € Jo-o(tPz) v V4(F*)o-0- 


Proof: Since o = jj) ° tT, Proposition IV, sec. 2.13, shows that the 
equation above characterizes the Samelson subspace for ((VF*)»_o; ¢). 
Now apply Corollary I. 

Q.E.D. 


Corollary III: (1) The image of (7}.9)* generates the kernel of %*. 
(2) The image of (%*)* is contained in the kernel of k*. 


Proof: Apply Proposition V, sec. 2.14, to ((VF*)o_9; @). 
Q.E.D. 


The homomorphism ¢ of Theorem ITI will be constructed as follows. 
In sec. 10.9 we shall apply the results of sec. 8.17, sec. 8.18 and sec. 8.19 
to the operation of F in AE*, This will yield a graded differential algebra 
((VF* © AE*),,-0, D) and a homomorphism, 


Gy: ((VF* & NE*)o,-0> D)— ((AE*);.~0,0p=0> 6x) 


of graded differential algebras, such that o# is an isomorphism. 
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Next, in sec. 10.10, we shall construct a homomorphism of graded 
differential algebras 


9: ((VF*)p-9 @ APg, —V,) > ((VF* @ AE*)o,-0) D) 


such that #* is an isomorphism. Finally, g will be defined by p = a, o 8. 


10.9. The Weil algebra of a pair. The graded algebra 
W(E, F) = VF* @ AE* 


will be called the Weil algebra of the pair (E, F). Thus in particular, 
W(E, E) = W(E) and W(E, 0) = AE*. 

A representation (again denoted by 6,) of F in the algebra W(E, F) 
is given by 


Or(y) = 9(y) © t+ 1 @G4r(y), yer. 


The corresponding invariant subalgebra will be denoted by W(E, F)o,-0- 
Now define an operator hp in W(E, F) by 


“™ 
hp(V @ xk noe nat) = Vi (1th) v V Oak n cee ah nat 
i=0 


and 


h(W@1)=0, WeVF*, xt e EX. 


Then hp is an antiderivation, homogeneous of degree 1. It satisfies the 
relation 


hp oOr(y) = Or(y)ohy, ye F, 


and so it restricts to an operator in W(E, F),,-9. In terms of a pair of 
dual bases for E* and E we can write hp = >, u( j*e*’) © i(e,). 

Denote the operator « ® dg in W(E, F) simply by 6y, and define 
an operator D in W(E, F) by 


D = 6, — hp. 


Then according to sec. 8.17 (applied to the operation (F, ip, 07, AE*, 5z)) 
the pair (W(E, F),,-0, D) is a graded differential algebra. 
Next, consider the inclusion map, 


é: (AE*);.-0,0p—0 + WE, F)o,-0 
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given by «(®) = 1 @ ®. According to Theorem IV, sec. 8.17, e* is an 
isomorphism. 

Finally, let % be an algebraic connection for the operation (F, tp, 67, 
AE*, dz). Then a homomorphism of graded differential algebras 

Oy: (WE, F)op-05 D)— ((AE*);,-0,6p-0 , Oz) 
is given by 
a,(Y & DB) = (KY) a (27), WeVvF*, De AE*, 

(cf. sec. 8.19). By Proposition IX, sec. 8.19, a# is the isomorphism inverse 


to e*. 
Moreover (cf. Corollary I to Theorem V, sec. 8.20), the diagram 


& n* 


(VF*)4-0 H(W(E, F)o,-0) H((AE*)o,~0) 
| oe a (10.1) 
H(E|F) H*(E) 


ke 
commutes. (Here ¢:(VF*)5.9 > W(E, F)o,-9 is the inclusion and 
n: W(E, F)o,~0 > (AE*)o,-0 is the projection.) 


10.10. The Chevalley homomorphism. Recall from sec. 10.8 that 
t: Pg > (VE*) _, denotes a transgression in W(E),_). Hence there is a 
linear map a: Pg > W(E)o.9, homogeneous of degree zero, such that 


a(®) — 1 ® Ge (VtE* © AE*)o_5 (10.2) 
and 
bw(a(®)) = 1(®) © 1, ®e Px. (10.3) 


Extend @ to a homomorphism «,: APg — W(E) 9 and observe that 
Jj’ ® ¢ restricts to a homomorphism 


i Ou WE)o0 > WE, Fyop-0- 
Now define a homomorphism of graded algebras, 


B: (VF*)5.90 @ AP > WE, F)o,~05 
by 


OY @G) = (W@Q1)-(j°@ va), We (VF*)s0, Ge APz. 
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We show that # is a homomorphism of differential algebras: 
d0(—V,) = Dod. (10.4) 


In fact, both sides give zero when applied to ¥ @ 1 (We (VF*),_o). 
On the other hand, if @e Pz, then 


Bo(—V)(1 @ P) = —fouo(tP) @ 1, 
while 
Do W{1@®) = (Do(f @))(a). 
Since (cf. sec. 6.4) dy reduces to kh — dg in W(E),_o, it follows that 
Do(f? @Y= —-(F @ 4) ° dy. 
Hence (cf. formula (10.3)) 
Do H1 @ &) = —(j' @ (tM © 1) = Fo (—V,)(1 @ ®). 


This shows that Do # agrees with #o(—V,) in 1 @ Px; since these 
operators also agree in (VF*),_) © 1, and since they are #-antiderivations, 
they must coincide. This proves formula (10.4). 

The homomorphism #@ is called the Chevalley homomorphism for the 
pair (E, F) (determined by + and a). 


Proposition IV: The Chevalley homomorphism #@ has the following 
properties: 
(1) #* is an isomorphism. 


(2) The diagram 


H((VF*)oa9 ®@ AP) ————> AP 
(VF*)o-0 e# H(W(E, F)o,-0) as H((AE*)o,,-0) 


commutes. (€* and 7* are defined in sec. 10.9.) 


Proof: (1) Filter the algebras (VF*)s.9 © APg and W(E, F)o,~0 
respectively by the ideals 


P= Y (VF*@APp and f= ¥ ((VF*)) @AE*)o,-0. 
j=p 727 
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Then #@ is filtration preserving and so induces a homomorphism 
8,: (E;, d;) > (B;, d;) of spectral sequences. 
In view of sec. 1.7, we have 


(Ey, do) = ((VF*)o.9 @APZ,0) and (By, dy) = (W(E, F)o-0, dz): 
Moreover, formula (10.2) implies that # is simply the inclusion map 
a(Y ©) = VO, We (VF*).5, Oe APz. 


(Identify APy with (AE*),_) via the isomorphism x, of Theorem III, 
sec. 5.18.) Now Lemma I, below, implies that 3# is an isomorphism. 

It follows that #, is an isomorphism, and hence so is #* (cf. Theorem I, 
sec. 1.14). 

(2) Evidently ol= & and so ##o]* = &*, Moreover, if A: APx 
— (AE*),,-9 is the inclusion, then formula (10.2) shows that Ao @ 
= 70%. Hence A*# o g# = n* o B*, 

Q.E.D. 


Lemma I: The inclusion 
Do: ((VE*)o-0 © APz, 0) > ((VF* ® AE*)op-05 5x) 
induces an isomorphism of cohomology. 


Proof: Observe that #, is the composite of two inclusions 


Ay: (VF*)o-9 @ APz > (VF*)5-0 © (AE*)o,-05 


and 


Ae? (VE*)o-0 © (AE*)ep—0 > (VF* © AE*)o,-0- 


Since the representations of F in VF* and AE* are semisimple (because F 
is reductive in E) Proposition I, sec. 7.3, and Theorem V, sec. 4.11, 
imply, respectively, that A# and A$ are isomorphisms. Hence so is #¥. 


Q.E.D. 
10.11. Proof of Theorem III: Composing the Chevalley homomor- 
phism 
B: (VF*)5_9 © APz > W(E, F),-0 
(cf. sec. 10.10) with the homomorphism 


a,: W(F, E)o,-0 > (AE*);,.-0,07=0 
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(cf. sec. 10.9), we obtain a homomorphism of graded differential algebras 
p: (VF *)o-0 © APz, —V,) > ((AE*);o.a5-05 On): 


This homomorphism has the properties stated in Theorem III. 

In fact, since a# and #* are isomorphisms, so is y*. Moreover, com- 
bining diagram (10.1) of sec. 10.9 with part (2) of Proposition IV, we 
see that the right-hand two squares in the diagram of Theorem III 
commute. The commutativity of the left-hand square follows immediately 
from the definition of o. 


Q.E.D. 


§3. The structure of the algebra H(E/F) 


In this article we shall study the algebra structure of H(E/F), where 
(E, F) is a reductive pair, with Samelson subspace P and a Samelson com- 
plement P (cf. sec. 10.4). In view of Theorem III (sec. 10.8) and the 
reduction theorem (sec. 2.15) there is a sequence of homomorphisms 


AP —+ H((VF*)o-9 ® AP) @ AP = H((VF*) 9-9 ® APz) — H(E|F) 


which imbeds AP into H(E/F) as a subalgebra. 
On the other hand, we have the characteristic subalgebra 


Im %* c A(E/F). 


We shall construct a graded algebra A such that Im %* c A c H(E/F) 
and an isomorphism, 
A @ AP = H(E|F). 


10.12. Characteristic factors. A graded subalgebra A < H(E/F) will 
be called a characteristic factor if it satisfies the following conditions: 

(1) A is the direct sum of Im %* and a graded ideal J in A. 

(2) There is an isomorphism of graded algebras g: A ® AP => 
H(E/F) (A ® AP denotes the anticommutative tensor product) which 
makes the diagram 


A@\P——+AP 


/ 


A =10 x 


x 


Theorem IV: Let (E£,F) be a reductive Lie algebra pair. Then 
H(E/F) contains a characteristic factor. Moreover, if A and B are charac- 


tit 


H(E/F) 


H*(E) 


ke 
commute. 
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teristic factors, then there is an isomorphism A —>+ B of graded alge- 
bras, which reduces to the identity in Im %* and extends to an au- 
tomorphism of the graded algebra H(E/F). 


Proof: Existence: Fix a transgression t in W(E)»_. and consider the 
linear map 
o: Py > (VF*)o<0 


given by o = jy_y ot (cf. sec. 10.8). Let P be a Samelson complement 
for the pair (E£, F). Corollary I to Theorem ITI, sec. 10.8, shows that 
P is also a Samelson complement for the P,-algebra, ((VF*)o-0; o) 
(cf. sec. 2.13). Set (VF*)o_9 @ AP = N. 

Then, by Corollary II to the reduction theorem (sec. 2.15), there is a 
commutative diagram of algebra homomorphisms 


H(N) ® AB AB 


H((VF*)oW ® AP) Agee APz 


in which f* is an isomorphism. Combining this with the commutative 
diagram of Theorem III, sec. 10.8, yields the commutative diagram 


H(N) @ AP ——- AP 
va 
(VF*)o-0 \ a)9 
H(E|F) H*(E) 


ke 


where g = y*o f#, Define a subalgebra A of H(E/F) by setting A = 
&(H(N) © 1). Then g and A satisfy condition (2). Moreover, Im %* < A, 
To construct the ideal J observe that 


H(N) = ImI* @ H,(N) 
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and that H,(N) is a graded ideal in H(N) (cf. sec. 2.5). Set 
I= g(H,(N) @1). 
Then J is a graded ideal in A and 


A =g(Iml* @1) ®g(H,(N) @ 1) 
=Im #OL 


Thus 4 is a characteristic factor. 


Uniqueness: Let A and B be two characteristic factors. Then the 
diagram 


A@NP 


fe 
A 9A 
a 
H(E|F) 


SF fk 
% Ea 


B@AP 


Im #* 


commutes. Hence so does the diagram, 


A@NP 


B@AP 


Now Proposition XI, sec. 7.18, yields an isomorphism A ——+ B which 
reduces to the identity in Im %*. It follows from property (2) for charac- 
teristic factors that this isomorphism extends to an automorphism of 
A(E/F). 

Q.E.D. 
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Corollary: If (E, F) isa reductive pair, then there is a homomorphism 
of graded algebras ¢: H(E/F) — Im %* which reduces to the identity in 


Im %*. 


Proof: Identify H(E/F) with A ® AP via g, and let 2,:: A @ AP > A 
be the projection. Let 2,: 4 — Im #* be the projection with kernel J. 
Then set g = 2,07}. 


Q.E.D. 


§4. Cartan pairs 


Let (E, F) be a reductive pair. In view of Theorem IV, sec. 10.12, 
the following conditions are equivalent: 


(1) There is an isomorphism of graded algebras, 
Im 4* @ AP —- H(E/F) 


which makes the diagram 


Im %# @ AP 


ps 


Im #* a AP (10.5) 


H(E/F) 
commute. 
(2) Im %* is (the unique) characteristic factor. 
(3) dim H(E/F) = dim Im #* - dim AP. 
In this article we shall derive necessary and sufficient conditions for 


the pair (E, F) to satisfy the above properties. 


10.13. Deficiency number. Let (E, F) be a reductive pair. Then the 
integer 
def(E, F) = dim Pz — dim Pp — dim P 


is called the deficiency number for (E, F). (Here Py and Py are the primitive 
subspaces and P is the Samelson subspace for the pair (E, F).) If 
def(E, F) = 0, or equivalently, if 


dim P,; = dim Pp + dim P, 
then (E, F) is called a Cartan pair. 
Theorem V: Let (E, F) be a reductive pair. Then def(E, F’) > 0; i.e., 
dim Pg > dim Pp + dim P. 


431 


432 X. Subalgebras 


Moreover, equality holds if and only if there is an isomorphism of 
graded algebras Im %* @® AP—+ H(E/F) which makes the diagram 
(10.5) commute. 


Corollary I: If (EZ, F) is a reductive pair, then 
dim Pz < dim P,. 
Corollary II: Assume (EZ, F) is a Cartan pair. Then the Euler- 
Poincaré characteristic of H(E/F) is given by 
if %* is not surjective, 


0 
XneyF) = | dim H(E/F) if %* is surjective. 


Corollary IMI: If (E, F) is a Cartan pair, then the cohomology algebra 
H(E|F) is the tensor product of an exterior algebra (over a space with odd 
gradation) and the factor algebra of a symmetric algebra (over an evenly 
graded space). 


Proof: Simply observe that Im %* is a factor algebra of the symmetric 
algebra (VF*),~9 (cf. Theorem 1, sec. 6.13). OED 


Corollary IV: Let (E, F) be a Cartan pair. Let J) and J, denote the 
ideals in H+(E/F) generated respectively by the elements of even and 
odd degrees. Then there is a linear isomorphism of graded vector spaces 


P=. H+(E/F)/{I, 
and an :somorphism of graded algebras 
Im %* = H(E/F)/I,. 


Remark: [n article 5, Chapter XI, it will be shown that a reductive 
pair is not necessarily a Cartan pair. 


10.14. Proof of Theorem V: We wish to apply Theorem VII, sec. 
2.17, to the Pg-algebra ((VF*)s-9; 0) defined in sec. 10.8. Observe first 
that, since F is reductive, Theorem I, sec. 6.13, implies that (VF*)9_5 
~VP,. Hence ((VF*) 9; ¢) is a symmetric P,-algebra. Moreover, 
Theorem III, sec. 10.8, yields the relation 


dim H((VF*)4.9 ® APg) = dim H(E/F) < oo. 
Thus the hypotheses of Theorem VII are satisfied. 
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Since the Samelson subspace for the pair (EZ, F) coincides with the 
Samelson subspace for ((VF*) 9; 0) (cf. Corollary I, sec. 10.8), it follows 
from Theorem VII, sec. 2.17, that 


dim Py > dim Py + dim P. 


To prove the second part of the theorem, observe that the conditions 
(1) dim Py = dim Py, + dim P 
and 


(2) H,((VF*) 5, @ AP) = 0 (P a Samelson complement) 


are equivalent (cf. Theorem VII, sec. 2.17). Thus we must show that 
(2) holds if and only if Im %* is a characteristic factor for H(E/F). 

Write (VF*) 5. @® AP =N. In sec. 10.12 we constructed an iso- 
morphism, 


g: H(N) ® AP © H(E/F) 


such that g(H(N) @ 1) was a characteristic factor and g(H,(N) © 1) 
= Im #*. Hence, if (2) holds, Im %* is a characteristic factor. 
Conversely, assume that Im %#* is a characteristic factor. Then 


dim H(E/F) 


é N) = dim Im #* = 
dim H,(N) = dim Im % dim AP 


= dim H(N), 


and so H,(N) = 0. 
Q.E.D. 


10.15. Poincaré polynomials. Theorem VI: Let (£, F) be a Cartan 
pair with Samelson space P, Let 


fp, = 3 tH, fr, = S th, and fp= ) th 
i=1 t=1 i 


be the Poincaré polynomials for Py, Py, and P. 
Then the Poincaré polynomials for Im %* and for H(E/F) are given by 


fixe = T] 1 — 0) J] A — ty, 
ii 


i=l 


and 


fvsies = TLL — eet) FEL ey FT + 9, 
t=1 t=1 i=s41 
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Proof: Recall again from Theorem I, sec. 6.13, that (VF*)5.)9 = VPp 
and observe that the Poincaré polynomial of Py is given by 


Spy — j-1 pitth, 
Thus, in view of the isomorphism H(E/F) =~ H((VF*)po © AP), 
(cf. Theorem III, sec. 10.8) the theorem follows at once from the results 


of sec. 2.20. 
Q.E.D. 


Corollary: The dimension and the Euler—Poincaré characteristic of 
Im %* are given by 


dim Im %* = Yim = IT (g;+ 1) NI G+ 1)7. 


10.16. In this section we translate Theorem VIII, sec. 2.19, to obtain 
conditions for a reductive pair to be a Cartan pair. 

Let (E, F) be a reductive pair with Samelson subspace P and choose a 
Samelson complement P. Let ((VF*)».03 7) be the associated Pg-algebra. 


Theorem VII: With the notation above the following conditions are 
equivalent: 

(1) (£, F) is a Cartan pair. 

(2) The kernel of k* coincides with the ideal generated by Im(%*)t. 

(3) The map /*: (VF*)s_) > H((VF*)s-0 © AP) is surjective. 

(4) There is an isomorphism of graded algebras, 


g: Im %* @ AP = H(E|F) 


which makes the diagram (10.5) commute. 
(5) There is an isomorphism of graded P-spaces 


h: Im %* @ VP (VF*) pao 


such that the diagram 


Im %* @ VP 
VP 4 =lh 7 Im %* 
(VF*) 0 


commutes. 
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(6) Hy((VF*)oeo @ AP) = 0. 

(7) Hy((VF*)o.0 @ AP) = 0. 

(8) The characteristic factors of H(E/F) are evenly graded. 

(9) The characteristic factors of H(E/F) have nonzero Euler charac- 
teristic, 

(10) The restriction 6: VP > (VF*)g_» of o, to VP is injective. 


Proof: This is a straightforward translation of Theorem VIII, sec. 
2.19, via Theorem III, sec. 10.8, and the proof of Theorem V, sec. 10.13. 
Q.E.D. 


10.17. Split and c-split pairs. A reductive Lie algebra pair (£, F) 
will be called split (respectively, c-split), if the graded differential algebra 
((AE*);,-0,0p—-0> 5x) is split (respectively c-split) (cf. sec. 0.10). 


Theorem VIII: A reductive pair (E, F) is c-split if and only if it is 
a Cartan pair. 


Proof: In view of Theorem III, sec. 10.8, this is an immediate con- 
sequence of Theorem XI, sec. 3.30. 
Q.E.D. 


Now suppose (£, F) is a Cartan pair, and consider the Pp-algebra 
(H(E/F); viz), where 


Vip = h* oy, 


and vy: Py —> (VF*)9.o is a transgression (cf. sec. 10.7). Denote its Koszul 
complex by (H(E/F) © APp, Vir). 

Since ((AE*);,,-0,0p-0» Oz) is c-split, we can apply the example of sec. 
3.29 to the results of sec. 10.7 to obtain a commutative diagram 


H(H(E|F) @ APp, Vip) > APp 


t 
HELP) 


H(E|F) x | ah (10.6) 


R 


H*(E) H*(F) 


hia 


in which the vertical arrows are isomorphisms of graded algebras. 


§5. Subalgebras noncohomologous to zero 


10.18. Definition: Let (E, F) be a Lie algebra pair such that F is 
reductive in FE, Then F will be called noncohomologous to zero in E (or 
simply n.c.z. in Z) if the homomorphism, 


j*: H*(E) > H*(F) 


is surjective. 


Theorem IX: Let (E, F) bea Lie algebra pair with F reductive in E. 
Then the following conditions are equivalent: 

(1) Fis ne.z. in BE. 

(2) The homomorphism k*: H(E/F) — H*(E) is injective. 

(3) The characteristic homomorphism %* for the operation (F, ip, 
67, AE*, dg) is trivial: (%*)+ = 0. 

(4) There is an isomorphism of graded cohomology algebras 
H*(E) = H(E/F) @ H*(F), which makes the diagram 


H(E/F) © H*(F) 


H(E|F) = H*(F) 


H*(E) 
commutative. 


(5) dim H*(E) = dim H(E/F) dim H*(F). 


Proof: The theorem follows immediately from Theorem II, sec. 
10.7, Theorem VII, sec. 3.17, and the Corollary to Proposition V, sec. 
3.18. 

Q.E.D. 
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10.19. Theorem X: Let (E, F) be a reductive pair, with Samelson 
subspace P < Py. Then the following conditions are equivalent: 


(1) F is nz. in E. 

(2) jg» is surjective. 

(3) Jono iS surjective. 

(4) There are transgressions » and t in W(F),_) and W(E),» satis- 
fying 

Jb=0 9 T = ¥ ono: 

(5) kerjp = P. 

(6) The kernel of 7* coincides with the ideal generated by Im(k*)*. 

(7) There is an isomorphism of graded spaces 


Py PO Py. 
(8) There is an isomorphism of graded algebras 
H(E|F) = AP. 


(9) The algebra H(E/F) is generated by 1 and elements of odd 
degree. 


Proof: The equivalence of conditions (1)-(4) is established in Proposi- 
tion VIII, sec. 6.15. To complete the proof we show that 


(1) => (5) = (6) = (7) = (8) = (9) = (1). 


(1) (5): Since F is n.c.z. in EZ, it follows from Theorem IX that 
(%*)*+ = 0 and that R* is injective. Hence the kernel of k* coincides 
(trivially) with the ideal generated by Im(%*)*+. Thus Theorem VII, 
(2), sec. 10.16, implies that (E, F) is a Cartan pair: 


dim Pz = dim P + dim Py. (10.7) 
Now consider the commutative diagram 


AP NB NPS 


= = 


ii (10.8) 


Im k* ——-+ H*(E) 


H*(F) 


j* 
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(cf. sec. 10.4 and Corollary I, sec. 5.19). Since, by Proposition ITI, (3), 
sec. 10.6, 
jto (k*)t = 0, 


it follows from this diagram that 


P ckerjp. (10.9) 


On the other hand (since by hypothesis j* is surjective), the diagram 
shows that so is jp. This implies that 


Pg = ker jp @ Pp. (10.10) 


Relations (10.7), (10.9), and (10.10) show that ker jp = P. 

(5) = (6): It is elementary algebra that ker Ajp coincides with the 
ideal generated by ker jp. Hence, if (5) holds, ker Ajp is generated by P. 
Now the commutative diagram (10.8) shows that ker j* is generated by 
(Im k*)+. 

(6) => (7): Assume that (6) holds. Then it follows at once from the 
commutative diagram (10.8) that ker jp = P. Let P be a Samelson com- 
plement. Then /p restricts to an injection jp: P + Py. But, by Theorem 
V, sec. 10.13, 


0 < dim P, — dim P — dim Py = dim P — dim Py. 


Hence, since jp is injective, it must be an isomorphism of graded 
vector spaces, and (7) follows. 


(7) = (8): Assume that (7) holds. Then (£, F) is a Cartan pair, and 
so Theorem V, sec. 10.13, yields an isomorphism 


Im %* @ AP = H(E/F). 


Now let P be a Samelson complement for (E, F). It follows from the 
hypothesis that P and Py are isomorphic as graded vector spaces. Thus 
the formula in Theorem VI, sec. 10.15, for the Poincaré polynomial of 
Im %* reads 


Fimx« => 1. 


It follows that (%*)+ = 0 and so AP = H(E/F). 

(8) = (9): This is obvious. 

(9) = (1): The corollary to Theorem IV, sec. 10.12, yields a homo- 
morphism g: H(E/F) — Im %*, which restricts to the identity in Im %*. 
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Since Im %* is evenly graded, it follows that 


y. H(E/F) < ker g. 
p odd 


Now assume that (9) holds. Then the relation above implies that 
H+(E/F) c ker y, whence Im(#*)+ = 0. 
Thus (%*)+ = 0, and so Theorem IX shows that F is n.c.z. in E. 
Q.E.D. 


Corollary I: If (Z, F) is a reductive pair, and F is n.c.z. in E, then 
(£, F) is a Cartan pair. 


Corollary II: Let (E, F) be a reductive pair and let P be a Samelson 
complement. Consider the restriction ¢: P > (VF*),_). Then F is n.c.z. 
in E if and only if the homomorphism 6,: VP > (VF*),_) is an iso- 
morphism. 


Proof: If F is n.c.z. in EZ, then (Z, F) is a Cartan pair and, in view of 
Theorem IX, (3), sec. 10.18, (%*)+ = 0. Hence Theorem VII, sec. 10.16, 
shows that 6, is an isomorphism. 

Conversely, if &, is an isomorphism, then o, is surjective. But o, 
= J§-o © T, and so j.9 must be surjective. It follows that F is n.c.z. in E. 

Q.E.D. 


10.20. Semidirect sums. Let E be a Lie algebra which as a vector 
space is the direct sum of a subalgebra F and an ideal R: E= F@R. 
Then E is called the semidirect sum of F and R. R is stable under the 
operators ad x, x € E. We define the adjoint representation of F in R by 


(adgy)z=[y,2], yeF, zeR. 


This representation induces a representation 0, of F in AR* (cf. sec. 
4.2). A simple computation shows that 97(y)dp = 50r(y) (dz is the 
differential operator corresponding to the Lie algebra R). Thus 97 induces 
a representation 0} of F in H*(R). 


Proposition V: Let E be a Lie algebra which is the semidirect sum 
of a subalgebra F and an ideal R with F reductive in E. Then F is n.c.z. 
in E and there is an isomorphism of graded algebras 


A*(£) => H*(R)et—o @ H*(F). 
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Proof: Consider the operation (F, t7, 07, AE*, 6g). Corollary III to 
Proposition IT, sec. 10.5, implies that this operation admits a connection 
with zero curvature. Hence (%*)+ = 0. Now Theorem IX, sec. 10.18, 
implies that F is n.c.z. in EZ, and that there is an isomorphism of graded 
algebras, 

H*(E) = H(E/F) © H*(F). 


A straightforward computation shows that 
((AE*);,-0,op-0> 52) = ((AR*)o,-05 Sn): 
Thus, since F is reductive in E, 
H(E[F) & H((AR*)opao) % H*(R)op-0 


(cf. Theorem IV, sec. 4.10). The proposition follows. 
Q.E.D. 


10.21. Examples. 1. Levi decomposition: Let E be any Lie algebra. 
Then E is the semidirect sum of a semisimple subalgebra F and its radical 
R (Levi decomposition) (cf. [6; Theorem 15, p. 96]). Thus Proposition V 
gives the cohomology of E in terms of 

(1) the cohomology of the “Levi factor” F, 

(2) the cohomology of the radical R, 

(3) the representation 0%. 


2. The Lie algebra Ly ® V: Let V be a vector space and define a 
Lie algebra structure in Ly @ V by setting 


[(a, a), (B, b)] = ([e, 8], a(b) ieee B(a)), a,pely, a,beV. 


Then Ly @® V is the semidirect sum of the reductive subalgebra Ly 
and the abelian ideal V. Moreover, Ly is reductive in Ly ® V. 
The induced representation of Ly in AV* is given by 


O(a)(ve A+++ Ave) = — y ofA +++ Aa*UPA +++ AUR. 
im 
In particular, 0(4)@ = —p®, Be A’V*, 
Hence (A?V*),_. = 0, p > 1. Thus by Proposition V 


H*(Ly @ V) = H*(Ly). 
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3. Let (E, F) be a reductive pair with Fn.c.z. in FE, and let p: E > E, 
be a homomorphism of reductive Lie algebras such that Im @ is reductive 
in F,. Define a subalgebra F, c E @® E, by 


Fi = {(y, py) |y © F}. 


Then (E@ E,, F,) is a reductive pair (cf. Proposition III, sec. 4.7). 
Moreover, F, is n.c.z. in E@ E,. In fact, there is a commutative 
diagram of Lie algebra homomorphisms, 


hy 


F, EQ@E, 


F E. 


Since the map j*: H*(E) + H*(F) is surjective, the diagram implies 
that j} is also surjective. 


§6. Equal rank pairs 


10.22. Definition: A reductive Lie algebra pair (E, F) will be called 


an equal rank pair if 
dim Pg = dim Py. 


It follows from Theorem V, sec. 10.13, that an equal rank pair is a Cartan 
pair, with zero Samelson subspace. In this article we establish the following 


Theorem XI: Let (E, F) be a reductive Lie algebra pair. Then the 
following conditions are equivalent: 

(1) (£, F) is an equal rank pair. 

(2) The characteristic homomorphism %*: (VF*),_) > H(E/F) is 
surjective. 

(3) H(E/F) = (VF*)o-o/I, where I is the ideal generated by 
Jo-(V*E*)o-0. 

(4) There is an isomorphism of graded spaces 


g: H(E/F) © (VE*)s-0 — (VF*)o-0; 
which satisfies 
a(l)=1, (Hog(a@1)=a, and ga @¥) = g(a @1) + PoP), 
aé H(E/F), Ye (VE*)sW- 


(5) H(E/F) is evenly graded. 
(6) H(E/F) has nonzero Euler-Poincaré characteristic. 
(7) Jeno? (VE*)s0 > (VF*)ou 18 injective. 


Proof: Recall from Theorem III, sec. 10.8, the commutative diagram 


oy o* 


APz 


VPs (VF*)529 ——> H((VF*)o-0 @ APz) 


ty — = = 


= ‘ 


H(E|F) H*(E). 


(VE*)o0 


3 (VF*)o-0 k# 
J6-0 
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In view of this diagram, Theorem XI is a simple translation of the Corol- 
lary to Theorem VIII, sec. 2.19. 
Q.E.D. 


Remark: In article 5, Chapter XI, we shall construct reductive pairs 
with zero Samelson space which are not Cartan pairs. 


10.23. Cartan subalgebras. Recall (from sec. 4.5) the definition of a 
Cartan subalgebra, and note that a Cartan subalgebra of a reductive 
Lie algebra E is abelian, and reductive in E. 


Theorem XII: Let F be a Cartan subalgebra of a reductive Lie 
algebra E. Then (E£, F) is an equal rank pair. In particular, dim Pz 
= dim F. 


Proof: Assume first that the coefficient field I’ is algebraically closed. 
If E is abelian, then F = E and the theorem is trivial. Assume that E 
is not abelian, and let A denote the set of roots of E for the Cartan sub- 
algebra F. Since E is not abelian and I is algebraically closed, we have 
(cf. sec. 4.5) 

E=FO® »y E,, A#Q, 


aed 


where E, is the 1-dimensional root space corresponding to a. In view of 
[6; p. 120] there are r roots a, ..., a, such that every root ae A can 
be uniquely written in the form 


a= Y Rie, k,€ Z. 


We shall call a root even (respectively, odd) if k, is even (respectively, 
odd). Let A (respectively, B) be the collection of even (respectively, 
odd) roots. Since a, € B we have B ~ ©. Every odd root is of the form 


a=pa,+ Y ke, k,;e Z, p odd. 
ise 


The odd number p will be called the degree of a. 
Now set 


T=FO@YE, and S=Y k. 


aed peB 
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Then E= T@S (vector space direct sum). Since 
[Ey Es]  Eeip, a BE A, 
it follows that T is a subalgebra, and that 
[T, S] < S, [S, S] < T. 


In particular, the subalgebra AS ¢ AE is stable under the operators 


O*(y), y € T. 
The following two lemmas will be established in the next section: 


Lemma II: (E, T) is a reductive pair. 


Lemma III: Let 4 & F be a vector such that 
a,(h) = 1, a,(h) = 0, ere 29 
where a,, ..., a, are the roots used above to define A and B. Then 
ker 04(h) NW A?S=0, =p odd. 

Now consider the operation (7, ip, 67, AE*, dz). The decomposition 

E=T@S yields an isomorphism, 
(AE*) in0,0p-0 = (AS*)op—o 
(cf. sec. 10.5). Since F < T, Lemma III implies that (AE*),,.-0,0,<0 is 
evenly graded. Thus by Theorem XI, sec. 10.22, 
dim P; = dim Px. 

On the other hand, T is a proper subalgebra of Z. Moreover, F < T 

and so F is a Cartan subalgebra of T. It follows by induction (on dim FE) 


that 
dim Py; = dim P;, 


whence dim Py = dim Py = dim F. 

Now let I’ be arbitrary and let 2 denote the algebraic closure of I. 
Then 2 © F is a Cartan subalgebra of the reductive Lie algebra 2 © E 
(over 22). Moreover, clearly 


Q@(AE*)oanp = A(Q@E)Ey and Q2@Ps= Pose 
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(and similarly for F). It follows that 
dim F= dim Pr => dim, Poar => dimg Power = dim Py. 


Q.E.D. 


Corollary: Let F be a reductive subalgebra of a reductive Lie algebra 
E. Then (E, F) is an equal rank pair if and only if F contains a Cartan 
subalgebra of E. 


Proof: Assume that (Z, F) is an equal rank pair, and let H be a Cartan 
subalgebra of F. Then, since H is reductive in F'and F is reductive in E, 
H must be reductive in E (cf. the corollary to Proposition III, sec. 4.7). 
Now Lemma II, sec. 4.5, shows that H is contained in a Cartan sub- 
algebra Hy of E. But, in view of .Theorem XII, 


dim Hyg = dim Pz = dim Pp = dim H. 


Thus H = Hg; i.e., H is a Cartan subalgebra of E. 

Conversely, assume that F contains a Cartan subalgebra H of E. 
Then Zp < H, and so Zp is reductive in E (cf. sec. 4.5). It follows 
(cf. sec. 4.4) that F is reductive in Z. Moreover, by Theorem XII, 


dim Pp = dim H = dim P,, 


and so (E, F) is an equal rank pair. 
Q.E.D. 


10.24. Proof of Lemma II: Observe that JT is the fixed point sub- 
algebra of the involution w: E—> E given by 


a(x)=x, xeT, and w(x) = —x, we 8, 


Now apply Proposition V, sec. 4.8. 
Q.E.D. 


Proof of Lemma III: Choose in each Eg (8 € B) a vector x, A 0. 
Then the vectors x form a basis for S. Since the xg are eigenvectors for 
the transformation ad,(h): S —> S, where h is the vector defined in the 
lemma, it follows that the products, xg, a +--+ A xg, are eigenvectors for 
the transformation 6%(h): A‘S —> A*S. Moreover, they form a basis of 
AS. 
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Now for § € B we have 
(adg h)xg = B(h)xp = (deg B)xp, 
wherice 
k 
62 (h) (xp, A 17° NXg.) = (> deg Bi), Avs AX. 


In particular, since the products xp, A +++ A xg, span A'S, the eigenvalues 
of 6¥ h) in A'S are al of the form 


k 
A= }) deg Bi. 
1 


Since deg f; is an odd integer (6; € B), this implies that A 0 for odd k. 
Hence 
ker 6F(h) A NS = 0, k odd. 
Q.E.D. 


10.25, Poincaré polynomials. Let (£, F) be an equal rank pair. Let 
the Poincaré polynomials of H*(E), H*(F) be given by 


fac = I] (1 + #), far) = I] (1 + th). 


{= 


Then, in view of Theorem XI, sec. 10.22, and Theorem VI, sec. 10.15, 
the Poincaré polynomial of H(E/F) is given by 


=i (1 =e t9:+1) 
Siace/r) pA IT, (1 <— tl) . 


Thus 


for (git 1 
Zany = dim H(E|P) = Fe ED 
t=1 \"t 


In particular, if F is a Cartan subalgebra of E, 


facie) = ea I] Chast) 


and 


Al yv us +1 
Ane) F) = = dim AE! |F) = I] (45 ) 


w=1 


§7. Symmetric pairs 


10.26. Definition: Let E be a reductive Lie algebra and let w: E > E 
be an involutive Lie algebra isomorphism. Then a subalgebra F of E 
is given by 

F= {ye E| ofy) = ¥}- 


The pair (E, F) will be called a symmetric pair. According to Proposition 
V, sec. 4.8, F is reductive in EF and so a symmetric pair is reductive. 
Now let (£, F) be a symmetric pair, and write 


E=FQOS, 


where S = {xe E| wx = —x}. Then S is stable under ady, ye F. 
Hence the projection E — F determined by this decomposition dualizes 
to an algebraic connection 


X: F* + E* 


for the operation (F, t7, 0», AE*, 6g) (cf. sec. 10.5). % will be called the 
symmetric connection for the pair (E, F). 


Proposition VI: If (E, F) is a symmetric pair, then the restriction of 
dz to (AE*);,,~0,0,-0 is zero. In particular, a symmetric pair is split (cf. 


sec. 10.17). 


Proof: Recall from sec. 10.5 that the symmetric connection % de- 
termines isomorphisms 


AS* © (AE*);29 and — (AS*)o-9 =» (AE*);,-0,0,<0- (10.11) 


Next, observe that the involution w extends to an isomorphism w* 
in AE*. Since w restricts to the identity in F, it follows that w* is an 
automorphism of the operation of F in AE*. In particular, w* restricts 
to isomorphisms wf.g and fo.» of the algebras (AE*);,.) and 
(ED aes: 
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On the other hand, o restricts to an isomorphism wy of S (ws = —2). 
Denote the induced isomorphism of AS* by w$; then 


wi(®) = (—1P®@, Be A*S*. 


It follows immediately from the definitions that w%$ corresponds to }.» 
under the isomorphism (10.11). This implies, in particular, that 


Oho,o-() = (—1)?@, Be (NE*),,op-0- (10.12) 


Next recall that, since w is a homomorphism of Lie algebras w* o dz 
= dy ° w*. Restricting this relation to (AE*);,-0,6,-0, and using formula 
(10.12), we obtain (for ® € (A?E*); 29 o,-0) 


b¢@ = (—1)?d gad = (—1)?w'dp® = —dg®, 


whence 6-@ = 0. 
Q.E.D. 


Corollary: A symmetric pair is a Cartan pair. 


Proof: Apply Theorem VIII, sec. 10.17. 
Q.E.D. 


Next, let (E, F) be a symmetric pair, with involution w. Then, since w 
is a Lie algebra homomorphism, * restricts to a linear involution, 


Wp: Py — Pr. 
Define subspaces P$ < Pg and Pg < Pg by 
PE = {Pe Pz| wpH = V} and = Pg = {®e Pz | wpS = —G}. 


Then Py, = P§ @ P3. 


Proposition VII: Let (E, F) be a symmetric pair with involution w. 
Let tg: Pg + (VE™)o-9 be the distinguished transgression in W(E)»_o 
(cf. sec. 6.10). Then 


P=Pz= ker foo ° Tz, 


where P denotes the Samelson subspace for the pair (E, F). 
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Proof: It follows at once from Corollary II to Theorem III, sec. 
10.8, that 
ker(j}9 ote) < P. 


Let ®e P. Then (since P c Imk*) for some ¥ € AE*, 
@ + dp? € (AE*);,-0,6p=0: 
Since Pt = 0 (k even) it follows from formula (10.12) that 
wo + bg = —(B + b;P). (10.13) 
Projecting both sides of this equation into (AE*),_) we find 
wp® = —G@; 
ie., @ € Py. This shows that 
Pc P3. 
Finally we prove that 
Px ker( joo © Tz)- 


In fact, let ® € Pg. Since w is a Lie algebra automorphism it follows 
from Proposition VII, sec. 6.11, that tg o wp = wi.o 0 Tg, Whence 


.o(TeP) = —TeP. 


Moreover, since w reduces to the identity in F it follows that j’ o wY == j’ 
(where 7: F > Eis the inclusion). Hence 


Joxo(teP) = Jo-00-0(t2P) = —Jo-o(twP). 
This shows that jj9(tz®) = 0, and so 
Py c ker joo o Tz. 
It has now been proved that 
ker jig 0 tg © Pc Pz ker jipo te, 


and the proposition follows. 
Q.E.D. 


§8. Relative Poincaré duality 


10.27. The isomorphism D,,;. Consider a Lie algebra pair (EF, F) 
where E is unimodular and F is reductive in E (cf. sec. 5.10). Fix a basis 
vector e in AvE (n = dim E£) and recall from sec. 5.11 that the Poincaré 


isomorphism D: AE* —+ AE is defined by 
D(®) = i(®)e, @e NE*. 
It satisfies 
(D oi(y))® = (—1-Xu(y) oD)®, GENE ye. 
Hence it restricts to an isomorphism 
D: (AE*);,-0 = (NE), p=0° 


(Here (AE),,,,-0 denotes the ideal in AE consisting of the elements a for 
which yaa = 0, ye F.) 
Next, fix a basis vector ep in A”"F (m = dim F). Then multiplication 
from the right by ey yields a short exact sequence 
ER (ep) 


(51g Ab NB) eos 0, 


where J denotes the ideal in AE generated by F and 4 is the inclusion 
map. 
The sequence above determines an isomorphism 


Dp: E/T p = (AE),..<0° 
Composing ¢-' with D we obtain an isomorphism 
Dgjp: (AE*);,-0 —> AE[Ip. 


It maps (A?E*);,.9 isomorphically to (AE/Ip)""""?. 
In particular, it follows that dim(AE/I;)"-" = 1 and the element 


exyp = Dg r(1) 
is a basis vector of (AE/Ip)"~™. 
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Definition: The isomorphism Dg,p is called the relative Poincaré 
isomorphism for the pair (E, F). 


Now observe that, with respect to the scalar products between AE* 
and AE, 
(AE*)ipeo = (In)! 


Thus there is an induced scalar product between (AE*);,-) and AE/Ip. 


Lemma IV: The isomorphism Dz,» satisfies 
CY, Dzp®> = <® A , Cnip>- 


In particular, (AE*);,-9 is a Poincaré algebra, and Dzy,p is the corre- 
sponding Poincaré isomorphism (cf. sec. 0.6). 


Proof: It follows from the definition that, if ae AE is an element 
satisfying @ A ép = 1(®)e, then 


CY, Dg p®> = <¥, a), @, Ve (AE*);,-0- 
Choose b € AE so that ba ep = e. Then 
1(D)e = i(D)(b a ep) = (i(P)d) rey. 
Hence 
CY, Dajp®> = <¥, i(®)b> = (Ba ¥, bd 
= (On ¥, Dg p(1)> = Pa ¥, ex p>. 
Q.E.D. 


10.28. The representation of F in AF (obtained by restricting 6% to F) 
will be denoted by 6*. It induces a representation in AE/I;, also denoted 
by 6”. Since F is reductive, it is unimodular; thus ep € (A”F)g_9. It 
follows that 


Dzjp ° Or(y) = O*(y) ° Duyr, ye, 
and so Dg,p restricts to an isomorphism 


(Dz/r)o,-0' (AE*);,-0,0p=0 = (AE/Ip) oP =0- 


nm 


In particular eg)p € (AE/Ip)przo- 
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Moreover, since F is reductive in E, the representations 0, and 6” 
are semisimple. Thus the duality between (AE*);,-) and AE/I> restricts 
to a duality between the invariant subalgebras. Lemma IV yields 


CY, (Dz;r)o,-0P > = @Or¥, CRF) ®, Ve (AE*);-0,0p=0° 


This relation shows that (AE*);,,-0,4,<0 18 a Poincaré algebra with Poincaré 
isomorphism (Dz,F)o,~0- 
Finally, the equations 


Onue(y) + u(y)@z = O%(y), ye F, 


show that (Ip)gr-o is stable under the operator 0g. Since F is reductive 
in E, 
(AE|Ir)or-0 == (AE )or-o/ (Ir) oF =0- 


Thus 0g induces a differential operator Og,p in (AE/Ip)gr_o. Clearly, the 
restriction of dg to (AE*);_0,6,~0 is the negative dual of Og,7. Thus a 
scalar product is induced between H(E/F) and H((AE/Ip)or_o, 92/r)- 

Next observe that, since F is reductive, Oper = 0 and so Ozer = 0. 
Now (the second) formula (5.8) of sec. 5.4 implies that the isomorphism 


Pom0: (AE/Ir)or—o = (AE) ,,.=0,0p=0> 


satisfies 9529 ° Oxy = Og °Penq- Since Dodgow=Og0D (cf. sec. 
5.11), it follows that 


(Dzr)o-o ° Sz ° © = Oz)p © (Der) o~0- 
Thus (Dz,r)9~9 induces an isomorphism 
Dir: HA(E/F) — A((AE|Ip)or-0+ 9x/7)- 


Evidently, <a - 8, €g,p> = <f, Di, pa>, where eg;r denotes the class 
represented by eg). It follows that H(E/F) is a Poincaré algebra of 
degree m — m and with Poincaré isomorphism Dj,,p. 

In particular 


dim H*-™(E/F) = 1, 
On the other hand, 


(A®-*E*), 09 SZ A*-™(E/F)* = I. 
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It follows that 


H™-™(E|F) = (N-"E*)ip0,0p-0 = (N'E*)ipao (10.14) 


10.29. Reductive pairs. Proposition VIII: Let (£, F) be a reductive 
Lie algebra pair and let A be a characteristic factor for H(E/F) (cf. sec. 
10.12). Then A is a Poincaré duality algebra. 


Proof: According to sec. 10.28, H(E/F) is a Poincaré duality algebra. 
Now the relation 


H(E|F) =~ A @ AP 


together with Example 2, sec. 0.6, implies that A is a Poincaré duality 
algebra. 
Q.E.D. 


Corollary: If (E, F) is a Cartan pair, then Im %* is a Poincaré duality 
algebra. 


Proposition IX: Let (E£, F) be a reductive pair and assume that 
H-"(E/F) < Im 4* (n = dim E, m = dim F). Then (E, F) is an equal 
rank pair. 


Proof: In view of Theorem XI, sec. 10.22, it is sufficient to show 
that %* is surjective. According to the corollary to Theorem IV, sec. 
10.12, there is a homomorphism 


gy: H(E/F) — Im #*, 
which restricts to the identity in Im %*. In particular 
ker pg 1 A"-™(EB/F) = 0. 


But, since H(E/F) is a Poincaré duality algebra of degree n — m, 
every nonzero ideal in H(E/F) contains H"-™(E/F). ‘Thus the equation 
above implies that ker ~ = 0. Hence ¢ is an isomorphism and so %* 
is surjective. 


Q.E.D. 


§9. Symplectic metrics 


10.30. Definition: Let (E, F) be a Lie algebra pair. Then the space 
(A?E*);,,-0 may be identified with the space of skew symmetric bilinear 
functions in E/F. 

An element ®e (A?E*),,_o is called a symplectic metric in E/F if © 
is nondegenerate; 1.e., if the relation 


@(%,, Z) = 0 


for fixed *,¢€ E/F and all xe E/F implies that *, = 0. Equivalently, 
@ is a symplectic metric in E/F if F= {ye E| i(y)® = 0}. 
Elementary linear algebra shows that a symplectic metric exists in 
E/F if and only if dim E/F is even. Now assume that this condition is 
satisfied: dim E/F = 2k. Then an element @ € (A*E*);,. is a symplectic 
metric if and only if @* +0 (G@§ = Oa --- a QW, k factors). 
A symplectic metric ® for E/F is called closed if 


Op®D = 0. 
If ® is a closed symplectic metric, then 
Op(y)P = ip(y)de® + Ogir(y)P=0, ye F, 


and so Pe (A?E*); -0,6,~0- 
Proposition’X: Let (£, F) be a Lie algebra pair with E semisimple. 
Then E/F admits a closed symplectic metric if and only if for some 


he FE, 
F = ker(ad A). 


Proof: Assume that E/F admits a closed symplectic metric ®. Since 
E is semisimple, H?(E) = 0 (cf. sec. 5.20). Hence, for some h* € E*, 


@ = 6,h*. 
It follows that 


6n(x)h* = ip(x)ogh* =ig(x)®, xe E. 
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Now let a: E+ E* be the isomorphism determined by the Killing 
form (cf. Theorem I, sec. 4.4) and set A = a-1(h*). Then 


a((ad x)h) = On(x)h* = ig(x)®, ve E. 


Since ® is nondegenerate, this relation implies that F = ker(ad h). 
Conversely assume that F = ker(ad h), some he E. Set h* = a(h). 
Reversing the argument above shows that 6,h* is a closed symplectic 
metric in E/F. 
Q.E.D. 


10.31. Reductive pairs. Theorem XIII: Let (E, F) bea Lie algebra 
pair with E semisimple. Then the following conditions are equivalent: 

(1) For some Cartan subalgebra H of E, and for some he H, 
F = ker(ad h). 

(2) (E, F) is a reductive pair and E/F admits a closed symplectic 
metric ®, 

(3) (£, F) is a reductive pair, dim Z/F = 2k, and, for some 
ae H(E/F), a +0. 


Moreover, if these conditions hold, then (EZ, F) is an equal rank pair. 


Proof: First we show that (3) implies that (EZ, F) is an equal rank 
pair. Then we show that 


(1) = (2) > (3) = (1). 


Assume that (3) holds. Since E is semisimple, P} = 0, g < 3. This 
implies that P? = 0 and Pz = 0, g < 3, where P is the Samelson sub- 
space and P is a Samelson complement for (E, F). 

Now according to Theorem IV, sec. 10.12, 


H(E/F) =~ A @ AP, 
where 


A=Im¢#*@I and IT H,((VF*)o9 @ AP). 


This shows that H?(E/F) < Im #*. 

In particular, ae Im #*. Since a 40 it follows that H**(E/F) 
< Im %#*. Now Proposition IX, sec. 10.29, shows that (Z, F) is an equal 
rank pair. 
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It remains to establish the equivalence of conditions (1), (2), and (3). 

(1)= (2): Since h is in a Cartan subalgebra of E, Proposition II, 
sec. 4.5 implies that F is reductive in E. Moreover, by Proposition X, 
sec. 10.30, E/F admits a closed symplectic metric. 

(2) => (3): Let ae H*(E/F) be the class represented by the closed 
symplectic metric ®. Then dim E — dim F = 2k. Thus, in view of 
formula (10.14), sec. 10.28, 


EPHE|P) = (AE*);,-0,5p-05 


and so it follows that af = GF ~0. 


(3) => (1): Let Be (A°E*);,6,-0 be a cocycle representing a. Then 
@* ~ 0 and so @ is a closed symplectic metric. Hence, by Proposition X, 
sec. 10.30, for some he E, 


F = ker(ad h). 


Now let H be a Cartan subalgebra of F. In view of the relation above, 
he Zy and so he H. But, by the first part of the proof, (3) implies that 
(E, F) is an equal rank pair. Thus, in view of the corollary to Theorem 
XII, sec. 10.23, H is a Cartan subalgebra of E. 


Q.E.D. 


Chapter XI 


Homogeneous Spaces 


§1. The cohomology of a homogeneous space 


In this chapter, the results of Chapter X will be applied to homogeneous 
spaces. G will always denote a connected Lie group with Lie algebra F. 
K is a closed connected Lie subgroup with Lie algebra F. 

Recall from sec. 2.9, volume II, that the left cosets aK (ae G) 
form a manifold .G/K. It is the base of the principal bundle # = 
(G, x, G/K, K), where x denotes the projection a +> aK and the principal 
action of K on G is by right multiplication (cf. sec. 5.1, volume II). 

Finally, note that if G is compact, then so is K. In this case both Lie 
algebras E and F are reductive. Moreover, Proposition XVII, sec. 1.17, 
volume IJ, implies that the adjoint representation of K in E is semisimple. 
Hence so is the adjoint representation of F in E. Thus, if G is compact, 
then (£, F) is a reductive pair. 


11.1. The operation of F in A(G). According to sec. 8.22 the prin- 
cipal bundle # determines an associated operation of F in A(G); it will 
be denoted by (F, ix, 9x, A(G), dg). 

Since the principal action is right multiplication, the fundamental 
vector fields are simply the left invariant vector fields X, (A € F). Thus 


tx(h) = 1(X)) and Ox(h) = O(X)). 


It follows that the operation (F, ix, 0x, A(G), 6;) coincides with the 
restriction to F of the operation (E, ig, 0¢, A(G), 4c) defined in sec. 
7.21, 

In sec. 7.21 we considered the left invariant operation (£, zz, 9,, 
A,(G), 6,) of E in the left invariant differential forms on G. This, too, 
restricts to an operation (F, ip, 0,, A,(G), 6,) of F. Further, the inclusion 


Ig: A,(G) > A(G) 
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and the isomorphism 


1,1 A,(G) =» AE* 


(cf. sec. 7.21) are homomorphisms of operations of E; hence they may 
be regarded as homomorphisms of operations of F. 

It follows that the composite eg = lg o tz} is also a homomorphism of 
operations of F: 


Eg: (F, tp, Op, AE*, bz) =e, (F, tk, 9x, A(G), 6g). 
Thus ég¢ restricts to a homomorphism 
(€¢)ip=0,0p=0: ((AE*);,-0,0p=05 bp) > (A(G) i.-0,04=09 6g). 


On the other hand, since K is connected, it follows from the results 
of sec. 6.3, volume II (applied to the principal bundle ) that 2* restricts 
to an isomorphism 


(A(G/K), 8e/x) => (A(G)igx0,0¢=09 5a): 


Composing (€)jip-0,0p-0 With the inverse isomorphism yields a homo- 
morphism 


EG/K* ((AE*);,-0,0.-09 bz) > (A(G/K), 66/x) 


of graded differential algebras. 
In view of sec. 6.29, volume IT, eg, can be regarded as an isomorphism 


(AE*);,=0,0p-0 —» A,(G/K), 


where A,(G/K) denotes the algebra of differential forms on G/K in- 
variant under the left action of G. 


Proposition I: Assume G is compact. Then e@,, is an isomorphism: 
&G/x: H(E|F) — H(G/K). 


Proof: In view of the remarks above, it is sufficient to show that the 
natural homomorphism 


H,(G/K) > H(G/K) 


is an isomorphism. But this follows from Theorem I, sec. 4.3, volume II, 
since G is compact and connected. 


Q.E.D. 
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Corollary: If G is compact, then 
((AE*);,<0,0p-07 6) ~ (A(G/K), dx). 


11.2, The Samelson subspace. Assume that G is compact. Recall 
from sec. 4.12, volume II, (or sec. 5.32) the definition of the primitive 
space Pg < H+(G). According to sec. 4.12, volume II, H(G) = APg. 


Definition: The Samelson subspace P, for the pair (G, K) is the 
graded space 
Pp = Imaz*#n Pg. 


A complementary graded space P, in Pg is called a Samelson complement. 


Theorem I: Assume that G is compact. Then the image of the 
homomorphism 2*: H(G/K)— H(G) is the exterior algebra over the 
Samelson space: 

Im a* = AP,. 


Proof: Identify (AEZ*) -. with H*(E) via ag (cf. sec. 5.12). Then 
ef coincides with ag (cf. sec. 5.29). Thus sec. 5.32 shows that e# restricts 
to an isomorphism 


ey: Pg — Py. 


Now observe that (by definition) the diagram 


kt 


H(E/F) H*(E) 
H(G|K) H(G) 


n* 


commutes, and apply Theorem I, sec. 10.4. 
Q.E.D. 


11.3. Invariant connections. Suppose % is an algebraic connection 
for the operation (F, 7p, 07, AE*, 6). Then ég o % is an algebraic con- 
nection for the operation (F, iz, 8x, A(G), 6g). Let V be the correspond- 
ing principal connection in # (cf. sec. 8.22). 
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It is easy to verify that V is G-invariant. Moreover, Proposition XVIII, 
sec. 6.30, volume II, together with Example 4, sec. 8.1 implies that the 
correspondence %+> V is a bijection from algebraic connections in 
(Ff, ip, 8g, AE*, dg) to G-invariant principal connections in #. 

Now assume that the operation of F in (AE*, 6x) admits an algebraic 
connection. Then the Weil homomorphism 


4*: (VF*) o_o > H(E/F) 
is defined. Since ¢g is a homomorphism of operations, it follows that 
(€0)i--0,0p=0 oft = a*, 


where %# denotes the Weil homomorphism of the operation of F in 
(A(G), 8g). 


Thus Theorem VI, sec. 8.26, applies to yield a commutative diagram 


(VF*),_, ——> H(E|F) 


* 
®GiK 


(VF*)r 


ig? HIGIR), 


where hg is the Weil homomorphism for the principal bundle 7. 


11.4. The cohomology sequence. Let jx: K > G and j: F > E de- 
note the inclusions (so that j = jx). Then the sequence of homomor- 
phisms 


(VES), 2. (VF*); “2 H(G/K) "+ H(G) 2% H(K) 


is called the cohomology sequence for the pair (G, K). 
Now assume that the operation of F in E admits an algebraic connection 
and consider the diagram 


(VE*)pag + (VF¥)p-g —"—> H(E/F) —"—+ H*(E) 2 H*(F) 
(VE*), i (VF*), is H(G/K) = UG): 


(11.1) 
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The left-hand square commutes by definition. The commutativity of the 
second square was shown just above, while the third square commutes, 
again by definition. That the fourth square commutes follows from sec. 
4.7, volume II. 

Thus the diagram (11.1) is commutative. It may be regarded as a 
homomorphism from the cohomology sequence of the pair (E, F) (cf. 
sec. 10.6) to the cohomology sequence of the pair (G, K). Moreover, if 
G is compact, then all the vertical arrows are isomorphisms, as follows 
from Proposition I, sec. 11.1, and sec. 5.29. Thus, in this case, the 
diagram is an isomorphism of cohomology sequences. 


Proposition II: Assume that G is compact. Then the cohomology 
sequence of the pair (G, K) has the following properties: 

(1) The image (jy)*+ generates the kernel of ho. 

(2) The image of h& is contained in the kernel of 2*. 


(3) The image of z* is an exterior algebra over the Samelson sub- 
space P,, and the image of (x*)*+ is contained in the kernel of j#. 


(4) The image of j# is an exterior algebra over a graded subspace of 
the primitive space Px. 


Proof: In view of the isomorphisms 
ef: Pp —» Po and ef: Pp —> Px 


(cf. sec. 5.32) the proposition follows (via diagram (11.1)) from Proposi- 
tion III, sec. 10.6. 
Q.E.D. 


§2. The structure of H(G/K) 


11.5. The structure of H(G/K). In this section G is assumed to be 
compact, so that (EZ, F) is a reductive pair. As in sec. 10.8, fix a trans- 
gression t: Py — (VE*),_9 and define 


o: Pg > (VF*)o20 


by o = jpey OT. 

Then the Pz-algebra ((VF*) 9; 0) is called the Py-algebra associated 
with the pair (G, K). (It coincides with the P,-algebra associated with 
(E, F). In particular, its Koszul complex ((VF*)s.5 © APz,V,) is the 
one defined in sec. 10.8.) 


Theorem II: Suppose G is a compact connected Lie group with 
compact connected subgroup K. Then there is a homomorphism of 
graded differential algebras 


Pak: (VF*)o-9 © APz, —Ve) > (A(G/K), dex) 


with the following properties: 
(1) gx is an isomorphism. 
(2) The diagram 


Oy 1? o* 


VPz (VF*)52 H((VF*)o29 © APz) APx 
ty) = = =! eB)x x | ef 
(VE*), - (VF*), H(G/K) ——_-———- H(G) 
XY hg nt 
commutes. 


Proof: Let p: (VF*)5.9 © APg > (AE*);,-0,0,<0 be the homomor- 
phism in Theorem III, sec. 10.8, and set g¢/x = €¢/K oy. Then o@/x 
has the desired properties, as follows from Theorem III, sec. 10.8, 
Proposition I, sec. 11.1, and diagram (11.1), sec. 11.4. 

Q.E.D. 
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Theorem III: Suppose G is a compact connected Lie group with 
compact connected subgroup K. Then there is a graded subalgebra 
A c #(G/K) with the following properties: 


(1) A as a vector space is the direct sum of the subalgebra Im he 
and a graded ideal J in A, 


A=Imha@l. 
(2) There is an isomorphism of graded algebras 
g: A ® AP, =+ H(G/K), 


which makes the diagram 


A @®@ AP, ——— APy 


H(G/K) 


H(G) 


ne 


commute. (Pg is the Samelson subspace—cf. sec. 11.2.) 
Moreover, if B is a second subalgebra of H(G/K) with these properties, 
then there is an automorphism of H(G/K) which restricts to an isomor- 


phism A—, B, and induces the identity in Im ha. 


Proof: In view of diagram (11.1), sec. 11.4, the theorem follows 


directly from Theorem IV, sec. 10.12. 
Q.E.D. 


Corollary: There is a homomorphism of graded algebras py: H(G/K) 
-+ Im he which reduces to the identity in Im ha. 


Theorem IV: Let G be a compact connected Lie group with compact 
connected subgroup K. Let Pz be the Samelson subspace for the pair 
(G, K) (cf. sec. 11.2). Then 


Moreover, the following conditions are equivalent: 
(1) (£,F) is a Cartan pair. 
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(3) There is an isomorphism of graded algebras 
Im he © APg —+ H(G/K); 
which makes the diagram 


APg 


H(G/K) H(G) 


commute. 
(4) dim H(G/K) = dim Im he - dim APg. 
(5) The kernel of x* is generated by the image of he. 
(6) The graded differential algebra (A(G/K), 5¢/x) is c-split. 


Proof: In view of the commutative diagram (11.1), the first statement 
and the equivalence of conditions (1)-(5) follows directly from the 
remarks at the beginning of article 4, Chapter X, together with Theorem 
V, sec. 10.13, and Theorem VII, sec. 10.16. 

Finally, Theorem VIII, sec. 10.17, asserts that (1) holds if and only 
if the differential algebra ((AE*);,-0,,-0» 52) is c-split. But, in view 
of the corollary to Proposition I, sec. 11.1, 


((AE*);,-0,67-0% bz) Ps (A(G/K), 86x), 


and so (1) and (6) are equivalent. 
Q.E.D. 


Corollary I: Let G/K be a homogeneous space with G and K com- 
pact and connected. Then the validity of the conditions in Theorem IV 
depends only on the smooth manifold structure of G/K (and so is in- 
dependent of any Lie structure). 


Proof: Observe that this is correct for condition (6). 
Q.E.D. 
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Corollary II: Assume that K, < G, and K, < G, are compact and 
connected Lie groups and let vy: G,/K, > G,/K, be a smooth map such 
that »* is an isomorphism. Then the conditions in Theorem IV are sat- 
isfied by the pair (G,, K,) if and only if they hold for the pair (G,, K»). 

In this case there is a linear isomorphism of (graded) Samelson spaces 
P, =. P,, and an isomorphism of graded algebras Im he, = Im ha,. 


Proof: Since p*: A(G,/K,, 6,)<— A(G,/K,, 6.) is a c-equivalence, 
the first statement follows. The second assertion is a consequence of 


Corollary IV to Theorem V, sec. 10.13. 
Q.E.D. 


Example: Symmetric spaces: Let w be an involution of a compact 
Lie group G, and let K denote the 1-component of the subgroup left 
pointwise fixed by w. Then the corollary to Proposition VI, sec. 10.26, 
shows that the pair (G, K) satisfies the conditions of Theorem IV. 


Theorem V: Let K be a compact connected subgroup of a compact 
connected Lie group G. Assume that the pair (G, K) satisfies the condi- 
tions in Theorem IV. Let 


3 Tr 


a 
fry = py tM, fe, = Yt, and fp, = Ym 
& 


i=1 i=stl1 


be the Poincaré polynomials for Pg, Px, and P,. Then the Poincaré 
polynomials for Im he and for H(G/K) are given, respectively, by 


Sim hg Ul ad — toit1) ll (1 —_ thtt)-a, 
w=1 i=l 
and 


facargy = [] (L — #*) I] (hs ey? TI (hae). 


i=1 =s+1 


Proof: In view of the commutative diagram (11.1), this follows from 
Theorem VI, sec. 10.15. 
Q.E.D. 


11.6. Subgroups noncohomologous to zero. A subgroup K of G 
will be called noncohomologous to zero (n.c.z.) in G if the homomorphism 
jz: H(G) > H(K) is surjective. 
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Theorem VI: Let K be a compact connected subgroup of a compact 
connected Lie group G. Then the following conditions are equivalent: 


(1) K is n.c.z. in G. 

(2) F is n.c.z. in E. 

(3) The homomorphism 2*: H(G/K) — H(G) is injective. 

(4) The Weil homomorphism he is trivial; (i.e., h& = 0). 

(5) There is an isomorphism of graded cohomology algebras 
H(G) = H(G/K) ® H(K), which makes the diagram 


H(G/K) © H(K) 
H(G|K) / ~ \ H(K) 
A(G) 


commute. 
(6) dim H(G) = dim H(G/K) dim H(K). 
(7) jy 18 surjective. 
(8) The kernel of j% coincides with the ideal generated by Im(z*)*. 
(9) There is an isomorphism of graded spaces Pe = Py © Px. 
(10) There is an isomorphism of graded algebras H(G/K) = APg. 
(11) The algebra H(G/K) is generated by 1 and elements of odd 
degree. 


Proof: In view of the diagram (11.1) the theorem follows from Theo- 
rem IX, sec. 10.18, and Theorem X, sec. 10.19. 
Q.E.D. 


11.7. Subgroups of the same rank. Recall from sec. 4.12, volume II, 
that the rank of a compact connected Lie group G is the dimension of Pg. 
In view of sec, 5.32 we have 


rank G = dim P, = dim Py = rank E, 


where E is the Lie algebra of G. 
Now let T be a maximal torus in G. Then according to Theorem IV, 
sec. 4.12, volume I], dim T = rank G. On the other hand, it is easy to 
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check that the Lie algebra F of T is a Cartan subalgebra of F. Thus 
Theorem XII, sec. 10.23, (which asserts that dim F = rank E) provides 
an algebraic proof that dim T = rank G. 


Theorem VII: Let K be a compact connected subgroup of a compact 
connected Lie group G. Then the following conditions are equivalent: 

(1) Gand K have the same rank. 

(2) The Weil homomorphism hs: (VF*), > H(G/K) is surjective. 

(3) H(G/K) = (VF*);/J, where J is the ideal generated by 
Si((VtE*),). 

(4) H(G/K) is evenly graded, 

(5) The Euler—Poincaré characteristic of H(G/K) is nonzero. 

(6) 7 is injective. 

(7) H™-™(G/K) <Imhe (n = dimG, m= dim K). 

If these conditions hold, the Samelson space P, = 0 is zero and thus 


(~*)+ = 0. Moreover if the Poincaré polynomials for Pg and Px are 
given by )i_, ¢% and >1_, ¢#, then the Poincaré polynomial for H(G/K) is 


Ft — wey /TT = 2) 


i=1 
and 


Proof: In view of diagram (11.1) the equivalence of conditions (1)-(6) 
follows from Theorem XI, sec. 10.22. Proposition IX, sec. 10.29, shows 
that (2) is equivalent to (7). For the last part, apply Theorem V, sec. 11.5. 

Q.E.D. 


Corollary I: Suppose some Pontrjagin number of the homogeneous 
space G/K is nonzero. Then G and K have the same rank. 


Proof: According to Proposition III, sec. 5.11, volume II, the tangent 
bundle of G/K has total space G x x E/F. Thus formula (8.4), sec. 8.25, 
volume II, shows that the characteristic classes of tg,x are in Im he. 
Hence, by hypothesis, Im ha > H"-"(G/K), and so condition (7) of the 
theorem is satisfied. 

Q.E.D. 
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Corollary HI: Let T be a maximal torus of a compact connected Lie 
group G. Then H(G/T) is evenly graded. Its Poincaré polynomial is 
given by 


Z — Th. (1 — ) 
HiG/T) —_ (1 ag t)r ) 


where Y%_, # is the Poincaré polynomial for Pz. Moreover, if | Wg | is 
the order of the Weyl group (cf. sec. 11.8) then 


; r g,+1 
| Wo | = kop = dim (G/T) = |] #5—. 


Proof: That | Wa | = %g,p is shown in Proposition XIII, sec. 4.21, 
volume II. The rest of the corollary follows from the theorem. 
Q.E.D. 


§3. The Weyl group 


11.8. The Weyl group. Let G be a compact connected Lie group with 
maximal torus T. Denote the corresponding Lie algebras by E and F. 
Let Ny be the normalizer of T (in G). Then the factor group 


We = NolT 


is a finite group (cf. sec. 2.16, volume II). It is, up to an isomorphism, 
independent of the choice of T and is called the Weyl group of G. 
A smooth right action © of Wy on G/T is defined by 


®,(xx) = D(xx, 2) = x(xa), GEW,, xeEG, 


where a € N7p is any representative of ad. Hence a representation ®* of 
Wg in H(G/T) is defined by 
@*(@) = OF, ade Wa. 
The corresponding invariant subspace is denoted by H(G/T)y,-1. 
On the other hand, the eft regular representation of W,, is defined as 
follows: Let V be the real vector space whose elements are the formal 


sums Yaw, 24, with A’ e R (so that the elements of Wg are a basis 
of V). Set 


Ze (x iva,] =V aaa, de Wa, Vwa,eV. 


v v 


Proposition III: The representation ®* is equivalent to the left 
regular representation of Wg. 


Proof: It follows from [3; (2.6), p. 12] that it is sufficient to show that 
tr dF — 0 if axe, and tr OF =| Wel. 


Fix @ € Wg and consider the Lefschetz number of the map @; (cf. 
sec. 10.7, volume I). It is given by 


L(®;) = Yi (—1) tr GF, 


469 


470 XI. Homogeneous Spaces 


where © denotes the restriction of ® to H*(G/T). Since H(G/T) is 
evenly graded (cf. Corollary II of Theorem VII), it follows that 


L(®;z) = ¥ tr OF = tr OF 
Pp 
Now, if @+ @, then ®, has no fixed points and thus L(®;) = 0 (cf. 
the Corollary of Theorem III, sec. 10.8, volume I). This shows that 
tr dF = 0 if axe. 
On the other hand, Proposition XIII, sec. 4.21, volume II, shows 
that %@,p = | We | and so 


tr OF = Xeyr =| We |. 
Q.E.D. 
Corollary: H(G/T)y,-1 = H(G/T). 


Proof: Clearly, H°(G/T) is contained in the invariant subspace. 
But the invariant subspace of the regular representation has dimension 1. 
Q.E.D. 


11.9. The image of jj.9. Observe that since T is normal in Nr, 
the operators Ad a (a € N-) in E restrict to operators in the Lie algebra 
F of T. Thus a representation Y of Wg in F is given by 


Y(a)(y) = (Ad a)y, aéeNr, yeF. 
Denote the induced representation in VF* by WY: 
#N(a) = (P(a"))". 


Denote the invariant subalgebra by (VF*)y,-1. 
Now consider the inclusion 7: F — E and the induced homomorphism 
Jo~0: (VE*)o-9 > VF*. (Since F is abelian, VF* = (VF*),_).) 


Theorem VIII: The homomorphism jj.) is an isomorphism of 
(VE*),.9 onto (VF*)yo-1: 


Jono (VE*) 920 => (VF* yy gat. 


Proof: As we remarked in the beginning of sec. 11.7, (Z, F) is an 
equal rank pair. Thus by Theorem XI, (7), sec. 10.22, jo is injective. 
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It remains to be shown that 
Im jie = (VF*)wg-t- 
It follows from the definition that an element 2 € V?F* is in 
(V? F*)y,-1 if and only if 
QAY1, «65 Vp) = Q((Ad a)y,, ..., (Ad a)y,), aceNy, y,6 F. 


This implies that Imjp_o ¢ (VF*)y,-1- 

To prove the converse, consider the principal bundle # = (G, 2, 
G/T, T). Since (G, T) is an equal rank pair, Theorem VII, sec. 11.7, 
implies that the Weil homomorphism hg is surjective. Thus if X < VF* 
is any graded subspace satisfying VF* = X @ ker he, then he restricts 
to an isomorphism 


X =. H(GIT). 
According to Lemma I, below, he satisfies 


heoW"(a) = @8 ohe. 


Thus ker he is Wy-stable. Since Wg is a finite group, the graded sub- 
space X can be chosen to be stable under the operators ¥'(@), de We 


(cf. [35 (1.1), p. 3]). 
Let y: H(G/T) + VF* be the linear injection given by 
y(heQ) = 2, Qe X. 


Then y is homogeneous of degree zero, and satisfies the following prop- 
erties: 


(i) yvAj=1, (ii) haoy=1, (ili) yoOxo= VW (a)oy, Ge We. 
Now define a linear map 
g: H(G/T) @ (VE*)o-0 + VF* 


by g(a © 2) = y(a) Vv 7$-0(2). According to sec. 2.9, g is an isomorphism 
of graded spaces. Moreover, it follows from (iii), above, that 


g° (DF @t) = Pa) og. 
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Hence g restricts to an isomorphism 
H(G/T gar © (VE*)o-0 => (VF*) gat 
But the corollary to Proposition ITI, sec. 11.8, states that H(G/T)y-,-1 
= H%G/T); hence this isomorphism is exactly 7}_9. 
Q.E.D. 


11.10. Lemma I: The Weil homomorphism h>= satisfies 


heoW(a)= Bohs, ae We. 


Proof: Fix ae Np. Define a commutative diagram of smooth maps, 


Ca Se 


= 


nm 4 


GIT Cr 


Pa 


by setting 
Yo(x)= axa and  9,(ax) = x(axa)=a!-n(xa), xeEG. 
Since left translation of G/T by a! is homotopic to the identity, 
Pa = OF. 


Next, let. # = (P, %, G/T, T) be the pullback of # to G/T under: g,. 
Then there is an isomorphism of principal bundles a: P > G. Define 
a smooth fibre preserving map #,: G > P by }, = y, 0 a7. This yields 
the commutative diagram 


(CL: G 


a 


G/T G/T 


é Pa 


GIT. 


Since p,(xy) = pa(x)ya(y) and a(xy) = a(x)y (xe G, ye T), it follows 
that 


Pa(xy) ms Pa(x)pa(y); xeG, YE ?. 


3. The Weyl group 473 


Now denote the restriction of y, to T by 8, and apply Theorem II, 
sec. 6.19, volume II, to @ and Theorem III, sec. 6.25, volume II, to 
$_ to obtain the relation 


heo (P’ = ha= yi he. 


Clearly (f’)’ = Y*(a). Thus, since py = ®7, the lemma follows. 
Q.E.D. 


§4. Examples of homogeneous spaces 


Recall that in article 7, Chapter VI we computed the cohomology of 
certain compact Lie groups. The results are contained in the following 
table. (E denotes the Lie algebra of G.) 


Sk(n; C) Sk(2n + 1) Sk(2n) 


basis of Pz O) 4 Dinas Sf, Oe, 


1<p<n 1<p<n 1<p<n 


U ‘0 


CHB RG MCE acs TM aha Ol VP RCS ses Cd P EE ee) 


rank E n 


In this article we consider homogeneous spaces G/K, where G is one 
of the groups above, and K is a product of groups, each isomorphic to 
one of those above. 

As usual E and F denote the Lie algebras of G and K, andj: F-+ E 
is the inclusion. 

In each case we shall determine 


(1) the Samelson subspace for G/K, and 

(2) the homomorphism jj.9: (VE*)o29 > (VF*)p-o- 
Since the ranks of G and K can be read off from the table above, it will 
be possible for the reader to verify at once that each pair is a Cartan pair. 
Thus Theorem IV, sec. 11.5, and Theorem V, sec. 11.5, allow us to 


determine the cohomology of G/K. This information is contained in 
the tables at the end of this chapter. 


11.11. G = U(n). Let V be a complex n-dimensional vector space 
with Hermitian inner product ¢, >. LtV=V,@---@V,@®@Whea 
fixed orthogonal decomposition of V into complex subspaces and let 
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dim V;=k;, @= 1, ...,q). Define an inclusion map 


Ju: U(ky) X +++ xX U(k,) > U(n), 
by 
Jo(O1, +5 %) = 40°: Oa Oy, O,E U(k;). 


Its derivative, 
j: Sk(k,; C) ® «++ @® Sk(k,; C) > Sk(n; C), 
is given by 
TPs ++ P= MD +++ OG GBI ye Sk(A;; C). 


Examples: 1. U(n)/U(k): Inthis case q = 1 andk, = k. It follows 
directly from the definitions that 


JAP) = PGR, 1spsk. 


This shows that jp is surjective; hence so is 7*. Thus (cf. Theorem VI, 
(2), sec. 11.6) U(R) is n.c.z. in U(n). 

Now Theorem X, (5), sec. 10.19, implies that ker jp = P. A simple 
degree argument shows that ker jp is spanned by the ©3{") with k + 1 
<p <n; thus 

p= (Ph, w+) OH). 


Finally, observe that Proposition I, sec. A.2, yields 


» (CU) = cy, 1 <psk, 
oes 0, k+1l<p<n. 


2. U(n)|(U(Rk)x U(n — k)): InthiscaseeV = V, @ V,,dimV,=k 
and dim V, = n — k. Let oy be the isometry defined by oy =e in Vy 
and o, = —z in V,. Then o% = and so an involution o in U(n) is 
given by o(t) = oyto7'. The fixed point subgroup of a is U(k) x U(n—). 

Thus (U(n), U(k)x U(n — k)) is a symmetric pair. Moreover it is 
clearly an equal rank pair (cf. sec. 11.7 and sec. 10.22), and hence a 
Cartan pair with P = 0. 

Finally, note that 


(VF*)o-0 = (V SK(R; C)* ong © (V Sk(n — 3 C)*) og 0- 
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Hence Proposition I, sec. A.2, gives 


kee) = y co@ 3) Coe. 


qtr=p 


where CY = 1 and CO = 0 ifs > 1. 


3. U(n)/U(k,) x «++ x U(k,): Set k= bj; and consider the 
inclusion U(k,) xX --- x U(k,) + U(n), defined above. There is a com- 
mutative diagram of smooth maps 


U(n) 


ee 


U(n)|(U(Ri) X +++ x U(k_)) —+ U(n)/U(R). 


Now let P and P, denote the Samelson subspaces for the pairs 
(U(n), U(k,) x +++ x U(k,)) and (U(n), U(k)). The diagram shows 
that P, < P. On the other hand, by Theorem IV, sec. 11.5, 


dim P < rank U(n) — rank(U(k,) X «++ x U(k,)) 
=n—k= dim P,. 
Hence, (cf. Example 1, above) 
P=P,= (Gp, 5.4% Paa a): 


Finally, observe that 


Pale) ne y Ca @ fave ® Cot: 


Pyt ++ +Pg=D 


this follows from the obvious generalization of Proposition I, sec. A.2, 
to direct decompositions into several subspaces. (Note that CY = 1 and 
CU = 0 if p, > k,.) 


4. U(n)/SO(n): Write V = C @© X, where X is an n-dimensional 
Euclidean space and 


AQxwUOYW=AiKxy>, Apec, xyexX. 


Then an inclusion SO(n) > U(n) is given by get @a. 
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Next, consider the (real) linear involution wy of V given by 
wp(A@xy=ASx, AEC, xeX. 
It determines the involution w of U(n) defined by 
w(o) = wyow;', oe U(n). 


The 1-component of the fixed point subgroup for this involution is 
precisely SO(n). Thus (U(n), SO(n)) is a symmetric pair and hence a 
Cartan pair (cf. sec. 10.26). 

Moreover, it follows at once from the definitions that 


(w’)p-o( PY, 1) = (—1)?@¥,_,, pS, GaN 


Thus Proposition VII, sec. 10.26, shows that P is spanned by the elements 
OY,_, (p odd). 
Finally, observe that 
. p odd, 
we cl 3S . 
Fo-Cp ) ee p even, 


as follows directly from the definitions. 


5. U(2m)/Q(m): Consider V as the underlying complex space X, 
of an m-dimensional quaternionic space X as described in sec. 6.30. In 
particular, O(m) < U(2m). 

‘Since, by definition, 


$1 = Jo-o( Pips)» l<p<m, 


it follows that jp is surjective, and so Q(m) is n.c.z. in U(2m). Hence 
P=kerjp. A straightforward degree argument shows that ker jp is 
the space spanned by ®¥,_, (p odd). Thus P = (OY, OY, OY, ...). 

Finally, combining Lemma XI, (1), sec. 6.24, with the definitions in 
sec. 6.30, we find that 


0 peda: 
Wig cu a > 
Jo-ACp ie p even 


11.12. G = SO(n). Let (X,<, >) be an n-dimensional Euclidean 
space. An orthogonal decomposition of X leads (exactly as in sec. 
11.11) to an inclusion 


SO(m) x +++ x SO(n) + SOM), Yn <n. 
j= 
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Examples: 1. SO(2m-+ 1)/SO(2k+ 1): Precisely as in Example 
1, sec. 11.11, it follows that SO(2k + 1) is n.c.z. in SO(2m + 1) and that 
P is spanned by the elements ®, (6 =k + 1,...,m). Moreover, 


(Cae 1 <> ze k 


CS0am+) = 
) 10, k+1<p<m. 


Jox=ol 2p 


2. SO(2m + 1)/SO(2k): In view of the commutative diagram 
SO(2m + 1) 


fo 


SO(2m + 1)/SO(2k) ——+ SO(2m + 1)/SO(2k + 1) 


the Samelson subspace P for the pair (SO(2m + 1), SO(2k + 1)) is 
contained in the Samelson subspace P for (SO(2m + 1), SO(2k)). Since 


dim P < rank SO(2m + 1) — rank SO(2k) = m — k = dim P, 


(cf. Theorem IV, sec. 11.5), it follows that P=Pp,. 

In particular (cf. Example 1, above), P is spanned by the elements 
OF, (kR+1<p<m). 

The same formula for 7j_, as in Example 1 continues to hold here. 
However, C3?" is not a generating element of (VF*),_5, and, in fact, 
Proposition VI, sec. A.6, yields 


CoS Pv PE 
Thus 
Ce Lee peky 
Fieo(Cop OO") = PEvPL, p=k, 
0, p>k. 
3. SO(2m + 1)/(SO(2k) © SO(2m — 2k + 1)): Consider an or- 


thogonal decomposition X = Y @ Z, where dim Y = 2k. Define involu- 
tions wy of X and w of SO(2m + 1) by wy = cin Y, wy = —vin Zand 


w(o) = wyow;z, o € SO(2m +- 1). 


Then the fixed point subgroup of w has SO(2k) x SO(2m — 2k +- 1) 
as 1-component, and so the pair is symmetric. Since it is also an equal 


rank pair, P = 0. 
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Recall from Example 2, above, that C#?°” = Pf v Pf, and set C3? = 1 
and C32 — 0, 2s > Ll. Thus Proposition I, sec. A.2, yields 


'SO(2k) WS O(2m—2k+1) 
y. Coq (9) Cor . ’ Pp < k, 


qtr=p 
i (Co i k-1 
=O\™ 2p a ‘S$ O(2k) SO(2m—2k+1) WS O(2m—2k+1) 
» Cy & Cop-29 + Pf v Pf & Capon ’ 
q=0 


peak. 


4, SO(2m + 1)/SO(2k,) x +--+ x SO(2k,) x SO(21+ 1), Ek; = 1, 
1>0: Setk = ¥4;. Exactly as in Example 2 above it follows that the 
Samelson subspace for this pair coincides with the Samelson subspace for 
(SO(2m + 1), SO(2k + 21+ 1)). Hence it is spanned by the elements 
Pipi, k+14+1<p<m. The formula for jj) is the obvious gener- 
alization of the formula in Example 3, above. 


5. SO(2m)/SO(2k), k <m: First observe that, as in Example 2, 
above, 
CSO p<k 
‘p ’ , 
jin(Cy ”) =} PfvPf, p=k, 
0, p>k. 


Moreover, it follows from Proposition VIII, sec. A.6, that 
Jo-o(PF) = 0. 


Next recall (cf. sec. 11.5) that the P,-algebra for this pair is given by 
((VF*)9-0; ), where o = jp.9 0 t and t: Pg — (VE*) _, is a transgres- 
sion. In view of formula (6.15), sec. 6.19, and formula (6.17), sec. 6.22, 
we may choose 7 so that 


u(Sf)= APF and = 1(O7") —1a,cH, l<p<m, 


where A and 4, are nonzero scalars. 
It follows that 


o(Sf)=0 and of O29) =0, kRt+1<p<m. 
Thus these vectors are in P. On the other hand, 
dim P < rank SO(2m) — rank SO(2k) = m — k 


and so the elements O29" (p= k-+1,...,m-—1) and Sf form a 
basis of P. 


480 XI. Homogeneous Spaces 


6. SO(2m)/SO(2k + 1): In this case Proposition I, sec. A.2, and 
Proposition VIII, sec. A.6, yield 


*y (ce = Os 1 <p < k, 
ee 0, k+1l<p<m, 
and 
fiao(Pf) = 0. 


Thus j$.9 is surjective and so (cf. Theorem VI, (7), sec. 11.6) 
SO(2k + 1) is n.c.z. in SO(2m). Exactly as in Example 5 it follows that 
P is spanned by @902” (k + 1 <p <m) and Sf. 


7. SO(2m)/(SO(2k) x SO(2m — 2k)): As in Example 3, above, 
this is a symmetric equal rank pair and so P = 0. Proposition I, sec. A.2, 
and Proposition VIII, sec. A.6, yield 


Pp 
“y SO(2m) SO(2k) SO(2m—2k) 
Jo~0(Cop = » Cx & C2p-29 ’ l<p<m 
q=0 


and 
Fono(PFS02™) — PSH ~ PFSOGm-2h), 


Note that in the first formula C30? = 1, C$?®) — Pfv Pf, and 
CSO") 0, r > 1. 


8. SO(2m)/(SO(2k + 1) x SO(2m — 2k —1)): As in Example 3, 
this is a symmetric pair (and hence a Cartan pair—cf. sec. 10.26). The 
involution wy of X reverses orientations, and hence 


(’o-o(PF) = —P£ 


(cf. Proposition VII, (1), sec. A.6). 
It follows (because Sf = Ao,g(Pf)—cf. sec. 6.22) that 


(o')po(Sf) = —SE. 


Hence, by Proposition VII, sec. 10.26, Sf € P. 
But 


dim P < rank SO(2m) — rank(SO(2k + 1) x SO(2m — 2k — 1)) = 1, 


and so Sf is a basis of P. 
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Finally, as in Example 7 


PC) = 3 Cee 3) Co —2k— ay. 1 <p < m, 
q=0 
and 


Jo-o(PF) = 0, 
where CS°?#) — 1 and CHO) = 0, 5>1. 


9. SO(2m)/U(m): Let X denote the underlying 2m-dimensional 
Euclidean space of a complex m-dimensional Hermitian space V. Then 
(SO(2m), U(m)) is an equal rank pair, and hence P = 0. 

Moreover, j$-o is given by 


fio(C8) = (-1"_ y (lye? vc? (11.2) 


qt+r=2p 
and 


Jo-o(Pf) = Ch, (11.3) 


where, as usual, CY = 1 and CY = 0,qg >m. 
To see this, observe first that the Hermitian inner product in V de- 
termines the R-linear isomorphism a: V —+ V*, given by 


(ax, y= <*>, wVEV. 
Define an isomorphism of complex spaces 
6:CQX+VOV*, 
by setting 
6(A © x) = (Ax, Aa(«)), AeC, xe xX, 
Now let » € Sk(m; C) (= Sky). Then j(y) € Sk(2m) (= Sky). Denote 


J(y) by y. Then « ® y is a complex linear transformation of C ® X, 
and, evidently, 


9° Ov) = (Y © —9*) 08. 
It follows that (cf. sec. A.2) 


Cop(p) = Cop(t © y) = Cap(y © ——*) 
dy (-1yYC,(¢)C,() 


qtr=2p 


= yg 


q+r=2; 


I 


C,(9))(+-C.)), 
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whence 


(BaoCEVG, 50) = (-1)? FE (“ICP VEN, «49 
la y € Sk(m; C). 


This establishes (11.2). Formula (11.3) follows from Example 3, sec. 
A.7. 


10. SO(4k)/Q(k): Regard X as the underlying 4k-dimensional 
Euclidean space of a k-dimensional quaternionic space V (cf. sec. 6.30). 
The corresponding inclusion Q(k) + SO(4k) is the composite of the 
inclusions 


Q(k) > U(2k) and ~—-U(2k) > SO(4k) 


of Example 5, sec. 11.11, and Example 9, sec. 11.12. 
Tt follows that in this case 


fono(Cop) = (—1)” Y ChvCy, tsp <2k 
qtr=p 


and 
Jb-0(Pf) = Ch ’ 


where Cf = 1 and CZ = 0, g > k. 
This implies that 


fo-o(Cep) — (—1)2C$, € (VIF*)on0 + (VIF *)p9, 1S p< 2k. 
Hence (cf. Theorem II, sec. 6.14) 
Or I5-0(Ce ) = A, Ph ’ 1<p<h, 


where A, is a nonzero scalar. This implies that there is a transgression 
t: Py + (VF*)g.9, such that t(P,) is spanned by the vectors j$_(Czy) 
(l<p<h). 

But, in view of Theorem I, sec. 6.13, t(Pr) generates (VF*),_. 
This shows that jj_) is surjective and so Q(k) is n.c.z. in SO(4k) (cf. 
Theorem VI, sec. 11.6). In particular, P = ker jp. 

A simple degree argument shows that 


jrPipn) = 0, R+1<p<2k—1. 
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Moreover, 


jpoe(2Pf — (—1)*Cxt’) = er(2jso(PF) — (—1)'Fo0Cz) 
=— 0, 


as follows from the formulae above for j}_. 
Now use formula (6.15), sec. 6.19, and formula (6.17), sec. 6.22, to 
obtain 


Je(SE + (—1)'2**(2k — 1)1OiP,) = 0. 
Since dim P = k, these relations show that P is spanned by the elements 


OF, (kR+1<p<2k—1) and Sf + (—1)2?**(2k — 1/1682... 


11.13. G = Q(n). Examples: 1. Q(n)/O(k): Exactly as in the uni- 
tary case (Example 1, sec. 11.11) it follows that Q(R) is n.c.z. in O(n), 
that P is spanned by the elements 2, (k + 1 <p <n) and that 


és : , LEpes, 
Pale ’) = 2p spss 
0, k+1l<sp<n. 


2. QO(n)/(Q(k) x O(n — k)): As in Example 2, sec. 11.11, this is a 
symmetric, equal rank pair. Thus P = 0. Moreover, it follows from that 
example and the definition of C$, that 


Faken) = y Ege @ Coesh, 


r+q=P 
where C2 = 1 and C2 =0, s>1L 


3. O(n)/U(n): Let (Y, <, ><) be an n-dimensional Hermitian space 
and consider the n-dimensional quaternionic space Z = H @®g Y where 
H is regarded as a complex vector space via multiplication by C on the 
right (cf. sec. 6.30) and the quaternionic inner product is given by 


(PO*xI@W=PRaYIWG £976, xye Y. 


Thus we have the inclusion U(n) — Q(n) defined by ot>1 ®a. Evi- 
dently, (Q(), U(n)) is an equal rank pair and so P = 0. 

To determine jj,» recall the inclusion O(n) + U(2n) in Example 5, 
sec. 11.11. Let 2: Sk(n; 7) + Sk(2m; C) denote the corresponding in- 
clusion of Lie algebras and consider the composite inclusion 


1=107: Sk(n; C) — Sk(n; H) > Sk(2n; C). 
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Recall from sec. 6.30 that H = C @C*# and that C+ is stable under 
multiplication from the left and from the right by C. Let Z, denote the 
2n-dimensional complex space underlying Z. Then 


Zo = (C Be Y) @(C* Sc Y) = YO(C* We ¥). 
Now fix a unit vector j € C, and define a C-linear isomorphism 
a: C! @o Y= Y* 
by setting 
(af OY) = <@BMe, mye Y. 
Use a to identify C! ®g Y with Y*; then we have 
Z=Y@Y*. 
Moreover, with this identification, / is given by 
Kp) = 9 @ —¢". 
It follows, as in Example 9, sec. 11.12, that 


a (ois) ae Y (-1)c?™ Vv com: 
q 


+r=p 
But [3.9 = f$-0 ° 23-9 and 75.5 is given by 


a y 0, p odd, 
ijno(Cp ’) = | cam 
Pp ? 


(cf. Example 5, sec. 11.11). 
This implies that 


p even, 


RAC) = Y (1CP"vey™, 1<p<n, 


qt+r—=2p 


where, as usual, CU — 1 and CU = 0, g>n. 
0 q q 


4. Q(n)/SO(n): Let X be an n-dimensional Euclidean space and 
set Z = H @ X. Then the inclusion SO(n) —> O(n), given by g->1®o 
is the composite 


SO(n) + U(n) > O(n) 
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of the inclusions in Example 4, sec. 11.11, and Example 3, above. Thus 


fono(CZ,) = (-1)? ¥ CH vCH, lpn. 
qtT=p 


(Here CS? = 1, C$? = 0 if g > n; and if n = 2m, Cop may be replaced 
by Pf v Pf.) 

Now an easy induction argument shows that Im j}W-, is the subalgebra 
of (VF*)s_9 generated by the elements C3?, 1 <2p <n. 

In view of this, the formula above shows that 


feo CZ) € (Im fino) Impheo)"s 2p >, 


whence og(C&) € P. It follows that 62_,¢ P,n +1 <2p < 2n. Now 
the standard argument on dimensions shows that these elements span P. 


§5. Non-Cartan pairs 


11.14. The pair (SU(6), SU(3) xSU(3)). Recall from Example 2, sec. 
11.11, that U(3) x U(3) is a subgroup of U(6). The inclusion map restricts 
to an inclusion SU(3)x SU(3) — SU(6). Thus we can consider the 
homogeneous space 


SU(6)/(SU(3) x SU(3)). 


Denote the Lie algebras of SU(6) and SU(3) by E and F. Then, by 
Theorem X, sec. 6.28, 


(VE*)o-0 — V(Ce", coe. ie Ce. Ce) 


and 
(VF*)p-9 = V(CZ", C3"). 


Moreover, the homomorphism 7§_9: (VE*)g-9 > (VF*)g0 © (VF*)o-0 
is given by 
Fe-o(Cp y= Ye Cr OE", (11.4) 
qtr=p 
(as follows from Example 2, sec. 11.11). Note that on the right-hand side 
Crs 1 and 6o" = 0 igs 0,253. 
Now set 
ex(Cp") = Mp1, 25 p <6, 


and let O be a graded vector space with homogeneous basis y,, Vg, 245 26 
(subscripts denote degrees). Define a symmetric P,y-algebra (VO; a) by 


O(X2p-1) = y Voaq V Pars 2 <p < 6. 


qtr=p 


Then formula (11.4) shows that (VQ; ) is the associated P,-algebra 
for the pair (SU(6), SU(3) x SU(3)) (cf. sec. 11.5). 
Since 


o(x3) = V4 + 24, o(X5) = Ve + 2» O(x7) = Var 
O(%_) = Varo + Vora, o(X11) = Yer» 
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it follows that the essential subspace P, of Pg (cf. sec. 2.22) is spanned 
by x,, %), and x,,. Moreover, the subspace Q, < Q (cf. sec. 2.23) may 
be chosen to be the subspace spanned by y, and yg. 

Then the associated essential P,-algebra (VQ,; 9,) is given by 


o,(%7) = —yi, 01 (%_) = —2ys¥o, 6,(%11) = —y§. 
It is immediate that 
01(X2p-1) ¢ V+#O, = a,(P,), p =. 4, 5, 6, 


and so the Samelson subspace P, is zero (cf. Proposition IV, sec. 2.13). 
Now Theorem X, sec. 2.23, shows that the Samelson subspace for (VQ; a) 
is zero. 

This implies, in turn, via Theorem II, sec. 11.5, that the Samelson 
subspace for (SU(6), SU(3) x SU(3)) is zero. Since the difference in ranks 
is 5 — 4 (= 1), it follows that this pair is not a Cartan pair. In particular, 
the differential algebra (A(.SU(6)/(SU(3) x SU(3))), 6) is not c-split. 

Now we compute the cohomology algebra H(SU(6)/(SU(3) x SU(3))). 
Combining Theorem II, sec. 11.5, with Theorem X, sec. 2.23, yields an 
isomorphism 


H(VQ, @ AP.) — H(SU(6)/(SU(3) x SU(3))). 
Thus we have to determine the algebra H(VQ, © AP,). 
Let a, %,, and a, denote the cohomology classes in H)(VO, © AP,) 
represented by the cocycles 1 © 1, y, © 1, and yg @ 1. Then, evidently 


these elements form a basis of Hy)(VQ, @ AP,). 
Next observe that 


H?(VO, & AP,) = H(SU(6)/(SU(3)x SU(3))) = 0, p> 19. 
Thus a simple degree argument shows that 
AAVO, © AP;) = 0 and (VQ, & AP,) = 0. 


Finally, because dim P, > dim Q,, the corollary to Theorem VIII, 
sec. 2,19, implies that H(VQ, © AP,) has zero Euler—-Poincaré charac- 
teristic. Since H)(VO, © AP,) is evenly graded, while H,(VQ, © AP) 
is oddly graded, it follows that 


dim H,(VO, @ AP,) = dim H,(VO, ® AP,). 
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Direct computation shows that the cocycles 
—I5 © Hy + 2 Oz, 24 OQ Hu — He @Q%, 2ys WX — We © os 


represent nonzero cohomology classes «3, @13, and a@,,. Thus these 
classes form a basis of H,(VQ, ® AP,). Hence they also form a basis 
of H,(VQ, © AP,). 


This shows that the Poincaré polynomial for 


A(SU(6)/(SU(3) x SU(3))) 


L+et et + pd + po, 
Moreover, the algebra structure is given by 


san 0, 7+j7419, 
19» i+j= 19, 


(for a;, a; € H*(VQ, © AP,)). 
11.15. The pair (Q(n), SU(n)). Recall from Example 3, sec. 11.13, 


that U(n) is a subgroup of Q(n) of the same rank n. Thus we can consider 
the homogeneous space 


Q(n)/SU(n). 


As usual, denote the Lie algebras by E and F and the inclusion by j. 
According to Theorem X, sec. 6.28, and Theorem XIII, sec. 6.30, 


(VE" eco = VIC. <5 CR) and. (VF * ong = VCE", CR, cosy CR): 
Moreover (cf. Example 3, sec. 11.13) j§_ is given by 


finolCZ)= ¥ (-1'C vce, 1<p<n, (115) 
qtr=2p 
where we set C$” = 1 and C$" =: 0 ifg=1org>n. 
Let X4)-) (1 <p <n) be the basis of Pg given by %gp_1 == en(C¥). 
Let Q be a graded space with homogeneous basis y4, yg, --- » Yen (sub- 
scripts denote degrees) and define a Pz-algebra (VQ; ¢) by 


O(X4p-1) aa > (—1)'VoqVers p= As see y ML (11.6) 
qtr=2p 
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Then formula (11.5) shows that (VQ; ) is the associated P,-algebra 
of the pair (O(n), SU(n)) (cf. sec. 11.5). 

Direct computation shows that if m <4, then the Samelson subspace 
of this P,-algebra has dimension 1. Since rank O(n) — rank SU(n) = 1, 
it follows that (O(n), SU(n)) is a Cartan pair if n < 4. 

We shall show, however, that for n > 5 the Samelson subspace is zero, 
and so (Q(n), SU(n)) is mot a Cartan pair in this case. In particular 
(A(Q(n)/SU(n)), 5) is not c-split if n > 5. 

We consider first the case m=: 5, and then proceed by induction 
on 7. 


Case I: n= 5. Then O = (4, ye, ¥s, Vio) and o is given by 
a(x3) = 2y4, O(%7) = 2y, + 95, O(%11) = 2Va¥a — VE 
o(%15) = —2yeVio + Vas o(%19) = —Yio- 


Thus the essential subspace P, of Px (cf. sec. 2.22) is spanned by ~x,,, 
X15, and x,y. Moreover, the essential P,-algebra (VQ,; 0,) (cf. sec. 2.23) 
may be chosen so that QO, = (¥@, Vio) and 


0y(%11) = —yé, 0y(%15) == —2y—Vi9, 01(%19) = —Yio- 


As in sec. 11.14, if follows from Proposition IV, sec. 2.13, that the 
Samelson subspace P, is zero. Now Theorem X, sec. 2.23, shows that 


P= 0. 
Case II: »>6. Write Py = P,, QO =Q,, and o = o,. Then 
Pr=Pra® (ma) and — On = Qn-1 © (Van) 
Observe that 
On(Pra) S VtQn-1 @V(Yen) and (*4n1) = (—1)"'V2» 


as follows from (11.6). 
This implies that 


On(Pr-1) . VtO, cS Vi Oey © V(Yen)» 
whence 


On(X4n—1) € (FP c1) 7 ViOw 


This shows that x,,_, ¢ P,; i.e, PB, < P,_y. 
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Next, let gy: P, > P,_, and y:Q, > Q,_, be the projections deter- 
mined by the direct decompositions above. Then 


Yv @ Pa 


VO, © AP, VQ,-1 © AP. —1 
en Cn-1 
AP, AP, 1 


is a commutative diagram of graded differential algebras, as follows 
from formula (11.6). It follows that 


(Pr) cS ae 


Now assume by induction that P,_, = 0 (n > 6). Since B,_, < P,_, 
and the restriction of y to P,_, is injective the relation y(P,) < P,_, 
implies that P,, = 0. This closes the induction. 


11.16. The frame bundle over CP? x CP?. Let G/K be any homo- 
geneous space with G, K compact and connected. Denote the corre- 
sponding Lie algebras by FE and F. Then the adjoint representation of K 
in E restricts to a representation in F+ (the orthogonal complement of F 
with respect to the Killing form). ‘Thus we have a homomorphism 


Ad!t: K > SO(F*). 
Now consider the inclusion 
yp: K>G x SO(F*) 


given by p(y) = (y, Ad'(y)), ye K. 
The corresponding homogeneous space is given by 


we 
es soe ) _ & x, SO(F4). 


It may be identified with the total space of the associated principal 
bundle of the vector bundle 


& = (G Xx F', m, G/K, F*) 


defined in sec. 5.10, volume II. 
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But according to Proposition III, sec. 5.11, volume II, é is the tangent 
bundle of G/K and so (Gx SO(F"))/K is the total space of the tangent 
orthonormal frame bundle for G/K. 

In particular, consider the case 


G = U(3) x U3), K=U(1) x U(2) x U() x U2). 


Then G/K = CP?x CP?. According to Proposition XII, sec. 9.26, the 
algebra of differential forms on the manifold of frames over CP? x CP? 
is not c-split. Now Theorem IV, sec. 11.5, implies that the pair 


(U(3) x U(3) x SO(8), U(1) x U(2) x U(A) x U(2)) 


is not a Cartan pair. 


G = U(n), E = Sk(n; C), Py = (®), OY... 


Basis of P 


fim x* 


frei 


dim Im X* 


dim H(G/K) 


XHiGik) 


n.c.Z. 


equal rank 


symmetric pair 


TABLE I 


U(k), R<n 


Gy,1, kR+1<p<n 


Tl (1+ #”-3) 


p=k+1 


Qn-k 


yes 


no 


, 5, -1) 


U(k) x U(n — k) 
(0 <k<n) 


U(k,) x +++ K U(k,) 
(ky >0, Dh =k< x) 


0 Gia, k+1<p<n 


Tipe: (1 — 2°”) 
TH7_, Tk, (1 — 2) 


Tip-s1 (1 — 2”) 
Tig=f di — 2°) 


TIp-«+1 (1 — 1°”) 


ned — my 


Fim x** I (1+ 227-1) 


p=k+1 


) Ri 
2"-k 
k Rl +++ Rl 
0 ifk<n 
(1) 
R} 
k —————- ifk=n 
Ril +++ Ral 
yes if q=1 
no 
no if g>1 
no ifk<n 
yes 
yes ifk=n 
yes _ 
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TABLE I 


(continued) 
SO(n) SO(n) O(m) 
(n = 2m) {(n = 2m + 1) (nm = 2m) 
U U U 
Dyy-s, 1 spsm Dyy-35 1 <p<m+i Dina» 1 <psm 
1+ 2" 1 1 
m m+ m 
(1+ 2”) TI (1 + #8?-9) TI (1 + #-*) TT (1 + 2?-*) 
pal pal pel 
2 1 1 
Qm+1 gmt+i am 
0 0 0 
no yes yes 
no no no 
yes yes —_ 
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v6r 


Basis of P 


Fim x* 


Sugixy 


dim Im %* 


dim H(G/K) 


Xagik) 


equal rank 


symmetric pair 


SO(2k + 1) 


Deo, k+1<p<m 


m 


Tl (+ 1+) 


p=k+1 


SO(2k) 


TABLE II 
G = SO(2m + 1), E = Sk(2m + 1), Pp = (5°, B8°, ... 


sO 


SO(2k) x SO(2m—2k+1) 
(0<k<m) 


so 
> Din 1) 


SO(2k,) X +++ X SO(2k,) x SO(2I + 1) 
(O<k, Yk =k, O< 1) 


Oe, k+1 <p < m 


1 + 2 


(1+27*) TT (1+ 247-7) 


p=k+1 


0 


Tp=m—es (1 ~ #”) 
(ES ae) #4) 


Fim x 


Deo, k+141<p<m 


kort 


IIp-1 (1 — #4?) 


(Ti_, (2) TS de) TE, a2) 


o 


(1 + 247-2) 


m 


fim xe * II 
pHkt+i+l 
(k+ 2)! 


a 
Ayl s+ kal ll 


(k+D! 


gmtq-k-l ‘ a, 
Ry! +++ Ral ll! 


0 (kR+1 < m) 
(kR+D! 


gm+q-k-l, _ 
Rylees Rot ll! 


(k+1 = m) 


no 


no (k+l <m) 
yes (k+l =m) 


S6+ 


Basis of P 


Sim x* 


Suicixy 


dim Im %# 


dim A(G/K) 


Xenaix) 


N.c.z. 
equal rank 


symmetric pair 


G = SO(2m), 


SO(2k) 
(k <m) 


Sfrmi> Dery, Rt+1<p<m-—1 
1 + 2% 


(+ M+ m1) TE (14 et) 


p=k4+1 


TABLE III 


E = Sk(2m), Pz = (@8°, 08°, 


SO(2k + 1) 


Sfam-—1> Dina, k+1<p<m-1 


at emy TT at ae) 


p=k+1 


Pips Shas) 


SO(2k) x SO(2m — 2k) 
(0<k <m) 


(1 — 2”) [paar (1 — 2?) 
(1 — 8)(1 — eimmahy Pye (1 — f?) FF (1 — HP) 


Sim x* 
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TABLE III (continued) 
G = SO(Qm), E = Sk(2m), Pe = (@3°, O8°, ... , Deo. , Sfam—1) 


SO(2k + 1) x SO(2m — 2k — 1) Q(k) 
(m = 2k) 


Sfgg_a + (—1)F2"*-*(2k — 1)! Dypi, Papi, R+1 <p < 2k 


TIpa (1 — 2”) 
TE, — 4) TF — 2) 


Tl (+ 2”) 


p-l 


m-1 
Stem (1 + 2°-")fin ye Fim x# (+21) TT (1 + P-) 


pak+1 


dim Im %* os Qm-1 
dim H(G/K) 


Xwiei) 


N.c.Z. 
equal rank 


symmetric pair 


L6+ 


Basis of P 


fim x 


Siigixy 


dim Im #* 


dim H(G/K) 


Xnigik) 


N.c.z. 
equal rank 


symmetric pair 


TABLE IV 
G = O(n), E = Sk(n; H), Pz = (63, 88, ..., B%,_,) 


OCR) Qk) x O(n — k) SO(n) 
(k <n) O<k<n) (m = 2k) 


O24, k+1<p<n 0 O21, R+1<p<n 


TIp-: (1 — #4”) * 
ea ee ere 1+ 1 1+ 2 
ed -) tera) | Pere 


T+ 47-4 Sm x Mater) | ate) TE ateey 


pa=k+l p=l pak+. 


2% 2 


SO(n) 
(n = 2k + 1) 


O24, kR+1 <p<n 


Tl (+ =) 


p=k+1 


Chapter XII 


Operation of a Lie Algebra Pair 


§1. Basic properties 


12.1. Definition: Let (EZ, F) be a reductive Lie algebra pair (cf. 
sec. 10.1) and assume that (EZ, 7, 6, R, 6g) is an operation of FE. This 
operation restricts to an operation (F, 7, 6, R, 6g) of F (cf. Example 3, 
sec. 7.4). The corresponding invariant subalgebras of R will be denoted 
respectively by Ro,-9 and Ro,~. 

We shall say that (Z, F, 7, 6, R, 6g) is an operation of the pair 
(E, F) in the graded differential algebra (R, 6p) if the inclusion map 
Re,z-0 — Re,-o induces an isomorphism 


(Ro, -0) = H(Ro,=0)- 


Given such an operation, we adopt the following notation conventions, 
to remain in force for the entire chapter: 


(i) wp denotes the degree involution of R: wpz = (—1)?z, z € R?. 
(ii) The horizontal and invariant subalgebras for the underlying 
operations of EF and F are denoted, respectively, by 


R,,=05 Ro,-0 and Rj,-0) Rop=0- 

(iii) ‘The basic subalgebras for the operations are written 
Br= R;,,=0,0¢=0 and Bp= Ri ,~0,0p=0- 

(iv) The obvious inclusions are denoted by 


eg: Br > Rog-0; ep: By > Ro,-0 and e: By > By. 


(v) ‘The cohomology algebras H(Ro,_)) and H(R,,-o) are identified 
via the isomorphism induced by the inclusion map, and are denoted 
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simply by H(Ro.). In particular, we have the commutative diagram 


H(Bz) 


H(Br) 


(vi) If the algebra H(Rp~9) is connected, then the fibre projections 
associated with the operations of E and F are denoted respectively by 


Or: H(Ro-0) > (AE*)o~0 and ok: H(Ro.o) > (AF*)o-0 


(cf. sec. 7.10). 

(vii) The algebras APg, (AE*)».., and H*(E) (respectively, AP;, 
(AF*),.9, and H*(F)) are identified via the isomorphisms xg and x# 
(respectively, xp and x}) of sec. 5.18 and sec. 5.19. 

(viii) The inclusion map of F into E is written j: F — E. It induces 
homomorphisms j”, jj-9, J”, and jj-9 as described in sec. 10.1. 

(ix) The basic subalgebra for the operation (F, ip, 07, AE*, dz) is 
denoted by (AE*);,,-0,6,-0 and its cohomology algebra is written H(E/F). 
The inclusion map (AE*);,,-0,6,-0 > AE* is denoted by k. 


It is the purpose of this chapter to express H(B,y) in terms of H(Bz) 
and other invariants. 


12.2. The associated semisimple operation. Consider an operation 
(E, F,1, 6, R, 6g) of a reductive pair (E, F). The operation of EF in 
(R, 6x) determines the associated semisimple operation (E, 7, 0, Rs, dr) 
as constructed in sec. 7.5. In particular, 9 is a semisimple representation 
of FE in Rg. 

Since F is reductive in Z, 6 restricts to a semisimple representation of 
F in Rg, as follows from the definition of Rg and Proposition ITI, sec. 
4.7. Thus the inclusions 


(Rs)og=0 + Rs and (Rs)op-0 > Rg 


induce isomorphisms of cohomology (cf. Proposition I, sec. 7.3). Hence 
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the same holds for the inclusion (Rs)o,-0 > (Rs)e,-0, and so (E, F,1, 
6, Rs, dp) is an operation of the pair (EZ, F). 

Finally consider the inclusion map Rs —~ R as a homomorphism of 
operations of F. 


Proposition I: Assume that the operation of F in Rg is regular. Then 
the inclusion induces an isomorphism 


H((Rs)ip~0,07-0) H((Rs)op-0) 


A * 


H(Rg~0) 


H(By) 


between the cohomology sequences of the two operations. 


Proof: In view of the corollary to Theorem III, sec. 9.8, it is sufficient 
to show that the inclusion (Rg)5,-0 > Re, induces an isomorphism of 
cohomology. But this follows from the observation that Ro, = (Rs)ep-0 
and the resulting commutative diagram 


H((Rs)o po) 


IR 


H (Rog -0) 


R 


H(Ro pmo): 
Q.E.D. 
12.3. The structure operation. Let (E, F, i, 0, R, dz) be an operation 


of a reductive pair (EZ, F). Recall from sec. 7.7 the definition of the 
structure operation 


(EZ, trex ’ Orez» R C) AE*, dren) 


associated with the operation of E in (R, 6d). 
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Proposition II: The inclusion map 
((R® AE*)o,=05 dreoz) > (R ® NE*)o,-05 drax) 


induces an isomorphism of cohomology algebras; i.e., the structure 
operation is an operation of the pair (E, F). 


Proof: Define an operator 6 in R ®© AE* by setting 
6 = bp ®t + op & Og. 
In sec. 7.7 we constructed an isomorphism of graded differential algebras 
B: (R @ AE*, 6) = + (R ® AE*, dpoz) 
satisfying 8B ° Oren(x) = Orax(x) 0B, x € E (cf. Proposition V, sec. 7.7). 


Thus it is sufficient to show that the inclusion map induces an iso- 
morphism 


H((R @ AE*)o,-0, 8) —+ H((R © AE*)o-01 9). 
Consider the commutative diagram 


H(Ro,-0) © (AE*)o-0 H(Ro,p-0) © H((AE*)op—05 Ox) 


H((R © AE*)o,~0; 9) 


H((R © AE*)o,-05 9), 


which is induced by the obvious inclusions. In view of Proposition IV, 
sec. 7.6, the vertical arrows are isomorphisms. Our hypothesis on R 
implies that the upper horizontal arrow is an isomorphism. Hence so is 
the lower horizontal arrow. 

Q.E.D. 


12.4. Fibre projection. Let (EF, F,i, 6, R, 6z) be an operation of a 


reductive pair and assume that H(Rp5_.) is connected. In this section we 
shall define a homomorphism 


pr: H(Br) > H(E/F) 


to be called the fibre projection for the operation of the pair (E, F). 
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First, consider the inclusion map 


§: Ro,-0 & (AE*);.-0,0¢—0 > [R® (AE*);~olep~0- 
Since 


Srox = dn @t + by + on @ dz 
(cf. sec. 12.3 and sec. 7.7), and 6, 0g = 0, it follows that 
Spor °S = 8° (dp Ot + wr & Sz). 
Hence g induces a homomorphism 
g*: H(Ro-o) © H(E/F) > H[(R © (AE*);,-0)op=0]: 
Lemma I: The homomorphism g* is an isomorphism. 
Proof: Filter the differential algebras by the ideals 


f= oy Ro pmo © (NE*)ipa0,07=0 
72D 
and 


Fr =F [RO (NE yacloeo 


Then g is filtration preserving, and so it induces homomorphisms 
gi: (E;, d;) > (B;, dj) 


between the corresponding spectral sequences. 
Now consider the commutative diagram 


H(Roz=0) ® (AE*)ip-0,0p-0 ————* E, 


+ 
“| 


A(Ro, -o) ® (AE*); 0,6 Fro 9 


A{[R 3) (AE*);-olap-0» br ® t} Ee E, 


where A, and A, denote the obvious inclusions (cf. formula 1.8, sec. 1.7). 
Our hypothesis on R asserts that Aj is an isomorphism. Proposition IV, 
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sec. 7.6 (applied with M = (AE*);,,.o and 6, = 0) shows that A} is an 
isomorphism. Hence g, is an isomorphism and so by Theorem I, sec. 
1.14, g* is an isomorphism. 


Q.E.D. 


Next, recall the structure homomorphism yp: R > R @ AE* defined 
in sec. 7.8. Since yg is a homomorphism of operations, it restricts to a 
homomorphism of graded differential algebras 


(YR)ip=0,0p=0" By Se (R & (AE*);.-0)ep=0: 


For the sake of brevity, this map will be denoted simply by yp,r. 
On the other hand, since H(R,_,) is connected, we have the canonical 
projection 

sup: H(Roao) ® H(E/F) > H(E|F). 
Definition: The fibre projection for the operation (E, F,1, 6, R, dp) 
is the homomorphism 
Pr: H(Br) > H(E/F) 
given by 
Pr =p? (8*)) ° Vive. 

12.5. Projectable operations. An operation (F, F,i,6,R, 6p) of a 
reductive pair (E, F) is called projectable if the underlying operation of E 
is projectable (cf. sec. 7.11). 


Let (E, F, i, 0, R, 6p) be a projectable operation with projection 
gq: RT. Then the linear map 


gq ®t: R @ (AE*);,-0 > (AE*)ip=o 
induces a map 
(q © ¢)é,=0 A(R © (AE*);,,-0)ep=0> brar) > H(E/F) 


(cf. the relations above Proposition VII in sec. 7.11). 


Proposition I: The fibre projection of a projectable operation is 
given by 
Pr= ({@)opmo ° YRF- 
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Proof: Consider the restriction g5,-9: Rp,-0 > I. Then 
Tr = Gero © = (4 © “bo og*, 


The proposition follows. 
Q.E.D. 


Example: Consider the operation (F, iy, 0», AE*, dz), where (E, F) 
is a reductive pair. Since 


(AE*)o.9 = H((AE*)s_-0, 52) = H*(E), 


it follows that this is an operation of the pair (Z, F) in (AE*, 6z). In 


this case 
Br =f and Br = (AE*);,=0,0p-0° 


Moreover, AE* is connected and so the operation is projectable. 
Now we show that the fibre projection 


Pane: H(E/F) -> H(E/F) 


is the identity map. In fact, according to Example 1, sec. 7.8, the structure 
homomorphism y for AE* satisfies 


y(®) — (1 © ®) € (AtE*) & AE*, ®e AE*. 
Hence, 


(7 @ YyP) = ®, 


where g: AE* — I" denotes the projection. 
Restricting this equation to (AE*);,.0,o,-0 Yields 


(q®@ t)op~0 oVaResF = bt. 


Now pass to cohomology and apply Proposition III, above. 


12.6. Algebraic connections. Suppose (£, F, 7, 6, R, dz) is an opera- 
tion of a reductive pair, such that the underlying operation of E admits 
an algebraic connection %,: E* — R'. Let %: F* — E* be an algebraic 
connection for the operation (F, iy, 6», AE*, dz) (cf. sec. 10.5). Then 
the linear map 

p= 429%: F*>R 


is an algebraic connection for the operation (F, 7, 6, R, 5p). 
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Definition: The triple (%, %z, %) will be called an algebraic connec- 
tion for the operation of the pair (E, F). 


In view of Theorem I, sec. 8.4, the algebraic connections %, %z, and 
Xp determine isomorphisms of graded algebras 


f= t@ 4: (AE*),,-9 © AF* = AE*, 


E> t & (Xz), : Ri, ~0 © AE* = R, 
and 
F=t©@ (Xp), : Ripoo © AF* — R. 


Moreover, fs restricts to an isomorphism 
Sr: R;,-0 ® (AE*);,-0 —+ Rj 0 


and, clearly, the diagram 


1Of 
Rigo @ (AE*);puo @ AF* ——+ Rigg @ AE* 
f,6) = = te 
Rip-0 @ AF* = R 
F 


commutes. 
Thus an isomorphism 


Sur : Ri, -0 9) (AE*); ,-0 & AF* oe R 
is given by far =fe° (OS) =fr° (fe @ 9) 


Lemma II: Let (%, %2, %7) be an algebraic connection for the 
operation of (£, F). Then the curvatures of %, Xz, and Xp are related by 


hr(y*) = ba(Xy*) + (Xz), (49*), op  B. 
Proof: In fact, Proposition III, sec. 8.6, yields 
¥r(y*) = bpXe(y*) — (Xr) dr(y*) 
= OpkgX(y*) — (Xz), %,Or(*) 


= (dp%z — (X%z),5z)(X¥*) + (X%z),(b2% — %,9r)(¥*) 


= Un(ty*) + (az), C4"). 
Q.E.D. 
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If we identify R;,-9 © (AE*);,-0 © AF* with R via the isomorphism 
fz,r, the formula in Lemma II reads 


tp(y*) = de(Zy*)@1@1+1@H*@l, y*e Ft. (12.1) 


An operation (£, F, 7, 6, R, 5p) is called regular if the pair (EF, F) is 
reductive, H(Rj_9) is connected, and the operation admits an algebraic 
connection. Thus an operation of a reductive pair (EZ, F) is regular if 
and only if the underlying operation of E is regular (cf. sec. 8.21). 


Proposition IV: Let (E, F,i, 6, R, dp) be a projectable regular opera- 
tion, with algebraic connection (%, %z, %p). Assume ®e (AE*);,~0,9,-0 
and 2c By are homogeneous elements of the same degree, such that 


(1) dg =0 and 69(2 + (Xz),) = 9, 
and 
(2) falr(2) € Ri,-0 © (AE*)ip-0 © 1. 
Let ¢€ H(By) be the class represented by 2+ (Xz),®. Then ® 


represents pp(é). 


Proof: It follows respectively from the definition of fg, and the 
corollary to Proposition IV, sec. 8.10, that 


Yrip2 € (Rt © (AE*);,~0)op-0 


and 
YriF((tz),P) — 1 @ Pe (Rt @ (AE*) igo) op-0- 
Hence, if g: R-»+ I is the projection 
(¢@8) oynr(@ + (te)) = &. 


Now apply Proposition III, sec. 12.5. 
Q.E.D. 


12.7. The cohomology diagram. Let (E£, F, 7, 6, R, dp) be a regular 
operation. Then the Weil homomorphisms 


i: (VE*)s29 > H(Bs), 4B: (VF*)oa9 > H(Bp) 


and 
4*: (VE*)529 > H(E/F) 


1. Basic properties 507 


are defined. These, together with the homomorphisms introduced in 
sec. 12.1 and sec. 12.4 yield the diagram 


(VE*)5.9 —-> H(Bz) 


et 
e* 
* 


rh e 
(VF*)o.9 ———> H(By) ——> H(Ro-o) 
en ~~ 
ep 
x* 


H(E|F) —,> H*(E) —— H*(F). 

It is called the cohomology diagram of the regular operation (E, F, 2, 
6, R, 5p). 

The cohomology diagram combines 

(1) the sequence H(Bs) —» H(Bp) ~ H(E/F), 

(2) the cohomology sequence for the operation of E in R, 

(3) the cohomology sequence for the operation of F in R, 

(4) the cohomology sequence for the pair (F, F). 


Vv 
IG=0 


PR 


In sec. 12.21 it will be shown that the cohomology diagram commutes. 


12.8. Homomorphisms. Let (E, F, i, 6, R, 6) and (E, F, i, 6, R, dp) 
denote operations of the pair (E, F). A homomorphism, gy: R — R, of 
operations of E is automatically a homomorphism of operations of F, and 
will be called a homomorphism of operations of the pair (E, F). 

Such a homomorphism restricts to homomorphisms 


Bp Ba > Bg and Vp, By > By. 


Moreover, if (E, F) is reductive and H(R,9) is connected, then the 
diagram 


A(Br) H(Br) 
H(E|F 


commutes, as follows from the definitions. 
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Finally, let (%, %¢, %p) be an algebraic connection for the first operation 
and set Zp = yo Xy and 4p = po Xp. Then (4, Lg, 4;) is an algebraic 
connection for the second operation. 

In particular, a homomorphism between regular operations induces 
a homomorphism between the corresponding cohomology diagrams. 


§2. The cohomology of B, 


12.9. Introduction. In this article (£, F) is a reductive Lie algebra 
pair, t: Py — (VE*) o_o is a transgression (cf. sec. 6.13), and 


Oo = feng 0 t : Pe > (VF*)o-0. 


Then ((VF*)5-9; ¢) is a P,-algebra, and the cohomology algebra 
H((VF*)o20 ® APz, —V,) is isomorphic to H(E/F) (cf. Theorem III, 
sec. 10.8). 

Let (E, F, 2, 6, R, dp) be a regular operation with algebraic connection 
(%, Xn, X%y) (cf. sec. 12.6). Consider the map tz: Pg — Bz given by 


Tr = (Kz), 0-0 OT. 


Then (Bz, dz; Tr) is a (Pz, 6)-algebra and the cohomology of the cor- 
responding Koszul complex (Bg ® APz, Vy) is isomorphic to H(R5-0) 
(cf. Theorem I, sec. 9.3). 

Now consider the tensor difference (Bg © (VF*)o-0, 5p; TRO 9); 
(cf. sec. 3.7). Its Koszul complex is given by 


(Bz © (VF*)o-0 © APz, V), 


where 
V = 62 @1@i +P, — Vo 
with 
V_(2 © PV @ Byan--+an®,) 
= (—1)t 3 1a(®,) -z @V@GByn--- G++ Gy, 
0 
and 


D(z © YS Brn-++a®,) 
= (—1)t 3 x @ oD) VV @ Dyn +++ B+ ND, 
4=0 
zEBL, We(VF*)s, 0,6 Py. 


12.10. The main theorem. In this section we state the main theorem 
of this chapter. It contains Theorem I, sec. 9.3, and Theorem III, 
sec. 10.8, as special cases. 
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Theorem I: Let (E, F, 1, 6, R, 5p) be a regular operation, with al- 
gebraic connection (%, %g, Xp) and let t be a transgression in W(E)oW9. 
Then there are homomorphisms of graded differential algebras 

yp: (Bz © (VF*)on0 © APz, V) > (Br, dr), 
Op: (Br (3) APe, Vz) — (Rop-0» br), 
and 
Gr: ((VF*)o-o @ APE, —V) > ((AE*) ;.-0,0p=0» bx); 
with the following properties: 


(1) The induced homomorphisms y*, 0%, and gf are isomorphisms 
of graded algebras. 
(2) The isomorphisms p*, 0%, yp, and the isomorphism 


ty: VPg => (VE*)o-0 


determine an isomorphism between the cohomology diagram 


(tR)¥ 


VPpr (Bz) 
: is 
ay mE 
(VF*) 29 —-—> H(Bg ® (VF*)p-9 @ APz) —-—+ H(Bg ® AP) 
Ses ot oB 
H((VF*) a9 @ APx) APs 


of the tensor difference, and the subdiagram 
x3 
(VE*) 5-0 ——> H(Bz) 


wv 
I6=0 


* * 


(VF*))_9 ——+ H(Bp) ——> H(Ro-o) 


> 


of the cohomology diagram of the operation. 


PR er 


H(E/F) —,> H*(E) 
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Remark: The rest of this article is devoted to the construction of 
3, and y and the proof that %% and y* are isomorphisms. The rest of 
(1), and (2), will be established in article 3. In article 4, we shall derive 
corollaries and less immediate consequences of the theorem. In particular, 
the reader may skip directly to article 4, without going through the proof 


of Theorem I. 
The proof of the first part of the theorem is organized as follows. We 


construct a (noncommutative) diagram 


Bz © (VF*) 5-9 © APx By ® Pg 


é 
(VF*)o-o (VF* © R)o,=0 us Ro,=0 (12.2) 


ep ap 
phy ope 


Bp 


Pr 


of graded differential algebras, which yields a commutative diagram 
of cohomology algebras. In particular, the lower half of the cohomology 
diagram is the commutative diagram in Corollary I, sec. 8.20. 

The difficulty is in the construction of # and #,; this is done in sec. 
12.13 and sec. 12.14. The homomorphism y is defined by y = apo ¥, 
and the article concludes with the proof that y* is an isomorphism (sec. 
12.16). 


12.11. The algebra ((VF* ® R)o,-0»D,). We apply the results of 
secs. 8.17-8.20 to the operation of F in R. The antiderivation denoted 
there by Dz will here be denoted by Dy: 


Dy = + @ bdr— Yi esl f**) © (fh), 


where f**, f, is a pair of dual bases for F* and F. According to sec. 8.17, 
((VF* © R)o,-0, Dr) is a graded differential algebra. 

Let ep: Br > (VF* © R)o,<9 be the inclusion. In sec. 8.19 we con- 
structed a homomorphism (here denoted by a») 


Ap: ((VEFF ® R)o,=0» Dr) ad (Be, dr) 


of graded differential algebras such that ap o ep = t. Moreover, by Theo- 
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rem IV, sec. 8.17, and Proposition IX, sec. 8.19, a# and ef are inverse 
isomorphisms. 
Finally, let 


Ep: (VF*)5.9 > (VF* © R)op-o and nr: (VF* © R)ep-0 > Rop=o 


be the obvious inclusion and projection. Then Corollary I of sec. 8.20 
yields the commutative diagram 


&P 1B 


(VF*)o~0 A((VF* © R)e,-0) H(Ro,=0) 
: +). |? ‘ (12.3) 
A(By) 


12.12. The algebra VE*(@® W(E). Consider the operation (E, i, Oy, 
W(E), dy) (cf. Example 6 of sec. 7.4 and Chapter VI). Recall the de- 
composition 

bw = bg + Og +h 


and the projection zg: W(E)  AE*. Finally recall the canonical map 
(cf. sec. 6.7) 
Og: (VtE*)g29 > (AtE*)oW0- 


Extend zg to a homomorphism 
tg: VE* @® W(E) > AE* 
by setting 2,(V+E* © W(E)) =0. Similarly define homomorphisms 


a3: VE* @ W(E) > W(E), j= 1,2, 
by 
Y,6©@ if Y=1, 
n(%1@%@0)—{ 5" if pany ae 
1 , 


and 
Y¥,@©@ if Y= 1, 


OD) to if Wye V+E*, 


Then ag °2, = mg and tg9R, = Ag. 


2. The cohomology of Bp 513 


The homomorphisms zz, 2,, and 2, restrict to homomorphisms 


te: (VE* @ W(E))g20 > (AE*)o~0 
and 


7: (VE* @ W(E))o-0 > W(E)onn» =f = 1,2. 


Now apply the results of secs. 8.17-8.20 to the operation (EZ, 2, Hy, 
W(E), 5g). Consider the operator 


Dy = + ® byw — ¥ ws(e*’) © t(e,) 


in VE* @ W(E) (e*’, e, a pair of dual bases for E* and E). According 
to sec. 8.17, Dy restricts to a differential operator in (VE* @® W(E))o-0- 

Moreover, combining Theorem IV, sec. 8.17, with Corollary I to 
Theorem V, sec. 8.20 yields the commutative diagram 


H((VE* & W(E))o-0) 


(VE* 5.0: 
(Here & and « are the inclusion maps given by 


EP) =Y@1@1 and cP)=1@QVWOl, We (VE*).) 


Recall from Theorem I, sec. 12.10 that + denotes a transgression in 
W(E)o-o- 
Lemma III: There is a linear map, homogeneous of degree zero, 
s: Py > (VE* © W(E))o-0 
with the following properties: For ®@e Pr, 


(1) Dy(sh) =1@1O@O1— 1H Q1 Sl. 
(2) dyx,(s®) = 1 @1, j = 1,2. 
(3) mp(sb) = ®. 
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Proof: The diagram above shows that for ®e Pz, 
1@1®@®1—16@O1 Sle ImDy,. 
Hence there is a linear map, homogeneous of degree zero, 
s: Py > (VE* © W(E))o-0, 
such that 


Dy(s®) =1@1H@O1—1GOO1Ol, GePy. 


This establishes (1). 
A simple calculation shows that in (VE* © W(E))o-o 


mDy = dy, and 22,Dy = —by72. 


Substituting these relations in (1) we obtain (2). 
Finally, recall from Lemma VII, sec. 6.13, that og 0 t = ¢. In view of 
the definition of 0, it follows from (2) that (for ® € Pz) 


D = opt(P) = ap(2,;(sP)) = ap(sh), =f = 1, 2. 
Q.E.D. 


12.13. The homomorphism %. In this section we define a homo- 
morphism of graded differential algebras 


B: (Bz @ (VF*)¢.0 © APu, V) > (VE* © R)og-0» Dr)- 
First, consider the homomorphism 
J’ © (4p): VE* © W(E) > VE* @ R, 


where (Xz) is the classifying homomorphism of the algebraic connec- 
tion Xz (cf. sec. 8.16). This homomorphism is F-linear (with respect to 
the obvious representations of F) and satisfies 


Dp °(j’ ® (4z)r) = ( © (4z)v) 0 Dy. 
Hence it restricts to a homomorphism 
T: (VE* © W(E))og-0 Dir) > ((VF* © R)op-0, Dr) 
of graded differential algebras. Lemma III, (1) shows that 
(Dp ol)(s®) = 1 ®t, — oH OH 1, Pe Px. (12.4) 
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Now extend s to a homomorphism 
s,: APg > (VE* © W(E))en-0: 
and define # by 
H(z © © ©) = (V¥ @2) - 1(s,H), ze€Br, Pe (VF*),_5, 


De AP,. 
Then it follows at once from formula (12.4) that 


BoV = Dyod, 


and so # is a homomorphism of graded differential algebras. 
In sec. 12.15 it will be shown that #* is an isomorphism. 


12.14. The homomorphism 9,. Let s,: Pg ~ W(E) _. be the linear 
map given by s, = 2, 0s. In view of Lemma III, sec. 12.12, we have 
Ow(s,P) = tH @O1 and s,HB-— 1 @ Pe (VtE* @AE*)_,, Be Py. 

Now define a homomorphism 

Bn: Bz @ Px -> Rogao 
by setting 


Prlz © P) = 2+ [Ax)w(u)(P)], 2 € Be, Pe APy. 


Then #p is the Chevalley homomorphism associated with the algebraic 
connection X,g and the linear map s, (cf. sec. 9.3). 

In_particular, @, is a homomorphism of graded differential algebras. 
Moreover, by Theorem I, sec. 9.3, #% is an isomorphism. 


12.15. Proposition V: The homomorphism 
O*: H(Bg @ (VF*)yag @ APp, V) + H((VF* ® R)opao» Dp) 
induced by # is an isomorphism (cf. sec. 12.13). 


Proof: Filter the algebras By ® (VF*)o_-9 ® APg and (VF* © R)o,~05 
respectively, by the ideals 


F? = ¥ Bg @(VF*)}io@APzg and = F?= ¥ [(VF*)’ @ R]o,-0- 


j2p 
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Then @ is filtration preserving and so we have an induced homomor- 
phism of spectral sequences 


o;: (E;, d;) > (E;, d;), t = 0. 
In view of the comparison theorem (sec. 1.14) it is sufficient to show that 
S¢: H(E,, dy) > H(Ey, 4) 


is an isomorphism. 
First observe that 


(Ey, do) = (Bg © (VF*)o-0 © APa, bn © ¢ Ot + Vag) 
(cf. sec. 12.10), and that 
(Eo, do) = ((VF* @ R)o,-01 + © Sn)- 
Lemma IV, below, implies that the diagram 


a 6d. 
By ® (VF*)o-0 © APz—* (VF* ono © Bz © APE St, (VF*)o-0@ Roy 0 


| Qe, 


(VE*)o-0@ Romo 


[en 
(VF* © R)op-os 
(12.5) 


Bo 


commutes, where A is given by 
A(z ©¥ @G) =" Oz @, 


and ¢,, €, are the obvious inclusions. 
Since A is an isomorphism, so is 


A*: H(Eg, do) —+ (VF*)o-0 © H(Bz © APz, Va)- 
According to sec. 12.14, #% is an isomorphism. By hypothesis 
ef: A(Re,=0) ag (Ro, 0) 


is an isomorphism. Finally, Proposition IV, sec. 7.6, (applied with 
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M = VF*, 6y = 0, and the Lie algebra F) shows that 
(6 © €2)*: (VF*)o-0 © H(Rop-0) > A((VE* © R)og-0, | © Sn) 


is an isomorphism. 
It follows that ## (and hence #*) is an isomorphism. 
Q.E.D. 


Lemma IV: The diagram (12.5) commutes. 


Proof: Let 
8: By @ (VF*)o9 @ APx > (VF* ® R)op-o0 
be the homomorphism given by 
b(z @¥ @ G6) = ¥ @ Ox(z © ®). 


Then diagram (12.5) commutes (obviously) if % is replaced by #. 
Hence it is sufficient to show that %) = 8; equivalently, we must prove 
that 


§— 0: Bz ® (VF*)hg @ APz > 2, (VEY @ Ryopao- 


Since & and # agree in Bg © (VF*) 529 © 1, and since both are homo- 
morphisms, it is sufficient to check that for ® € Pp 
(8 — 8\(1 @1@ ®)e (V+F* © R)o,-0- (12.6) 
But 
(8 — B)\(1 @1 © B) = 1 @ (Lz )w(s®) — (F* © (Le)w)(sP) 
=> (j’ ® (Xz)w)U © m,s® ore! s®), 


In view of the definition of 2, 
1@®2,2 — Qe V+E* © WE), Qe VE* &® WE). 
Hence, in particular, 


(7 © (4z)w)(1 © msP — s@) & [J © (La)w](V*tE* © W(E))og-0 
< (VtF* © R)pp-0- 


This establishes formula (12.6). 
Q.E.D. 
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12.16. The homomorphism wp. Recall from sec. 12.11 and sec. 12.13 
the homomorphisms 


ap: (VF* © R)o,=0 _ Bp 
and 


8: By @ (VF*)p.9 @ APe > (VF* @ R)pgeo- 
Their composite will be denoted by 
yp: (Bz © (VF*)o20 © APz, V) > (Bp, dp). 


It follows from sec. 12.11 and Proposition V, sec. 12.15, that p* is an 
isomorphism. 

Next, consider the diagram (12.2) of sec. 12.10. It is immediate from 
the definitions and formula (12.6), sec. 12.15, that the upper half com- 
mutes. Thus in view of the commutative diagram (12.3) of sec. 12.11 
the diagram of cohomology algebras induced by (12.2) is commutative. 
In particular we obtain the commutative diagram 


H(Bg ® (VF*)oap @ APz) + H(Bp ® Pz) 
(VF*) 5 ~| ve ~| oh (12.7) 
H(Bp) Se PR i). 


* 
°F 


§3. Isomorphism of the cohomology diagrams 


12.17. The purpose of this article is to prove the rest of Theorem I, 
sec. 12.10. We carry over all the notation developed in article 2. 
Recall from sec. 12.14 and sec. 12.16 the isomorphisms 


Of: H(By @ APz) — H(R5-0) 


and 


pt: H(By @ (VF*)y-9 ® AP) —+ H(Bp). 


To finish the proof of Theorem I, we have to construct a homomor- 
phism of graded differential algebras 


pr: ((VF*)o.0 @ APz, —Ks) > ((AE*) i .=0,0p=0 bx), 


with the following properties: 


(1) gj is an isomorphism. 

(2) The isomorphisms #%, p#, y*, and t, define an isomorphism 
from the cohomology diagram of the tensor difference to the cohomology 
diagram of the operation (E, F, i, 6, R, dz). In other words, the following 
diagrams commute: 


VP, —*"+ H(Bg) ——> H(Bg @ APs) —~—> APx 
ty) | = =| oR = (12.8) 
(VE*)«_o err ras (Bz) ms (Ro) e (AE*)¢_0, 
E er R 
VP_——+ (VF*).9 ——+ H((VF*)o-9 ® APg) ——> APx 
ty | & si} -|- = 
(VE*) 5-0 ——> (VF*)o-0 = H(E/F) a H*(E), 
O=0 
(12.9) 
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PP 


H(Bg © (VF*)o-0 © APz) H(Bz & APz) 
(VF* oo \ =| =| of (12.10) 
(By) H(Rg-0)s 


H(Bg © (VF*)o-0 @ APx) 


/ 


H(Bz) =| y* (12.11) 


\ 


H(By @ (VF*)oag @ APg) 2+ H((VF*)oay ® APz) 


(Bp); 
and 


i ea = 


of (12.12) 


H(By) 


H(E|F). 


First observe that, in view of the definition of #, (sec. 12.14), it follows 
from Theorem II, sec. 9.7, that (12.8) commutes. That (12.10) commutes 
is established in sec. 12.16. Moreover, clearly y o mz = e, and so diagram 
(12.11) commutes. 

Finally, in sec. 12.18 we shall construct y, prove that gj is an iso- 
morphism, and show that (12.9) commutes. In sec. 12.19 we show that 
diagram (12.12) commutes. 


12.18. The homomorphism @~,. Define s.: Pz — W(E) ~o by 
Sq = 08 
(cf. sec. 12.12). Lemma III of sec. 12.12 implies that for ® € Pg: 
dys(P)=tHQO1 and s,O—1@DPeE (VtE* @AE*)e.0. 
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The corresponding Chevalley homomorphism for the pair (EZ, F) (as 
defined in sec. 10.10) is the homomorphism 


Op: (VF*)5-0 @ AP > (VF* © AE* )op-o, 
given by 
Op(Y © ©) = (VW @1)- (f @s)((52), 8), WE (VF*)o.0, Oe APz. 


Recall that (%, X, %») is a fixed algebraic connection for the operation 
of (E, F) in R. In sec. 10.9 we constructed a homomorphism 


a,: (VF* © AE*)o 0 md (AE*);,=0,67-09 


induced by the algebraic connection %. 
Now set 


pr = Bp oa, : ((VF*)5-0 @ APz, —Va) > ((AE*) ip=0,0p=0» 5x). 


It follows from Theorem III, sec. 10.8 (as proved in sec. 10.11) that 
yp is a homomorphism of graded differential algebras, and that gj is an 
isomorphism making (12.9) commute. 


12.19. Proposition VI: The diagram (12.12) commutes; i.e., 
Proy* = oF ° pe. 
Proof: Use the algebraic connection (%, %,, Xp) to write 
AE* = (AE*);,,-0 @ AF*, R = Rj,~9 © (AE*)i,-0 © AF* 


and 
Bp = (Ri,-0 @ (AE*);;.-0)0p=0» 


as described in sec. 12.6. Define a homomorphism 
: Bg @ (VF*)o-0 AP; > (R;,,=0 & (AE*);,=0)0p=09 


by setting 
Bw © ¥ © P) = w @ pr(¥ @ ®). 


Now let ¢¢ H(By © (VF*) 9-9 © APz). According to sec. 3.19, ¢ 
can be represented by a cocycle of the form 


2=1@2429, 
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where 2 € (VF*)s_) © APzx is a cocycle representing p%C, and 
Qe BE (VF*)o-9 @ APz. 
Next, write 

v(z) = (9) + (vy — $)(1 @ 2) + 1 @ gr®. 

Then (by the definition of ») 
y(Q) € [Ri,-0 © (AE*) ;,-olop=0- 

Moreover, Lemma V, sec. 11.20, (below) shows that 

(py — $)(1 @ 2) € [Rigo @ (AE*)ip-olop-o- 


Thus, if the operation is projectable, Proposition IV, sec. 12.6 (applied 
with ® = pp(Q)) shows that yp(Q) represents pr(y*l). Hence 


pr( PES) = Pr(y*s), 


and the proposition is proved in this case. 

Finally, suppose (EZ, F,7,6,R, 5p) is any regular operation. Let 
(E, F, 1, 6, Rs, 5p) denote the associated semisimple operation (cf. sec. 
12.2). Note that 


(Rs)og=0 = Ro,=0 and (Rs) ig-0,02-0 madi By. 


Since %,(E*) < Rs, X_ may be regarded as an algebraic connection 
%» for the operation of E in Rg. Set 


ip = Myo x. 


Next, observe that the inclusion map 4: Rs > R is a homomorphism 
of operations. Thus it restricts to a homomorphism 


Aip=0,p-0: (Rs)ip=0,0p-0 > Br. 


Since the operation of (E, F) in Rg is regular, the construction of 
articles 2 and 3 may be carried out with Rg replacing R and with 
(%, Xy, %p) replacing (%, %g, Xp), but with the same linear map 
s: Py > (VE* © W(E))o-0- This yields a homomorphism 


p: Bg © (VF*)o-0 @ APE > (Rs)ip=o,op=0- 
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Clearly, 
Aip-0,0p-0 2 gp = y- 
Let 
Prs: H((Rs)ip—0,0p-0) > H(E/F) 
denote the fibre projection for the operation of (Z, F) in Rs. Then 
(cf. sec. 12.8) 
Pry = Pr° A¥,=0,0p=0° 
Moreover, since the representation of E in Rg is semisimple, the 


operation of (EZ, F) in Rg is projectable. Thus, by the first part of the 
proof, 


It follows that 


Pr°y* = pro Ap 0,6p-0° P* = GE O° PR- 


This completes the proof of Proposition VI and hence the proof of 
Theorem I. 


Q.E.D. 
12.20. Lemma V: Let J be the ideal in By given by 
I= & (Ri scp © (ABM; po) bao 
Then 
Im(y — $) <I. 

Proof: It is sufficient to establish the relations: 
(y— (ze @1@Q1yeL zeBy,. (12.13) 
(y—PUSYOleL We (VF*)o0. (12.14) 
y—P1©1@4) el, Pe Px. (12.15) 


It follows from the definitions that y and # agree in By ®1©@ 1, 
whence formula (12.13). Moreover if Ye (VF*)o_5, then 


(vy — $)1 @ ¥ @ 1) = ar(¥ @ 1) — 1 @a,(¥ @ 1) (12.16) 
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(cf. sec. 12.11 and sec. 12.18). Further, a, and a, extend to the homo- 
morphisms 


ap: VF* + Ry.9 @ (AE*)ip-0 = and saa: VF* — (AE*); 5 
given by 
av(y*) = try") and a, (y*) = Hy") whe F. 
Now formula (12.1), sec. 12.6, shows that 
ar(y*) — 1 @a,(y*) = 4e(Xy*) © 1e Rigo © 1. 


In view of this, relation (12.16) implies formula (12.14). 
To prove (12.15) observe that 


=) P@1 @O,+ 2,, 
where }, Y; © @; = s.8 and Q, € VE* © Vt+E* @ AE*. Since 
(Xz)y: VtE* > & Ris; 

it follows that 
B11 @©1@%)— VPP, ©@1@ Ge VF* © »y Res @® AE*. (12.17) 

Next, write ®; = 6; + 6;, where 

@,€ (AE*);,.0©1 and 6, € (AE*);,.9 © AtF*. 
Then 
a DIV, @1@%) =¥ [Ae] - (1 @ 6). 
Thus applying formula (12.17) we find 
v1 @1@ %)— Y [des] - (1 @ ®)el. (12.18) 
Now it follows from formula (12.1), sec. 12.6, that 


((4r), — 4): VF* > . Rin © (AE*);,-0- 


3. Isomorphism of the cohomology diagrams $25 


In view of formula (12.18), this implies that 
v1 ©1@%)—1@}¥ (AM) Oped 


But 
G1 @1@ 4H) =1@ [a,(¥ © )(.)] 


= @a (Div @ ®,) 
=1 @y a(je,) - B,, 


and so (12.15) is established. 
Q.E.D. 


§4. Applications of the fundamental theorem 


12.21. Immediate consequences. Corollary I: The cohomology 
diagram of a regular cperation of a reductive pair commutes. 


Proof: According to Proposition VI, sec. 3.20, the cohomology diagram 
of a tensor difference commutes. Thus, in view of Theorem I, (2) we 
have only to show that the diagram 


H(R5-~0) 
OR oR 
H*(B) — + HF) 


commutes. 

Let yp: R -> R @ AF* be the structure homomorphism for the opera- 
tion (F, 7, 6, R, dz). Then, it follows from the definitions of yp (sec. 7.8) 
and (sec. 7.7) that the diagram 


R 
aa 


R @ AE* ——+ R@ AF* 


commutes. This yields the commutative diagram 


H (Roo) © (AE*)o~0 


= 


H((R @ AE*)oy -0) 


nog 


A(R) (65) §n0 1@jGm0 


(RG pxo 


H((R @ AF*)o,~0) H(Ro-0) © (AF*)o-0; 


whence ok = j* © Op. 


Q.E.D. 
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Corollary II: There is a spectral sequence converging to H(By) 
whose £,-term is given by 


EP ~ H(B,) @ H(E|F). 


Proof: Apply the results of sec. 3.9, recalling from sec. 10.8 that 


H(E/F) = H((VF*)o.0 © APz). 
Q.E.D. 


Corollary III: There is a spectral sequence converging to H(B,r) 
whose E£,-term is given by 


EP4 ~ (VF*)h_9 @ H"(Rouo)- 


Proof: Apply the results of sec. 3.9, recalling from sec. 9.3 that 


(Roo) = H(Bz © APz). 
Q.E.D. 


Corollary IV: Assume (Bz, 6p) is c-split. Then there are c-equiv- 
alences 
(H(Bz) ® APz, a) mar (Roz-o» dr) 
and 
(H(Bz) ® (VF*)o-0 ®& APz, Ver, _ V,,) oa (Br, dp): 
They can be chosen so that the induced cohomology isomorphisms, 


together with the identity map of H(B,), define an isomorphism from 
the cohomology diagram of the operation to the diagram 


(VE*)ouo (Bz) 


(VF*)o.0 ——+ H(H(Bz) © (VF*)o-0 © \Pz) ——+ H(H(Bz) @ APz) 


Se 


H((VF*)o-0 ® APz) 


APp. 


Proof: This follows from the fundamental theorem, together with 
Proposition XI, sec. 3.29, applied to a c-splitting. (In applying Proposi- 
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tion XI, copy the example of sec. 3.29, replacing By © APg by 
By &© (VF*)o20 © APz, as in sec. 3.28.) 
Q.E.D. 


12.22. N.c.z. operations of a pair. Let (EZ, F, 2,6, R, dp) be a reg- 
ular operation. Then (AE*);,-0,,-0 is called noncohomologous to zero 
(n.c.z.) in By if the fibre projection 


pr: H(By) > H(E/F) 


is surjective. 


Theorem II: Let (E, F, i, 0, R, 6g) be a regular operation. Then 
(AE*);,,-0,0p-0 is n.c.z. in Bp if and only if there is a linear isomorphism 
of graded vector spaces 


f: H(Bz) @ H(E|F) = H(Br) 
such that f(a ® 8) = e*(a) - f(1 @ B) and the diagram 
H(Br) © H(E/F) 


H(By) 


commutes. 


Proof: Apply Theorem VIII, sec. 3.21. 
Q.E.D. 


Theorem III: Let (E, F, 7, 6, R, dp) be a regular operation. Then: 


(1) If H(Bz) has finite type, then so does H(B,) and the correspond- 
ing Poincaré series satisfy 


Snip Sua faa: 


Equality holds if and only if (AE*),,-0,9,-0 i8 n.c.z. in Bp. 
(2) If H(Bz) has finite dimension then so does H(By) and 


dim H(B;y) < dim H(Bz) dim H(E/F). 


Equality holds if and only if (AE*),,-0,6,-0 is n.c.z. in Bp. 
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(3) If H(Bg) has finite dimension, then 
AnBp) = X~HiBg)*HE/F)- 
In particular, the Euler—Poincaré characteristic of H(By) is zero unless 


(Z, F) is an equal rank pair. 


Proof: Apply Corollaries IV, V, and VI to Theorem VIII, sec. 3.21, 
together with Theorem XI, sec. 10.22. 
Q.E.D. 


12.23. Algebra isomorphisms. Proposition VII: Let (£, F, 7, 0, R, dp) 
be a regular operation, and assume that (%%)+ = 0. Then there are 
c-equivalences 


(Bz & (AE*), .-0,6p~0> bp Ot + op ® bz) ~ (Br, dp) 


and 
(Bz © APz, x ® +) Ps (Ro,~0» Or). 


Moreover, these can be chosen so the induced isomorphisms of co- 
homology make the diagrams 


(Bz) © H(E/F) 
sae a ae (12.19) 
(Br) 
and 
H(Bz) ® H(E|F) "+ H(Bz) @ APs 
om = a » (12.20) 
H(B;) H(Ro.0) 


commute. 
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Proof: Since (#$)+ = 0, the (Pg, 4)-algebras (Bg, dp; 0) and 
(Br, 6n; (4z), ° T) are equivalent (cf. sec. 3.27). Hence (cf. the corol- 
lary to Proposition XI, sec. 3.29) they are c-equivalent. 

Now it follows from the remarks at the end of sec. 3.28 that there are 
c-equivalences 


(Bz © (VF*)o-0 @ APz, V) 
~ (Bz © (VF*)o-9 © APz, dz ©+®t—V,) 


and 


(Bz © APz, Vz) > (Be @ APz, 62 ® 4) 


such that the induced isomorphisms of cohomology define an isomor- 
phism between the cohomology diagrams. 
The proposition follows now from Theorem I, sec. 12.10. 


Q.E.D. 


Theorem IV: Let (EF, F,i, 6, R, 5p) be a regular operation. Then 
the following conditions are equivalent: 


(1) There is a homomorphism /: (VF*) 9.9 ~ H(Bz) © Im #* of 
graded algebras, which makes the diagram 


(VE), ——! + H(Br) 


2Vv 
IG =O 


(VF*),-0 oy H(Bz) & Im #* 


commute. 


(2) There is a c-equivalence 
(Bz © (AE*); ,-0,0p—0» 6p Ot + op ® dz) ee (Br, dbp) 


such that the induced isomorphism of cohomology makes the diagram 
(12.19) commute. 
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(3) ‘There is an isomorphism of graded algebras 
H(Bz) © H(E/F) = H(Bp); 


which makes the diagram (12.19) commute. 


Proof: Apply Theorem IX, sec. 3.23, together with Theorem I, (2), 
sec. 12.10. 
Q.E.D. 


Corollary I: If (%)+ = 0, then the conditions of the theorem hold. 


Corollary II: If (Bz, dg) and ((AE*);,-0,6,-0, 52) are c-split, and 
if the conditions of the theorem hold, then (Bp, dz) is c-split. 


Theorem V: Let (£, F,i, 6, R, dp) be a regular operation. Assume 
F is abelian and £ is semisimple. Then the following conditions are 
equivalent: 

(1) (%z)* = 0. 

(2) There is an isomorphism H(By) © H(E/F) —> H(Bp) of graded 
algebras such that the diagram (12.19) commutes. 


Proof: Since F is abelian, (VF*) 9 = VF* and so (VF*),_, is 
generated by elements of degree 2. Since E is semisimple, Pi = 0 for 
k <3. Hence (VE*)§_, = 0 for k <4, and so 


Jo-(VE* Jou S (Vt oso - (VIF*)o~0. 


This shows that ((VF*) 9; 6) is an essential symmetric Py-algebra. 
Now apply the corollary to Proposition VIII, sec. 3.25. 
Q.E.D. 


Theorem VI: Let (E, F,i, 6, R, 5p) be a regular operation which 
satisfies the conditions of Theorem IV. Let 7 be a transgression in 
W(E)o- and define a subspace P, of Pz by 


P, = {BE Pa jhg(t®) < (VtF*)gag » (VtF*)o ao} - 


Then P, is contained in the Samelson subspace for the operation 
(E, 7, 0, R, dp). 
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Proof: Apply Theorem X, sec. 3.26. 
Q.E.D. 


12,24, Special Cartan pairs. Let (EZ, F) be a Cartan pair with Samel- 
son subspace P < Px. Let 1 be a transgression in W(E)»_, and consider 
the linear map 

Oo = fog°t: Pr (VF*)o-05 


(cf. sec. 6.13 and sec. 10.8). 
The pair (E, F) will be called a special Cartan pair if 


a(P) < (Im j¥-o)* « (Im jig)*. (12.21) 


Observe that if +’ is a second transgression, then og o(t— t’) = 0 
and so 
(t — t')(Pg) < (VtE*) p29 « (VFE*)o=0 


(cf. Lemma VII, sec. 6.13, and Theorem II, sec. 6.14). This shows that 
the condition (12.21) is independent of the choice of r. 

Clearly, an equal rank pair is a special Cartan pair. Moreover, Theorem 
X, (4) and (5), sec. 10.19, show that if F is n.c.z. in E, then (E, F) is a 
special Cartan pair. Finally, Proposition VII, sec. 10.26, implies that a 
symmetric pair is a special Cartan pair. 


Lemma VI: Let (E, F) be a special Cartan pair. Then there is a 
transgression t in W(E)»~) such that 


(jb-0 0 t)(P) = 0. 


Proof: Let 1+, be any transgression in W(E) 9. Then it follows 
from relation (12.21) that there is a linear map 


a: P+ (V+E*)s_. » (V+E*)o9, 
homogeneous of degree 1, such that 
(fo-0 ° @)(P) = (jour ts(P), De P. 
Write Pz = P @ P and define t: Pg + (VE*)o2o by 


_ 7(®), ®@ € P, 
se 1(®)—a(D), DeP. 
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Then Theorem II, sec. 6.14, yields 9, 07 =; thus, by Lemma VII, 
sec. 6.13, t is a transgression. Clearly, 


(j)-0° t)(P) = 0. 
Q.E.D. 


A transgression satisfying the condition of Lemma VI will be called 
adapted to the special Cartan pair (E, F). 

Next, consider the Koszul complex, ((VF*).9 © APg, —V,), where 
a = jy.o 0 t and t is adapted. Let P be a Samelson complement and let 
& denote the restriction of ¢ to P. Then, since o(P) == 0, 


((VF*)o-0 @ AP, —Vz) = ((VF*)ouo © AP, —Vs) ® (AP, 0). 
Moreover, because (F, F) is a Cartan pair, we have 
(VF*)o-9 = VPp and dim P = dim Pp. 
Thus Theorem VII, sec. 2.17 yields 
H((VF*)p-9 @ AP) = Ho((VF*)o-0 @ AP) 
= (VF*)o-0/(VF*)o-0 ° Pz = Im 1", 
where 
I*: (VE*)o.9 + H((VF*)s-9 © APz) 
is the homomorphism induced by the inclusion map. It follows that 
H((VF*)g.9 © APg) = Im 1* @ AP. 
Finally, consider the isomorphism 
pr: H((VF*)5.o @ APx) —+ H(E|F) 
(cf. sec. 12.18). It determines (via the equation above) the isomorphism 
pp: AP @ Im %* — H(E/F) 
given by 


vr(® @ FW) = oh(FY@%), GSeANAP, Ve (VF*)yo. 
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Evidently, the diagram 
AP @ Im #* 


* 


Im #* vrl = AP 


H(E/F) 
commutes (cf. diagram (12.9) in sec. 12.17). 


12.25. Operation of a special Cartan pair. Let (E, F, 7, 6, R, dz) be 
a regular operation of a special Cartan pair. Assume that the (Pz, 4)- 
algebra (Bg, 5p; tr) and the P,-algebra ((VF*)o_9; o) are defined via 
an adapted transgression t (cf. sec. 12.9). Let P be the Samelson subspace 
for (E, F) and let P be a Samelson complement. 

Observe that Vp, restricts to a differential operator Vz in By @ AP. 
Moreover, the inclusion 


t: (Bz @ AP, Vz) > (Bz © APz, Vz) 


is a homomorphism of graded differential algebras. 
On the other hand, since o(Pf) = 0, the inclusion 


ip: (Bg © AP, ) + (Bz @ (VF*)on0 © APx, V) 
is also a homomorphism of graded differential algebras. Hence so is 
yp otp: (Bz ® AP, Vz) > (Bp, 6p), 


where y is the homomorphism in Theorem I, sec. 12.10. 
Now let 
a: Im %* + (VF*),_, 


be a linear map, homogeneous of degree zero, such that ##oa@ =. 
Then pro %% oa = cas follows from the cohomology diagram in sec. 12.7. 


Theorem VII: Let (£, F, 7,6, R, 6p) be a regular operation of a 
special Cartan pair. Then a linear isomorphism of graded spaces 


f: H(Bg © AP) @ Im 4* + H(Bp) 
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is defined by 
f(E@n)= (pote*(C)- (Hoan), Ce H(Be@AP), ye Im #. 


Moreover, this isomorphism makes the diagrams 


ORO: 


H(Bg ® AP) @ Im ¥* AP @ Im %* 
H(Bg) ye tx a! ve (12.22) 
H(Br) H(E|F) 
and 
H(By @ AP) @ Im #4 H(By @ AP) + H(By @ APs) 
| ox =| (12.23) 
H(Bz) : H(Ro-0) 


er 
commute (cf. sec. 12.24 for yp and sec. 12.14 for Of). 
Proof: The commutativity of the diagrams (12.22) and (12.23) is an 
immediate consequence of the definition of f and Theorem I, sec. 12.10. 
It remains to be shown that f is a linear isomorphism. 


Identify Im #* with Im /* via y# (cf. sec. 12.24 and sec. 12.17). Then 


a becomes a linear map 
a: Im 1* + (VF*)o_9 


satisfying /* oa = 14, 
Now define a linear map 


g: H(Bg @ AP) © Im /* > A(Bg @ (VF*)o-0 © APs) 
by 
g(f @ y) = i#(C) - (m#oa)(n), Ce A(Bg@AP), ne Imi*, 


(cf. sec. 12.10 for mf). In view of Theorem I, sec. 12.10, we have 
f = p* og and so it is sufficient to show that g is a linear isomorphism. 
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Consider the (P, 6)-algebra (Bz ® AP, Vp; %z) and the P-algebra 
((VF*)o-93 &) given by 
Ep(®) = r,2(P) @ 1 and = G(®) = _a(®), Ge P. 
The Koszul complex of their tensor difference 
(Be @ AP) © (VF*)on0 @ AP, 7) 


coincides with the Koszul complex (Bg © (VF*)9_. ® AP @ AP, V) 
under the obvious identification (since o(P) = 0). 

With this identification, i; becomes the base inclusion for the tensor 
difference. Since 


(VF*)o.9 = VPp and dim P, = dim P 
it follows (as in sec. 12.24) that 
H((VF*)o29 © AP) = Im ]* = Im 1*, 


Now Corollary II to Theorem VIII, sec. 3.21, shows that g is an iso- 


morphism. 
Q.E.D. 


Again let (E, F, 7, 6, R, dz) be a regular operation of a special Cartan 
pair. Let J be the ideal in H(By ® AP) ® (VF*)s.9 generated by the 
elements of the form 


TED © 1-169, De P, 
and let 
a: H(By @ AP) @ (VF*) ono > (H(Bg © AP) ® (VF*)ou0)/I 


be the corresponding projection. 
Consider the homomorphism 


y: H(Bz @ AP) © (VF*)o.0 > H(Br) 
given by 
(0 @P)= (poir*(0)- WY), Fe H(Bs@AP), Pe (VF*)eo. 


Proposition VIII: With the hypotheses above, y factors over 2 to 
yield an isomorphism of graded algebras 


(H(Bs @ AP) @ (VF*)o-0)/I => H(Br). 


4. Applications of the fundamental theorem $37 


Proof: This follows from Corollary III to Theorem VIII, sec. 3.21, 
in exactly the same way as Theorem VII followed from Corollary II. 
Q.E.D. 


12.26. Examples. 1. Equal rank pairs: Let (E, F,i, 0, R, 6p) be a 
regular operation of an equal rank pair. Then according to Theorem XI 
sec. 10.22, %* is surjective. But 


Pr ° ue = we, 


Thus pp is surjective, and so (AE*);,0,6,-0 is n.c.z. in By. Moreover 
P == 0, and Theorem VII, sec. 12.25, provides a linear isomorphism 


H(Bz) © H(E|/F) — H(Br) 


(cf. also Theorem II, sec. 12.22). 

Note that diagram (12.22) reduces to the diagram of Theorem II 
in this case. On the other hand, diagram (12.23) yields the commutative 
diagram 


H(Bz) © H(E/F) H(Bz) 
= Ce 
H (Bp) —z—+ H(Ry-0} 
This shows that 
Im e# = Im ej. (12.24) 


Finally, Proposition VIII, sec. 12.25, yields an algebra isomorphism 
(H(Bz) © (VF*)o-0)/1 —+ H(Bp), 


where J denotes the ideal which is generated by the elements of the form 
TRO @1—1 @ad, De Pg. 


2. N.c.z. pairs: Let (E, F,i, 6, R, 6g) be a regular operation of a 
reductive pair such that F is n.c.z. in E. Then, by Theorem IX, sec. 
10.18, (%*)*+ = 0. 

Thus the isomorphism f of Theorem VII is given by 


f= (potr)*: H(Bg @ AP) ao A(B;), 
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and so in this case f is an isomorphism of graded algebras induced from 
an isomorphism of graded differential algebras. 
In particular, 


(Bg 3) AP, Vz) ee (Br, dr). 


Moreover, diagrams (12.22) and (12.23) reduce to the commutative 
diagrams 


H(Bg @ AP) —2— AP 


= 
ane 
ee) 
ty 
~ 

~~ 

I 

I 


H(Bp) —;—> H(E|F) 
and ; 
H(By ®@ AP) ——> H(By @ APz) 
|= =| oR 
H(Br) — Ss H(Rp-0)- 


12.27. Lie algebra triples. A reductive Lie algebra triple (L, E, F) is 
a sequence of Lie algebras L > E > F such that 

(1) ZL is reductive. 

(2) E is reductive in L. 

(3) F is reductive in E. 


Note that then F is reductive in L (cf. Proposition III, sec. 4.7). 
Moreover, the commutative diagram 


H((AL*)o, =0) 


He 


H*(L) 


R 


H((AL*)6 =o) 
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implies that the vertical arrow is an isomorphism, and so (EZ, F, ig, 0x, 
AL*, 6,) is a regular operation of the pair (EZ, F). 
With the terminology of sec. 12.1 we have 


Br= (AL*); 20,020 and Bry = (AL*);,-0,0p=0- 


Thus, Theorem I, sec. 12.10, expresses H(L/F) in terms of H(L/E) 
and other invariants. 

Now assume that (£, F) is a special Cartan pair, and let t be an adapted 
transgression in W(E) _). Then Theorem VII, sec. 12.25, yields a linear 
isomorphism 


f: H((AL*);,-0,op-0 © AP) © Im 4* = H(L/F). 


Theorem VIII: Let (L, E, F) be a reductive triple and assume that 
(E, F) is an equal rank pair. Then 


def(L, E) = def(L, F). 


In particular, (Z, Z) is a Cartan pair if and only if (LZ, F) is. 


Proof: In view of formula (12.24) in sec. 12.26, the inclusions 


kp: (AL*) ~~ AL*® and — kp: (AL*);,~0,0p-0 > AL* 


iz=0,0¢ 


satisf 
: Im kf = Im 2}. 


It follows that the Samelson subspaces Pz and P, for the pairs (L, £) 
and (L, F) coincide. 
Since by hypothesis dim Pz = dim P,, it follows that 
def(L, E) = dim P, — dim P, — dim Pz = def(L, F). 
Q.E.D. 


Corollary: Let H be a Cartan subalgebra of E. Then (ZL, E) is a 
Cartan pair if and only if (L, A) is. 


Proof: Apply Theorem XII, sec. 10.23. 
Q.E.D. 


§5. Bundles with fibre a homogeneous space 


12,28. The cohomology diagram. Let & = (P, 2, B, G) be a prin- 
cipal bundle with compact connected structure group G and assume 
that B is connected. Let K be a closed connected subgroup of G. 
Restricting the principal action of G on P to K yields an action of K. 

Let 2,: P-» P/K be the canonical projection. Then A, = (Pi, ™, 
P/K, K) is again a principal bundle (cf. sec. 5.7, volume II). Moreover, 
x factors over 2, to yield a smooth map 2,: P/K — B, and & = (P/K, 
m,, B,G/K) is a fibre bundle. Finally, we have the principal bundle 
Pz = (G, 2x, G/K, K). 


These bundles are combined in the commutative diagram 


K K 
| 4; 
A; n 
G P B (12.25) 
GIK —z—~> PIK ——~ B, 


where, for z¢€ P, 
(1) A, is the inclusion map a> z-a,aeG. 
(2) A, is the restriction of A, to K. 
(3) A, is the induced map. 


Note that A,, 4,, and A, are the fibre inclusions for the bundles A, A, , 
and &. Observe also that A, is a homomorphism of K-principal bundles. 

The homomorphism A#: H(P/K)— H(G/K) is independent of the 
choice of z in P. In fact, if 2) ¢ P and z, € P, choose a smooth path 
, connecting z) and z,. Then the maps A,, define a homotopy from 
A,, to A,,, and thus As — Ax. We denote this common homomorphism 
by 

o;: H(P/K) > H(G/K) 


and call it the fibre projection for the bundle &. 


540 


5. Bundles with fibre a homogeneous space 541 


The diagram 
(VE*)o-9 —2-> H(B) 


ijm0 nt a 
hy, (2y)* 
(VF*)9_9 ——+ H(P/K) —— H(P) (12.26) 
he, % 2p 4 


H(G/K) —+ H(G) => H(K) 


is called the cohomology diagram corresponding to the diagram (12.25). 
Here gp = Af and 6, = A? are the fibre projections for the bundles 
Ff and &. 

The cohomology diagram commutes. In fact, it was shown in sec. 6.27, 
volume II, that the upper square commutes. Since A, is a homomorphism 
of principal bundles, and since the Weil homomorphism is natural it 
follows that 9; °he, = he,. Finally, the commutativity of the rest of 
the diagram follows directly from diagram (12.25). 


12.29. Induced operation of a pair. Let E and F denote the Lie 
algebras of G and K. Then we have the associated operations (E£, 2, 6, 
A(P), 6) and (F, 7, 6, A(P), 5) (cf. sec. 8.22). Since the principal action 
of K on P is the restriction to K of the principal action of G, it follows 
that the second operation is the restriction of the first operation. 

In view of Theorem I, sec. 4.3, volume II, the inclusion maps 


A(P)igeo> A(P) and —A(P)p, -0 > A(P) 


induce isomorphisms of cohomology. 
Thus the inclusion map 


A(P)o,=0 ad A(P)o,~0 


induces an isomorphism of cohomology, and so (E£, F, 7, 9, A(P), 5) is 
an operation of the pair (£, F). 

Now since G is compact, the pair (EZ, F) is reductive. Thus the “al- 
gebraic”’ fibre projection 


Pacey: H(A(P)ip-0,0p-0) > H(E/F) 
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is defined (cf. sec. 12.4). On the other hand, z¥ can be regarded as an 
isomorphism 
at: A(P/K) —+ A(P);,-0,ep=05 


while in sec. 11.1 we defined an isomorphism 
etx: H(E/F) — H(G/K). 
Proposition IX: With the hypotheses and notation above, the diagram 
H(A(P)ipn0,0p00) "=> H(E|F) 


(af )-1)* 


* 
®GIK 


H(P|K) H(G|K) 


° 


commutes. 


Proof: Consider the operation (E£, F, 1, 6, A(G), 6g), where i(h) = 
i(X,) and 6(h) = 6(X,) (X; is the left invariant vector field generated 
by A) (cf. sec. 7.21). Since the map 4,: G— P is G-equivariant, 
A¥: A(G) — A(P) is a homomorphism of operations. 

On the other hand, in sec. 7.21 we defined a homomorphism of opera- 
tions 

eg: (E, F,1, 0, AE*, 62) > (E, F, 1, 6, A(G), dg) 


inducing an isomorphism in cohomology. 
Recall from the example of sec. 12.5 that the fibre projection 


Page? H(E/F) > H(E/F) 


is just the identity map. Now the naturality of the algebraic fibre projec- 
tion gives the commutative diagram 


(ea) r=0,0r=0 (Ad) fpa0,0 m0 


H(E|F) H(A(G)j,-0,07-0) H(A(P);,=0,e¢-0) 


Para) 
5 PatP) 


H(E/F) 
connecting the various fibre projections. 
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It follows that 


€G)K © Pac) = €6/K ° ((€a)ix=0,0p-0) 1 ° (AP )#.~0,09—0 


= A¥ 0 ((n#)1)* = og 0 ((nP)7)*. 
Q.E.D. 


12.30. The cohomology of P/K. Theorem IX: Let. # = (P,2, B,G) 
be a principal bundle with compact connected structure group G and 
connected base. Let K be a closed connected subgroup of G. Then 
there are c-equivalences 


(A(P/K), 6) ~ (A(B) © (VF*)o-0 © APz, V), 
(A(P), 6) ~ (A(B) © APz, Va), 
and 


(A(G/K), 4) > ((VF*)5-0 @ APz, —V,). 


The induced isomorphism of cohomology algebras determines an 
isomorphism from the cohomology diagram of sec. 12.10 to the co- 
homology diagram (12.26) (with Bg replaced by A(B) and H(Bz) 
replaced by H(B)). 


Proof: In view of the canonical isomorphisms 
A(P/K) — A(P); -=0,ep=0 and A(B) =. A(P);,-0,6.=0> 


the theorem follows from Theorem I, sec. 12.10, together with diagram 
8.22, sec. 8.27, diagram 11.1, sec. 11.4, and Proposition IX, sec. 12.29. 
Q.E.D. 


12.31. N.c.z. fibres. The fibre of &, G/K, is called noncohomologous 
to zero in P/K if the map gg is surjective. In this case, Theorem IX, 
together with Theorem VIII, sec. 3.21, yield the commutative diagram 


H(B) @ H(G/K) 


a 


H(B) xs H(G)K) (12.27) 


a 


H(P/K) 
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where f is an isomorphism of graded vector spaces satisfying 
f(a @B) = (nga) -f1@s), ee H(B), Be H(G/K). 
In particular, if G and K have the same rank, then the map 
he, (VF*)o-0 > H(G/K) 


is surjective (cf. sec. 11.7). The cohomology diagram (sec. 12.28) shows 
that in this case G/K is n.c.z. in P/K. 
On the other hand, we can apply Theorem IX, sec. 3.23, to obtain 


Theorem X: Let # = (P, 2, B, G), K, be as in Theorem IX. Then 
the following conditions are equivalent: 
(1) There is a homomorphism of graded algebras 
p: (VF*)s.9 > H(B) © Im he, 
which makes the diagram 


(VE*)o9 —2 + H(B) 


iv 
IGm0 ne 


(VF*) 99 ——+ H(B) @ Im hey, 


a Py | 


H(G/K) 
commute. 
(2) There is a c-equivalence 


(A(B x G/K), 6) ~ A(P/K) 


such that the induced isomorphism of cohomology makes the diagram 
(12.27) commute. 


(3) There is an isomorphism of graded algebras 
f: H(B) ® H(G/K) = H(P|K) 


which makes the diagram (12.27) commute. 
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Finally, as in Theorem V, sec. 12.23, we have 


Theorem XI: Let &= (P,2,B,G), K be as in Theorem IX. 
Assume the Lie algebra of G is semisimple and that K is a torus in G, 
Then the following conditions are equivalent: 

(1) he=0. 

(2) The conditions of Theorem X hold. 


Example: Let # = (P, 2, B, G) bea principal bundle as in Theorem 
XI, and assume hi 0. Let T be a maximal torus in G. Then rank T 
= rank G. Hence, as we have just seen, there is a linear isomorphism 


f: H(B) @ H(G/T) — H(P/T) 


such that f(a © 8) = (xfa) - f(1 © B), « € H(B), B e H(G/T), and the 
diagram (12.27) commutes. 

On the other hand, since hS 4 0, Theorem XI, together with Theorem 
X, (3), shows that f cannot be an algebra isomorphism. 


Appendix A 


Characteristic Coefficients and the Pfaffian 


In this chapter all vector spaces are defined over a field J" of charac- 
teristic zero. 


A.0. The algebra of homogeneous functions. Given a vector space 
F a function f: F + I is called homogeneous of degree p if 


fx) = f(x), xe F, AeT. 


The functions homogeneous of degree p form a vector space, #?(F). 
Multiplication of functions makes the direct sum, 
HF) = J HF), 
p=0 
into a graded commutative algebra. 
Consider the inclusion map a: F* — #(F). Since #(F) is a com- 
mutative algebra, a@ extends to a homomorphism, 


a: VF* +» K¢(F), 


of graded algebras. For simplicity, we usually denote a(¥)(x) by W(x). 
On the other hand, ahomomorphism of graded algebras 8: @F* > #(F) 
is given by 
B(®)(x) = O(x,..., x”), De @F*, xe F. 
Let as: @F* — VF* be the projection (cf. sec. 6.17, volume II); then 
(a oms)(x*) = x* = B(x*) x* e F*, 


It follows that 
a°ng = B. 
This shows that 


V(s) = Fe, 8), WER we Fk. 
In particular, @ is injective. 
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A.1, The characteristic algebra of a vector space. Let F be an n- 
dimensional vector space. Define bilinear maps, 


C1: Lap X Lyop > Lyvsar, 


by setting 
(DLW) (x, A +++ AXpig) 
1 
= plgh ie EGD(Kairy A+ * A Xaipy) AP (Kocpsty A +++ A ®oiptgy)s 


DBE Lyor, Pe Lpar, x, € F, 


These bilinear maps make the space )5-5 Las into a graded algebra, 
C(F). It is called the characteristic algebra for F. 

On the other hand, make the direct sum A(F) = D5-(A?F* © AF) 
into a commutative and associative algebra by setting 


(u* © u)-(v* ©v) = (u*¥av*)@(uav), u*,v¥e AF*, u,ve MF. 


Then the canonical linear isomorphisms A?F* @ A?F + Lop define 
an algebra isomorphism 


A(F) + C(F). 


In particular, it follows that C(F) is commutative and associative. Hence- 
forth we shall identify the algebras 4(F) and C(F) under the isomorphism 
above. 

The pth power of an element ® € C(F) will be denoted by 92, 


@7—O7)::-O@®. 


(p factors) 
In particular, 
gt = pig, pe Lr. 


More particularly, if « denotes the identity map of F and 4, denotes 
the identity map of A?F, this formula becomes 


2 = ple. 
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It follows that 


Next, recall the substitution operators i(x): AF* + AF* and 
i(x*): AF — AF determined by vectors x € F and x* € F*. They are the 
unique antiderivations that satisfy 


u(x)y* = <y*,x> and i(x*)y= <x*,y, y*e F*, ye F. 
An algebra homomorphism 1: 4(F) > L 4:7) is defined by 
1(x*T A «++ AX*P @ XL A+++ AXy) = t(%p)O+++ OF(x,) © t(x*?) 0+ ++ of(x*), 


With the aid of the identification above we may regard 7 as a homo- 
morphism 
t: C(F) > Loy. 


Finally, note that the spaces La»p are self-dual with respect to the 
inner product given by 


@, P) = tr(P oP) = (1, BoP) = 1(G)¥. 
It satisfies 
<u* © u, v* ® vd = <u*, vd><v*, uw), u*,v* Ee APF*, u,ve APF. 
Moreover 1(®) is dual to multiplication by ®, © € Lapp. 


A.2. Characteristic coefficients. The pth characteristic coefficient for 


an n-dimensional vector space F is the element C¥ € V?L% given by 
CF = 1 and 


CEM, 55 Pp) = tr(y, O en sie Oe) =<“we0 --+ G&D), 
p=, pi € Ly. 


Note that Ci = 0 if p >n. CF will be denoted by Det. 
The homogeneous functions, Ci, corresponding to CF are given by 


CF(¢p) = tr A’, ype Lp 


(cf. sec. A.0). We shall show that 


det(p + uw) = SCF)", AeT, peLy. (A.1) 
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In particular, 
det p = + Det"(g, ..., @). 
To prove formula (A.1) we argue as follows. Let e,,...,e, be a 
basis of F. Then 
det(y + At) ey A+++ Ae, 
= (ptAer---ra(pt Ade, 


n 
= Arh YA AGEN AGEL NH NEy- 
p=0 i<t<iy 
The elements e; A -+- Ae; (t; < +--+ <i,) area basis for A?F. Moreover, 
yy ip V1 Pp 
writing 
p ee ee ee Adee. A eee Ne; 
NPE; Nos Keig)= Yl AM iBe Ae Ney, 
I< <ip 
we see that e, A +++ Age A+++ AGE, A+++ NC, = AR PE A + NE. 
It follows that 
n Ss eg 
det(p + At)ey A+++ Ney = YAM? Yl AR Pe A ee Ne, 
p=0 iy<rer<ip 
n 
=() trA’p - wren SHR One 
p=0 


Relation (A.1) is now established. 
Relation (A.1) implies that C¥ © (V?L%),; i-e., 


Ci(o 0g, 0077, ..., T° Py 0") = CH(Gy, +++ Pp)s 
or, equivalently 


CE(c ogy, 11558 °M_) = CEQ, 08, nee Py) 
g€ Lp, c€ GL(F). 


Setting o = y + Ac (ye Lp, —A not an eigenvalue of y) and comparing 
the coefficients of 4?-1 we obtain 


Pp 
2, Colts ---+ fv vil +29 Py) = 9, gi, pe Lp. 
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The nonhomogeneous element CY € (VL%),, given by 
cra ¥ck 
p=0 


is called the characteristic element for F. 
Next, let H be a second finite-dimensional vector space. The inclusion 


map j: Lp O@Ly—>Lren, given by j(pOyv)=yY Oy, induces a 
homomorphism 


Pi VLE @ VLE <« VLion- 
(Recall that multiplication induces a canonical isomorphism 
VLE ® VL}, — V(LE @ Lf). ) 


Proposition I: The characteristic elements of F, H, and F@H 
are connected by the relation 


j(CF8#) = CF @C#, 

Proof: The equation 
det(p Dy + Arron) = det(p + At) - det(y + 4), gelp, pely, 
shows that 

CPM(~ By) = Y CHC) 

Let a: V(LE @ Lh) > & (Lp © Ly) be the homomorphism of sec. A.0. 

The relation above yields 

a(7(CPOH)) = a(C* @ C¥). 


Since a is injective, the proposition follows. 


Q.E.D. 


A.3. Trace coefficients. Let F be a finite-dimensional vector space. 
The trace coefficients of F are the elements TrF € V’L¥, given by 


Tr? = dim F 


and 


Tre, tae Gn) = a tr(Powy QLD Poin) Pr,E Ly, p = 1. 
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Evidently, 
Trk(o og,0 07, ..., 009,901) = Trd(y,, ..., Pp), os€GL(F), 


and 


p 
2, Trp (Pus ---+ [vs ih «+++ %p) = 0, we Lp. 
= 


Let H be a second finite-dimensional vector space. Consider the in- 
clusion maps, 


Sp: Lp ® Ly > Lron and t: Lp ® Ly > Leon, 
given by 
ie @vy=?7 Oy and i(pOv)=~7Ot+1 Oy. 


A straightforward computation establishes (cf. sec. A.2) 


Proposition II: The trace coefficients of F,H,F ® H, F ©H are 
connected by the relations 


f(Trke4) = Trek ©141@TrF 
and 


Tree) = (4) Tr? @ Tri. 


itj=p \? 


Next, consider the commutative algebra, 


V**Lt = TT (VLE), 
p=0 


whose elements are the infinite sequences 


© = (B,,G,,...,F,,...), G6 VPLE. 


+9 © p> 
Addition is defined componentwise, while the product is given by 


(@-¥)= Y Gv¥,; 
k 


itf= 


(cf. sec. 6.21, volume II). Clearly V**L% contains VL¥ as a subalgebra. 
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The trace series of F is the element Tr? € V**L¥%, given by 


ue 


Tr? = (tx8, ma at 


Tr?, zai 


Proposition II implies that 
J (Tr?®4) = Tr? ©1+ 1@Tr? 
and 


e(hrt®2) =: Te? Go Tre. 


Proposition III: ‘The trace and characteristic coefficients of a finite- 
dimensional vector space F are related by 


| : 
eae -25 (—1)CFv TF, p>. 


3? 

j=0 

Lemma I: The operator, d, in VL} given by 
(4P)(Go, -- +» Pp) 


= 2, PUP: 5 + 5° Pir Por 8 Pires a Pir oss Pps 
as 
De V’LF, 9,6 Lp, 


is a derivation, homogeneous of degree 1. It satisfies 


dTrf = p Thy, 


and 
aCh = —(p+1)Ch,+CEvTr¥, p>. 


Proof: A simple calculation yields the formula 
d®vP\(y, ...,~) = (d®v¥ 4+ OvdP\g,...,9) pelLp. 


This implies that d is a derivation. Clearly d is homogeneous of degree 1. 
The first formula follows at once from the definition of d. To establish 
the second formula note that (cf. sec. A.1) 


(p+ 1)Ch(%o, tae » Pp) =¢OymO---O p> 
= Cty, H(t)(% O +--+ 1 %)> 
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and 


1(¢)(~o 0 --- Cp) 


= » <4 Po O “++ @ -++ 1 


j=0 


- L@centner)O ao + G+ Ge gy. 
3 


Combining these relations yields the second formula. 
Q.E.D, 


Proof of the proposition: ‘The proposition is trivial for p = 1. In 
the general case, it follows by induction via the formulae in the lemma 
and the derivation property of d. 

Q.E.D. 


Corollary I: 


p-1 
¥ (-1)P %Cf v Tre; =0, pon. 


j=0 


Proof: Apply the proposition and observe that CF = 0, p >n. 
Q.E.D. 


Corollary II: The subalgebras of VL% generated respectively, by 
Ch, ...,CE and by Trf, ..., Tr%, coincide and contain all the trace 
coefficients and characteristic coefficients. 

Q.E.D. 


§2. Inner product spaces 


In this article F denotes an n-dimensional vector space and < , » denotes 


an inner product in F. It induces a linear isomorphism F —+ F* which 
we use to identify F with F*. Further, ¢ , > extends to an inner product 
in each space A?F. 

Sk, denotes the Lie subalgebra of ZL, consisting of the linear trans- 
formations which are skew with respect to <, >. 


A.4, Multiplications in AF © AF. In the vector space AF ® AF we 
introduce two algebra structures: the first is the canonical tensor product 
of the algebras AF and AF; the second is the anticommutative tensor 
product of AF and AF. 

The first algebra contains A(F) as a subalgebra (cf. sec. A.1) and so its 
multiplication is denoted by (1): 


(u@v)O (4 © 2%) = (Uru) © (ay). 


The second algebra is canonically isomorphic to A(F @ F), and so 
multiplication is denoted by A: 


(u®v)n (uy ®%) = (-1)"(unu) ®vay, veENMF, ue NF. 
The two products are connected by the relation 
OQV=(-1)"Gr0¥, GEAFOANF, PENF AF. 
This implies that 
Pi Ol +s Oey = (—1Pr rg rA-+- ng, Pie F@F. (A2) 
In particular, 


o= ZO 6 QE Sp (HT a 


where 1, is regarded as an element of A?F © A?F. 
Now define an inner product in F @ F by 


XK DY, % BID = HW + CH, M1). 
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(This is mot the usual inner product!) Extend it to an inner product in 
A(F @ F). The induced inner product in AF @ AF (via the standard 
algebra isomorphism (AF @ AF, a) = A(F @ F)) is given by 


<MPF ® AIF, ATF @ A'FY = 0, unless p=s and q=r, 
and 
<a ®b,u @v> = (—1)?Xa, v><b, uw), a,vENF, bue A'F. 
Remark: Up to sign, this inner product agrees with the inner product 
in C(F) defined in sec. A.1. 


Next, identify F @ F with (F © F)* under the above inner product. 
Let t: F@ F>F@ F be the linear isomorphism given by 


u(x, y) = (x + y,*% — ¥), x, yeF. 
Its dual, 7*, is given by 
t*(x, y) =(y —x, y+ x), x,yveF. 


t and t* extend to algebra automorphisms 1, and t* of (AF @ AF, a) 
which are dual with respect to the inner product defined above. 
Observe that 


t (xray @1)=(xay)@14+ x @y —yOx+1 @ (xy), 
t,(x @y) = (xay)@1—x@y -—y@x—-1@ (ery) 
and 


t,(1 @xay) = (xray) @1—x@y+y@Oxt+1@ (ry). 


Lemma II: 7 has the following properties: 


(1) t(x @y —y @x) = 2((xay) @1 —1@(wry)). 
(2) tty) = 2p. 


Proof: (1) is immediate from the formula above as is (2) in the case 
p = 1. To obtain (2) in general observe that 


Tt) = (— 1-08 T(LA +++ At) 


= (—1pe (tA ++ AT) = 2Puy. 


Q.E.D. 
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A.5. Characteristic coefficients for F. Let 8: \?F —» Sky be the 
canonical isomorphism given by 


B(x A y)(2) = <x, BY — KJ, BDH. 


Proposition IV: Let ge Sky. Then the characteristic coefficients 
CF(p) are given by 
CZ(p) = 0, =p odd, 


and 


CEQ) = sae BA(g) 0 NBA), BAP) A = ABQ). 
(R!) (k ) (k& factors) 


factors 
Proof: Let y € Ske. Then 
det(p + At) = det(p* + Ac) = det(—@ + Ar). 


It follows that Ci...(7) = —Cieii(p), whence Cie.4(p) = 0. 
To establish the second formula, regard the inclusion j: Skp > Lp 
as a linear map from Sky into F © F. Then 


IBlxny) =x @y —y@x. 
Thus Lemma II, (1) shows that 
THY) = 26-(%) ©@1-1@8%(%)), p € Ske. 


Now let ¢,> be the inner product in AF @ AF defined in sec. A.4. 
Then, for y € Sky (cf. Lemma II and formula (A.2), sec. A.4), 


CE(p) = a5 Car J) + DI@) 


= Sapper (oJ) 9 AFCO) 


= EF tog Bp) A ++ AB(p) @ Bp) A AB) 


es cg CB-Up) 0 +++ a Bp) B-Ug) A «+ ABQ). 
, QED. 
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Next, define elements B, € V*Sk}# by 
BG, areas | Pak) 


1 
_ (Rl ar P (Pon) A+++ AB (Doe) BoMUPoterry) A °° ABO (Porem)>+ 


Then, as an immediate consequence of Proposition IV, we have 


Proposition V: Let j: Skp — Lp be the inclusion. Then 


P(Ch1) = 0 and f(C8) = B,. 


A.6. Pfaffian. Suppose F has even dimension n = 2mand let a € AF. 
Then the Pfaffian of the pair (F, a) is the element, Pff € V"Sk?., given by 


PE (p1, teey Pm) = <4, B (9,1) Arr B'(Gmn)>s Pu € Skp. 


It determines the homogeneous function PfF given by 


1 


F =—_— —— 
PEi(9) = = 


PA (p, ---,9), ve Ske. 


The scalar PfF(q) is called the Pfaffian of » with respect to a. 
We extend the definition to odd-dimensional spaces by setting the 
Pfaffian equal to zero in this case. 


Proposition VI; Let a¢ A"F and be A*F. Then 
P£P v PfF = <a, b>j*( Det), 
where j: Sk» > Lp denotes the inclusion. In particular, 
(P£F(p))? = <a, a> detp, ye Sky. 
Proof: In fact, 
(Pfr v PES )(@15 «+++ Pom) 


1 
= (mle p> <a, BO pgay A+ °° AB Pom ><, B Poms) A °° AB Povam)> 


1 
= (mle DY <4, b><B- poy A ++ ABO Pom) » BO Potmaay 4 °° * ABP acam)> 
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(since a € A*F and bc AF). This shows that 
PEF v PEF = <a, bYBy- 


Now apply Proposition V, with k = m. 
Q.E.D. 
Next, let 1: F-> F be an isometry; i.e., 
(rz, ty = (xy, KV EF. 
If det r = 1, t is called proper. 
Proposition VII: (1) If 7 is an isometry of F, then 
PEF(r og, ot}, ..., 70 @_ oT) = det t PEF (Y,, «--5Gm)s Gi € Sky. 
(2) If ye Sk», then 
Spek 
2 Phalgas +--+ Lys Gib +++ > Fm) = % pi € Skp. 
Proof: In fact, since 
B(tx a ty) = to B(xay)or, x,y € F, 
it follows that 
"9 Pm)» 


PEF(r og, ot}, ...,T°M_, 07!) = det t PEF (q,, .. 
which establishes (1). 


Similarly, for y € Skp 
Blyx ay + x apy) = [p, Bway), 


whence 
» Phelps» [ps pis +++ > Om) = trp - PG, --- + Om) = 9. 
Q.E.D. 


Let H be a second inner product space and give F @ H the induced 


inner product; i.e., 


xX OY, 1 BID = (4, 4) + <I, > 
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The inclusion map 7: Skp © Sky — Skrey induces a homomorphism 
p’: V Sk} @ V Ski, — V Sk¥on- 
Moreover, multiplication defines a canonical algebra isomorphism, 
AF © AH = A(F @ 8), 


which preserves the inner products. We shall identify the algebras 
AF ® AH and A(F @ A) under this isomorphism. 


Proposition VIII: Let a € A"F and 6 & ATH, where n = dim F and 
r = dim H. Then, with the identification above, 
J*(PEESY) = PA @& PE. 


Proof: If 2-+r is odd both sides are zero. Now assume that 
n-+r= 2k, Then we have, for g € Skp and y € Sky, 


(7 PEs (POY, ---.9 Oy) = <4 SS, (9 Ot ++ @yy 
= ¥ (F)@ re w>. 


itfuk 
If 2 and r are odd, it follows that 
jp Pig = 0= Pe @ Pie. 
If n = 2m and r = 2s, we obtain 
7 PREV Oy, «9 Ov) = (2) PRG) PHC) 


= (PA © Pi )\(o Oy, ---.9 Oy) 
Q.E.D. 


Corollary: PfF8F (py @ yp) = P£F(p) PF (y), y € Skp, py € Sky. 


A.7, Examples: 1. Oriented inner product spaces: Let F be a real 
inner product space of dimension n = 2m (note that we do not require 
the inner product to be positive definite). Let ee A*F be the unique 
element which represents the orientation and satisfies | <e, e> | = 1. 

Then PfF is called the Pfaffian of the oriented inner product space F, 
and is denoted by Pf?. Reversing the orientation changes the sign of the 
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Pfaffian. Proposition VI implies that 
det p = <e, e>(Pf*¥¢)*, y & Sky. 


Next let F = F+ @ F- be an orthogonal decomposition of F such that 
the restriction of the inner product to Ft (respectively, F-) is positive 
(respectively, negative) definite. Define a positive definite inner product 
(,) in F by setting 


(xt + xy yt + y~) = <xt, yt» a Kx; Vs xt, yt E F*, x, y~ E F-. 
Let p be a skew linear transformation of F that stabilizes F+ and F-, 
p= OG, gi For, gp: FF >F. 


Then ¢ is skew with respect to both of the inner products < , > and (, ) 
and so the Pfaffians Pf(’ ,(~) and Pf?’ ,(p) are defined. 


Proposition IX: Suppose ¢ satisfies the conditions above. Then: 
(1) If dim F- is odd, 
PE (py) = 0, — PE ,(p) = 0. 
(2) If dim F- = 2g. Then 
PE. (9) = (—1)' PEE (9). 


Proof: The corollary to Proposition VIII, sec. A.6, shows that, for 
suitable orientations of F+ and F-, 


PE (py) = PE (gt) - PEC \(e-) 


Pf, (y) = P£l"/(p*) : PE »s(¢-). 


and 


Since <, > and (, ) coincide in F*+, it follows that 
PEE" s(p*) = PET (@*) 
We are thus reduced to the case that <,> is negative definite; i.e., 
F=F-and »p=@¢. 
In this case, <, > = —(, ) and so the linear isomorphisms f,, ) and 
B.,, are related by 


Bi,» = Bc, 
If dim F is odd, then, by definition 
P£l , = Pf, = 0. 
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On the other hand, if dim F = 2g, then 


PEE y(P) = <6, BCE (@) 4 ++ ABC Y(@)> 
= (—1)Ke, BCs) 0 +++ ABC S(~)> = (— 1)! PEE, (9). 
Q.E.D. 
2. Ortented Euclidean spaces: Let F be an oriented 2m-dimensional 


Euclidean space. Fix y € Skp and choose a positive orthonormal basis 
1) +++) Xa, Of F so that 


P(Xei-1) = AiXei, 
and 
(X2;) = —A Xo; ’ L = 1, see y MM, 


Then PfF(p) = A, +++ Aye 


On the other hand, the characteristic coefficients of y are given by 


Ce)= Sd Aie-- ad. 
P 


ist <i 


3. Complex spaces: Let F be an m-dimensional complex space with 
a Hermitian inner product. Orient the underlying real vector space Fz 
as described in Example 2, sec. 9.17, volume II, and define a positive 
definite inner product in Fp by 


{,>r= Re, >. 


Then a skew Hermitian linear transformation g of F may be considered 
as a skew linear transformation gz of Fz. We shall show that 


im PfFR(pp) = det 9, gy € Skp. 


In fact, let 2,, ..., 3,, be an orthonormal basis of F' and let A, € R be 
scalars, such that 


Pp = 11,245 w=l,...,m. 


Then det p = 72™A, --- Ay. 
On the other hand, the vectors 2,,722,, ..., 2,72, form a positive 
orthonormal basis of Fz. Moreover, 


pals.) = &(és,) and — gala.) = —Alz,), w= 1, «ym. 
It follows that (cf. Example 2) 
im PfFR(pp) = 1A, - ++ Ay = det @. 
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Notes 


In these notes we attempt to give the original sources for the theorems 
of this volume, as well as some of the recent applications which have been 
made. There have been two effectively different techniques applied to the 
study of the cohomology of principal bundles and homogeneous spaces: 
E. Cartan’s method of invariant differential forms, as extended in [53] by 
H. Cartan, and the classic methods of algebraic topology. 

The latter techniques were used by Pontrjagin, Ehresmann, Hopf, 
Samelson, Leray, and Borel and depend in part on the construction of a 
topological universal bundle which plays a role analogous to that of the 
Weil algebra in the first method. 

Both methods frequently produced the same results at the same time, 
although the topological method often produced results with coefficients 
Z or Z,. Nonetheless this book is an exposition of the first method, and 
the notes will therefore tend to concentrate on proofs achieved that way. 

For more details the reader is referred to the two excellent survey 
articles by Samelson [239] and Borel [25], as well as the Springer Lectures 
Notes [28] by Borel. 

Finally, we should like to apologize for any omissions or mistakes in 
crediting discoveries. We should also like to thank J.-L. Koszul, who gave 
a series of lectures at Toronto, on which note 18 is based. 


1. C-equivalence and minimum models. A minimum model is a 
graded differential algebra (R, d) such that (i) R is the tensor product of an 
exterior algebra (over an oddly graded space) with a symmetric algebra 
(over an evenly graded space) and (ii) dR) C R* - R*. They were intro- 
duced by Sullivan [265], who shows that each c-equivalence class of 
anticommutative graded differential algebras contains exactly one iso- 
morphism class of minimum models. For example, the Koszul complex of 
the “‘associated essential P,-algebra” of a P-algebra is the minimum 
model for the Koszul complex of the P-algebra (cf. sec. 2.23). 

Sullivan also shows that if the ground field is Q then there is a natural 
bijection between isomorphism classes of minimum models and rational 
homotopy types of C. W. complexes (at least in the simply connected 
case.) 
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2. Koszul complexes of P-algebras and P-differential algebras. 
These were introduced by Koszul in [168], and have become an important 
homological tool in commutative algebra. They are also used by Borel in 
his thesis [19]. The cohomology of the Koszul complex of a (P, 8) algebra 
is a function now known as differential tor introduced by Eilenberg and 
Moore (cf. [87], [209], and [140]). Differential tor is defined for two 
graded differential modules over a graded differential algebra; the notion 
has been further extended by Stasheff and Halperin (cf. [253], (212]) to 
“strongly homotopy associative modules.” 

Many of the results of Chapter II, including the use of the Poincaré- 
Koszul series, are either explicit or implicit in Koszul [168] and explicit in 
André [9]. A major exception is the proof of Theorem VII, sec. 2.17, which 
is due to J. C. Moore. 


3. Spectral sequences. In chapter IX we introduce the spectral 
sequence of an operation and show it is isomorphic with the spectral 
sequence of the associated (P;, 5)-algebra. If the operation arises from a 
principal bundle with compact Lie group, this spectral sequence coincides 
with the classical Leray—Serre sequence. 

On the other hand, the (P;, 5)-algebra determines the lower spectral 
sequence (cf. sec. 3.5); this was introduced by Koszul in [168]. It coincides 
with the Eilenberg-Moore sequence for the bundle (cf. [87], [249]) in 
singular theory as has been observed by So. 

Further, it has been shown (Halperin, unpublished) that this is the same 
sequence as that arising from the filtration of the invariant differential 
forms A(P)9- by the subspaces 

F-k¥= () keri(a, a «+ A @,). 
aiyE(AtE)e=0 

4. Cohomology of Lie groups and Lie algebras. E. Cartan [47] 
showed that biinvariant forms on a connected compact Lie group coincided 
with the de Rham cohomology of the group; this was used by Brauer [45] 
to calculate the Poincaré polynomials of the classical groups. 

Pontrjagin [221], [222], and [223] constructed the primitive cycles in 
the classical groups, introduced the Pontrjagin multiplication in homology, 
and showed that the homology of each group was an exterior algebra over 
the primitive homology classes. He also obtained the Poincaré polyno- 
mials for the Grassmann manifolds and some results on torsion. Ehresmann 
[82] and [84] calculates the homology of the Grassmann manifolds and 
classical groups using cell complexes. 

Hopf [131] introduced finite-dimensional H-spaces and showed their 
cohomology was an exterior algebra. Then Samelson [236] gave a topo- 
logical proof of all the main results of Chapter V for compact Lie groups (the 
cohomology and homology algebras are dual exterior algebras over the 
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primitive subspaces) for coefficients a field of characteristic zero. Leray 
[178] and [187] obtained similar results using fibre bundle methods. 

Koszul [167] approaches and solves all these problems by working only 
with the Lie algebra; articles 1 through 6 of Chapter V are an exposition 
of his work. His starting point is the graded differential algebra (AE*, 8;) 
of E. Cartan (see also Chevalley and Eilenberg [68]). It is E. Cartan’s 
theorem [47] that H(Z) = H(G) when E is the Lie algebra of the compact 
connected group G. 

Stiefel [264] uses the action of the Weyl group on a maximal torus to 
calculate the Poincaré polynomials of the classical groups. 

The Poincaré polynomials for the exceptional groups were first written 
down by Yen [294] and Chevalley [65], although they are implicit in 
Racah [226]; for proofs see Borel and Chevalley [29]. 

5. Weil algebra and transgression. The Weil algebra was in- 
vented by Weil (unpublished) and is introduced by H. Cartan in [53], 
where most of the major results of Chapter VI are announced; this includes 
the equalities Im p; = P, and ker pg =(\/ * E*)}-0 of Theorem II, sec. 
6.14 (also proved by Leray [187]). These had been conjectured by Weil, 
and the first one was partially established by Chevalley, using the methods 
of Koszul [167]. 

The map pz has reappeared recently in the work of Chern and Simons 
(cf. [61], [62], and [120]) under the name “transgression map.” 

The fundamental notion of transgression is first defined explicitly by 
Koszul in his thesis [167] (for the operation in AL* of a reductive sub- 
algebra E of a Lie algebra L), although the idea is clearly present in Hirsch 
[123] and one example is implicit in Chern [56]. By constructing a specific 
transgression Koszul shows that primitive elements are transgressive. 
That same construction in the Weil algebra (used by Chevalley to prove 
Im pg > Pz) gives rise to the canonical transgression as described in sec. 
6.10. 

The notion of transgression plays a major role in Borel’s thesis [19], 
where he uses it to obtain topological proofs of many of the results in 
this volume, often with coefficients Z, Z,, or Q rather than R. 


6. The structure of (\/ E*),-. and \/ E*. Let T be a Cartan 
subalgebra of a reductive Lie algebra E. Then there are isomorphisms 


qd) (2) (3) 


VOe (V E*)-0 = (VT*)wea1 = VO 
as shown in Theorem I, sec. 6.13 and Theorem VIII, sec. 11.9. 

The first isomorphism is given by Koszul [168], the second by Borel 
[19] and Leray [187], and the third independently by Leray [187] and 
Chevalley [63]. Chevalley’s proof uses only the fact that the action of 
W, in T* is generated by reflections. In many cases these proofs also 
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give the Poincaré series for (\/ E*),-9 in terms of the Poincaré poly- 
nomial for H(£). 

The isomorphism (of ’, modules) (V E*)s.9 © Lx VT*, where L 
is the regular representation of Wg, is also established by Leray [187] 
and Chevalley [63]. 

Borel [19] also obtains analogous results for coefficients Z or Z, under 
suitable hypotheses; in this case (\/ E*),-> must be replaced by H*(Bg) 
(E the Lie algebra of a compact connected group G with classifying space 
B,). In the process he obtains an isomorphism H*(B, ; R)~(V E*)o-0- 
This isomorphism is also constructed in [30]. 

Suppose E£ is a reductive Lie algebra. As in the case of AE* the elements 
aeé(\*E),=o determine operators i;(2) in V E*. Set 


V E*06= a ker 1s(a). 


ae(V + E)ezo 


Then Kostant [161] shows that multiplication defines a linear iso- 
morphism (\V E*)o-0 @(V E*),-0— V E*. A major simplification in 
the proof is given by Johnson [143]. 


7. Operations and algebraic connections. The notions of an 
operation of a Lie algebra and of an algebraic connection were introduced 
by H. Cartan in [53], together with the example of differential forms on a 
principal bundle. The results of the latter part of Chapter VIII (con- 
struction of the classifying homomorphism, construction of the Weil 
homomorphism, independence of connection) as well as the idea of the 
proofs are all in [53]; details can be found in [9]. 

These ideas derive from the earlier work of Chern [56], who first ex- 
pressed characteristic classes as polynomials in the curvature; Ehresmann, 
who introduced the notion of connection in a principal bundle (C.R. Acad. 
Sci. Paris, 1938, p. 1433-1434); and Koszul [167], who analyzed the 
special case of the principal bundle associated with a homogeneous space. 

In the subsequent development of the general theory Weil (unpublished) 
played a major role; in particular, he constructed the Weil algebra and the 
Weil homomorphism and proved the latter independent of connection. 


8. Cohomology of an operation. The fundamental theorem of 
Chapter IX, which identifies the cohomology of an operation with the 
cohomology of a Koszul complex, is due to Chevalley (cf. [53]) as an 
application of the theory of Hirsch—Koszul (exposited in [9]). The proof we 
give is essentially the same. 

A topological proof for bundles is given by Borel [19]. The simpler 
Koszul complex (4(B) © Pz, V) for the case A(B) is c-split is announced 
by Koszul [168] and established by Borel [19]. 


Notes 567 


The specific application to m-connected operations (Theorem IV, sec. 
9.8.) is also given by H. Cartan [53]. 

The definition of the filtration of an operation, its spectral sequence, 
and the first three terms of the spectral sequence are all given earlier by 
Kozul in [167] for the operation of a subalgebra EF of L in AL*; this is 
apparently the first time Leray’s spectral sequence is interpreted as a 
sequence of differential spaces (E,, d,) with E,,,~ H(E). 


9. Cohomology of homogeneous spaces. Most of the results of 
Chapters X and XI are due to H. Cartan [53] (although many of the 
proofs are only given in André [9] or Rashevskii [227]). These include 
Theorems II through V and Theorem VII of Chapter X and the cor- 
responding results in Chapter XI; at least part of Theorem V is apparently 
also due to Weil. 

Theorem VI is due to Koszul [168]; it generalizes a conjecture of 
Hirsch (see below) and is frequently referred to as a ‘‘ Hirsch formula.” 

Most of the results in article 1 (operation of a subalgebra), article 5 
(n.c.z. subalgebras), and article 8 (relative Poincaré duality) in Chapter X 
are in Koszul [167]. 

In particular the identification of the algebra (A E*,,- 0, 7-0, 5z) a8 the 
differential algebra of invariant forms on G/K is made by Chevalley and 
Eilenberg in [68] and is a starting point for Koszul; the cohomology is 
sometimes called the relative cohomology and written H*(E, F) rather than 
our notation of H(E/F). 

The proofs given in this book in Chapter X are based on the ideas dis- 
covered by H. Cartan and Koszul. 

N.c.z. subgroups were studied earlier by Samelson [236] and by Kudo 
[173]. The formula for the Poincaré polynomial of H(G/K) (Theorem VI) 
was originally conjectured by Hirsch for equal rank pairs, and it is estab- 
lished by Leray [187] in that case. 

Homogeneous spaces in which the subgroup has the same rank were 
studied extensively by Leray [185], [187] and Borel [19], who establish all 
of the results of article 6, Chapter X as well as those in article 3, Chapter 
XI. Many of the results of article 6 are also at least implicit in H. Cartan 

531: 
Theorem XII, sec. 10.23, is equivalent to dim H(E) = 2', I the dimen- 
sion of a Cartan subalgebra, and in this form it was known to E. Cartan, 
at least for compact Lie groups. As stated, it is proved explicitly by Hopf 
[131] again for compact groups. The algebraic proof given here is a slight 
modification of the argument due to Borel [19]. The main idea is to prove 
that if K C G has the same rank (G, K compact and connected), then 
H(G/K) is evenly graded; this result remains true for integer coefficients, 
as was shown by Bott and Samelson [43]. 
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The example in sec. 11.15 is due to Borel (unpublished). 

H. Cartan’s main theorem, H(G/K)= H(\V Fg=20® APs), is also in 
Borel [19], again for coefficients a field of characteristic zero and with 
A(By) replacing (V F*)g-9. The same theorem has recently been 
established for coefficients Z or Z, (under suitable homological restric- 
tions on G and K) independently by Husemoller et al. [140], May [202], 
Munkholm [213], and Wolf [290]; partial results had been obtained earlier 
by Baum [12]. 


10. Symmetric spaces. If G/K is a symmetric space with G com- 
pact and K connected, then H(G/K) = (A E*),,-0,ep=0, 4S Was proved 
by E. Cartan [47]. This enabled Ehresmann, and Iwamoto [141], to cal- 
culate the cohomology in certain cases. 

This same fact is used by Koszul [168] to show that symmetric spaces 
satisfy the Cartan condition (cf. sec. 10.13). Theorem VIII, sec. 10.17, is 
a simple generalization of Koszul’s result. 


11. The Samelson and reduction theorems. The ‘‘Samelson” 
theorem (Theorem IV, sec. 2.13; Theorem IV, sec. 3.13; Theorem I, 
sec. 7.13; Theorem III, sec. 7.23; Theorem I, sec. 10.4; Theorem I, 
sec. 11.2) is in each case effectively the same theorem proved the same 
way. The original version is due to Samelson [236]; the algebraic form 
(and proof) which we give is due to Koszul [167]. 

The reduction theorem (Theorem V, sec. 2.15; Theorem V, sec. 3.15; 
Theorem II, sec. 7.14; Theorem 3, sec. 7.23; Theorem IV, sec. 10.12; 
. Theorem III, sec. 11.5) is again effectively a single theorem. The version in 
sec. 2.15 is established in André [9] (and hence also those in sec. 10.12 and 
sec. 11.5). The one in sec. 10.12, however, is announced earlier by H. 
Cartan in [53]. 

Dynkin [76] gives a topological proof of the Samelson theorem; Leray 
[183] and [184] does the same for both theorems. Borel [28] extends these 
results to actions of a Hopf space. These proofs work in any charac- 
teristic with suitable homological restrictions on the group or Hopf space. 


12. Operation of a Lie algebra pair. The main theorem of Chap- 
ter XIT (sec. 12.10) was inspired by a theorem of Baum and Smith [13], 
which is essentially an additive version of Corollary IV, sec. 12.21. A 
weaker version of part (1) of the main theorem was established indepen- 
dently by Kamber and Tondeur [151]. They also considered special 
Cartan pairs and obtained many of the results of sec. 12.24. 

Diagram (12.27) was established by Leray [187] for homogeneous 
spaces G/K with rank K = rank G. 


13. Tensor difference. Suppose {A(B,), 5,; 7} (@=1, 2) are the 
(P;, 5) algebras arising from principal bundles P, + B;. Then the Koszul 
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complex of the tensor difference is c-equivalent to the algebra of differen- 
tial forms on P, X¢ P, if G is compact and connected (Halperin, un- 
published); this follows easily from the main theorem of Chapter XII 
given the identification of P, xg P2 as a bundle over B, x B, with fibre 
(G x G)/G. 


14. Associated bundles. Let G be a compact connected Lie group 
with Lie algebra E. The canonical transgression +: Pe>(\V E*)o-o 
extends to a canonical linear map 7: \Pe—>(\V E*)g-,, homogeneous of 
degree 1. 

Moreover, let (P, 7, B, G) be a smooth principal bundle and suppose G 
acts smoothly on a manifold F. Then A(P x, F)~ H(A(B) © A,(F), D), 


where 
D= 5p xP Xp(®") © i(a,). 


(Here a, is a basis for \P, with dual basis ‘¥’, and ®” is a closed form re- 
presenting y*(7'¥”).) 

This result (Halperin, unpublished) uses the result on the tensor dif- 
ference stated above 


15. Cohomology of an operation with coefficients in a module. 
A linear connection in a vector bundle £ determines a covariant exterior 
derivative V in the space A(B; &) of bundle-valued forms over the base 
(cf. Chapter VII, volume IJ). If R is the curvature of V, then V7(®) = R(®) 
and so (A(B; €)/R(A(B; €)), V) is a chain complex. 

The cohomology of this chain complex was introduced by Vaisman 
[272], who used a different complex to calculate it. Later it was observed 
by Halperin and Lehmann [115] that the chain complex described above 
could be constructed abstractly from the following data: an operation of 
a Lie algebra E, a finite dimensional representation of E, and an algebraic 
connection for the operation. Moreover the cohomology contains a 
characteristic submodule which is a finitely generated submodule over the 
characteristic subalgebra of H(B). 


16. Foliations. Let ¢ be an involutive distribution on a manifold MW 
and let (P, ~, M, GL(q)) be the principal bundle associated with the 
quotient bundle 7y/& (7 the tangent bundle). Every linear connection V 
in Ty/€ determines a principal connection and hence an algebraic con- 
nection in A(P). 


Bott [37] shows that for suitable linear connections x, y,(2;>, VV’ E*) =0 
(E the Lie algebra of GL(q)). Thus the classifying homomorphism becomes 
a homomorphism 


Xwi(V E*/1) © ALE*— AP), ied ViE*, 
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Moreover, it is clear that the operators 0,,(x), i(x), and dy induce operators 
in (V E*/I) © AE*. The resulting operation of E is called the truncated 
Weil algebra. The fundamental theorem of Chapter IX shows that 
H{(\V E*/) @ AEX H(W,, V), where W,={V(ca-.-5 edlJ} ® 
A(%1, Xo, Xa, H4,...,%q), deg c, = 21, deg x,=2i—1, J is the ideal of 
elements of degree > 2g, and V is given by Vx,;=é,. Thus ¥y deter- 
mines a homomorphism H(W,, V)—> H(P). 
Now let F be the Lie algebra of O(q). Write 


{( V E*/I) & AE oegjanasto 
= {( V E*/I) @OAE*} <0 a) {( V E*/I) 3) EM ois Aavaciant 


and 
A(P)o.@)-baste = A(P);,=0 O A(P)ocq)-invariant 


Then yw restricts to a homomorphism 


Xo: {( V E*/I) 9) AE* }o.q)-basic —> A(P)o.qr-baste 


Applying the main theorem of Chapter XII (slightly modified because 
O(q) is not connected), we find that A(( VE*/I) @® AE* Jow- visio 
H(WO,, V), where WO, is the sub-differential algebra of W, given by 


WO, =(V(e15--+5 Cad) © A(#1, X35 %5,--+)- 


(Explicit bases for H(W,) and H(WO,) have been given by Vey; cf. 
[119].) 

On the other hand A(P)o.q)-pasic = A(P/O(qg)) and the projection 
P/O(q)— M induces a cohomology isomorphism. Thus yg induces a 
homomorphism 


H(WO,) > H(M). 


This clearly extends the classic characteristic homomorphism of P; 
the new elements are called secondary characteristic classes. The first 
construction of such a class is due to Godbillon and Vey [100]; Roussarie 
[100] gave an example of a foliation for which the class did not vanish. 

The main results listed above seem to have been discovered inde- 
pendently by a number of people (see for example Bott [39], Bott—Haef- 
liger [41], Bernstein—-Rosenfeld [14], Kamber—Tondeur [151]). 


17. Gelf’and-Fuks cohomology. Let E be the Lie algebra of 
compactly supported vector fields on a manifold M. Let C*(E) denote the 
p-linear skew symmetric functions E x--. x E— R, which are con- 
tinuous with respect to the C* topology of EZ. Then formula (5.7), sec. 
5.3, defines an antiderivation 6, in C*(E); the cohomology algebra H*(E) 
is called the Gelf’and—Fuks cohomology of M (cf. [95]). They show that if 
H(M) is finite dimensional, then each H*(E) is finite dimensional. 
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18. Formal vector fields. An important step in the study of 
Gelf’and-Fuks cohomology is the study of the Lie algebra of formal 
vector fields in R*%. An account is given in Godbillon [99]. A polynomial 
vector field in R® of degree <p is a vector field of the form )'%_, f, @/0x,, 
where each f, is a polynomial of degree <p+l(p=—l, 0,...); 
these form a Lie algebra L,. There are obvious projections > L,,, >L,> 
---->L_,, and the inverse limit L=lim L, is called the Lie algebra of 
formal vector fields on R*. Note that Lo is the Lie algebra of the Lie group 
of affine isomorphisms of R°. 

Now consider the induced directed system > A\L,*>AL5,,—>-:- of 
graded differential algebras and set {C*(L), 5}=lim (AL,*, 4). Its 
cohomology is called the cohomology algebra of L and is written H(L). 
Next set F = L(R%; R*). Observe that L, =)); <p41 V’(R9* © R4, and 
the inclusions 


E=(R%* @ RIL, 


are Lie algebra homomorphisms and define a Lie algebra homomorphism 
of E into L. 

This defines an operation of E in {C*(L), 5}, which admits a natural 
algebraic connection y. Moreover the homomorphism yw: W(E)o, =o 
C*(L)o,=20 maps the ideal (I © AE*)g,-9 into zero (I=) j,, V’ E*). 
Thus yw induces a homomorphism 


{(V E*/I) © AE*)eg-0-> C*(L)og=0- 


It has been shown that the induced homomorphism (cf. note 16) 
H(W,) > H(L) is an isomorphism; this is a main step in the proof of the 
Gelf’and—Fuks theorem (cf. note 17), 


19. Bundles over any space. Let (P, z, B, G) be a principal 
bundle over any topological space B, with G a compact connected Lie 
group. Then the methods of Chapter IX can be applied as follows to 
calculate H(P), as has been shown by Watkiss ([283]). 


Case I: B is a simplicial complex. For each simplex o of B, set P, = 
a~+(a). Then a smooth structure can be assigned to each P, so that 
the inclusions P, « P, (when 7 <a) are smooth. Let A(P) be the subalgebra 
of II, A(P,) defined by (®,) € A(P) if and only if ®,|p,=@®, whenever 
+ <o. Then {A(P), 5} is a graded differential algebra in which the Lie 
algebra of G operates and which admits an algebraic connection. More- 
over, H(A(P)) = H(P). 


Case II: B is arbitrary. Replace B by the associated singular complex 
(subdivided twice). 
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20. The bicomplex of an open cover. Let %={U,},.; be an 
open cover of a manifold B. For each ordered (p + 1)-tuple o = <ig,..., tp> 
(i, € 1) write p=|o| and <io...7,...1,>= 0,0. Then set U,=(),, Ui, 
and define A"(%*) = II|,;-, A(U,) {note that A(¢d) =0!}. Set A™(%) 
=A") and A(#) =), A?{%). Operators d and & of bidegrees 
(1, 0) and (0, 1) are defined in A(%) by 

+1 
(4®),=S(-1)'®pelv, and (80), =(—1)8@,), ®e A™(H), 
v=0 
Set D=d+8; then D? =0 and H(A, D)~ H(B). (A(®), D) is called the 
bicomplex of the open cover. 

Next observe that a “‘ piecewise smooth” space |%| can be constructed 
by glueing together the pieces o x U, via the inclusions 0,0 x U,—> 
é,0 X U;,,. There is an algebra of piecewise differential forms on 
|%| (defined as described above in note 19) and a chain equivalence 
J:{A(|%|), 8} {A(@), D} obtained by ‘“‘fibre integration over the 
simplices.” 

Suppose now that B is the base of a principal bundle and that connec- 
tions w, are given for the restriction of the bundle to each U;,. Then a 
piecewise smooth bundle is determined over |%|, and the w, determine 
a canonical connection for the corresponding operation (which is con- 
structed as in note 19). Thus we obtain the sequence 


(V E*)e=0 2979 A(|%|) > A(%), 


which provides representatives in the bicomplex for the characteristic 
classes. 

The composite J  y,,9-0 was first constructed by Bott [39]. Shulman 
[247] provides a “universal construction” of this composite map in the 
case that the bundle is trivial over each U,. The approach described above 
is due to Watkiss [283]. 

Another approach is given by Kamber and Tondeur [150]. They con- 
struct a semisimplicial Weil algebra W, and show that H{(W,)pasic} & 
(V E*)o-0. The w, then determine a chain map (W1)pasic > A(%). 

Given representatives of the characteristic classes in A(W), one would 
like to write down a Koszul complex {A(%) ® APs, V) whose coho- 
mology is isomorphic with the cohomology of the total space of the bundle 
(in analogy with the fundamental theorem of Chapter IX). This problem 
is completely solved by Watkiss [283]. The operator V=V,.+V,+ V2 
+++; V, carries A(W%) ® A?Pe into A(W) & A?-'P,;. Vo and V, are 
the operators defined in Chapter III, while the other V, are needed because 
A(%) is not anticommutative. 

These constructions apply generally to the bicomplex of a simplicial 
graded commutative differential algebra, and most of the results of Chap- 
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ter III carry over to this case. Applied to bundles over a simplicial complex 
K, it gives an operator in C*(K) ® /A Pz whose cohomology is isomorphic 
with that of the total space (C*(K) is the algebra of simplicial cochains). 
It is conjectured that this remains true when the coefficients are Z or 
Ve 

Finally, an earlier construction of Toledo and Tong (cf. [270] and 
{270a]), in some ways analogous to that of Watkiss, makes use of local 
Koszul complexes to prove the Riemann-Roch theorem. 
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